AN EXAMPLE OF PARTIAL FRACTIONS

KEITH CONRAD

We describe here how to calculate
T+ 7
——d
/ B ort

by first getting the partial fraction decomposition of (z + 7)/(z* + 92) in two ways.
The decomposition takes the form

z+7 ¢+7 A B+4C

3 +9z  x(x2+9) =z 2249

since the quadratic factor 2 + 9 in the denominator does not factor further. Clearing the
denominator, we have

(1) 4+ 7=A*+9)+ (Bx + O)z.

We present two ways to find A, B, and C from (1).
Method 1. Setting = 0 in (1) kills off the second term, and we get

7:A(9)+0:9A:>A:g,

so now we know A. Unfortunately there is not a number we can plug in for z in (1) to
isolate just B or just C. Instead let’s plug in two simple choices, say 1 and —1 (since we
haven’t use them yet; if we had then we could try 2 and —2, or 2 and 3, or ...). At z =1
and at z = —1, (1) becomes

8 = 10A+B+C = §+B+C,
70
6 = 104+ (-B+C)(-1) = §+B—C.

Adding the two equations cancels C:
140 70 70 63 70 7
9 - ’ 9 + 7 9 9 9 9

Now we know B, so we can solve for C as
70 72 70 7 T72—-70+4+7 9
C=8-9 - B=g-9gtg=—9 o7t

Method 2. Collect like powers of = together on both sides of (1):
x+7=(A+B)x? + Cx +9A.
Coefficients of like powers of x on both sides must agree, so
A+B=0, C=1, 9A=T1.
The last equation tells us A = 7/9 and the first equation then tells us B = —A = —7/9.
Now that we have (by either method) the partial fraction decomposition
4T w+ —(7/9)x +1

z(x? +9) x z2+9
1
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we can integrate the left side by integrating the right side:

2) /Mdm—/?dm+/%dw—;/idx+/Wda:.

On the right, an antiderivative of 1/x is In |x|. The second integral can be split up:

—(7/9)z + 1 /—(7/9)3: / 1 7 / x / 1
TN gy = | NPT — gp=—t Ty .
/ 2+9 219 T o™ T g o™ 2™

The first integral on the right, using the substitution u = 22 + 9 (so du = 2xdx and
z dx = 1du) becomes

x (1/2) 1 1 9
where we can drop the absolute value signs because 2% + 9 is always positive. An antideriv-

ative of 1/(2? + 9) is 1 arctan(z/3) (use the substitution z = 3t to write the integral in
terms of ¢ if you want to carry out the details of that), so

7 z 1 7 9 1 z
Feeding this into (2), we finally get

T+ 7 7 7 9 1 x
/de—glnm-wln(az +9)+§arctan(§)+0.

As a check on your understanding, use Method 1 and Method 2 above to derive the
partial fraction decomposition

e +3x+1  1/25 N (24/25)z + 3

r(z2+25) =z z? +25
and then use that to show
2
e+ 3x+1 1 12 9 3 T
— _dr=—1 —1 25) 4+ — arct (—) C.
/x(w2+25) T = g5 nlel+ 55 In(@” + 25) + parctan (5 ) +



