PELL’S EQUATION, II

KEITH CONRAD

1. INTRODUCTION

In Part I we met Pell’s equation 22 —dy? = 1 for nonsquare positive integers d. We stated
Lagrange’s theorem that every Pell equation has a nontrivial solution (an integral solution
besides (£1,0)) and saw what all solutions to Pell’s equation look like if there’s a nontrivial
solution. As in Part I, “solution” means integral solution. Here we will prove Lagrange’s
theorem in Section 2 and show in Section 3 how to find all the solutions of a generalized
Pell equation x? — dy? = n. Examples are in Section 4.

2. PELL’S EQUATION HAS A NONTRIVIAL SOLUTION

Our proof that 22 —dy? = 1 has a nontrivial solution will be nonconstructive. The starting
point is the following lemma about integral multiples of v/d that are close to integers.

Lemma 2.1. For each nonsquare positive integer d, there are infinitely many positive in-
tegers = and y such that |z — yv/d| < 1/y.

The point here is not just that there are integral multiples of v/d close to integers, but
the distance can be controlled by the multiplier on v/d (infinitely often).

Proof. We use the pigeonhole principle. For each integer m > 2 consider the m 4+ 1 numbers
(2.1) 0, Vd, 2Vd, ..., mVd.

These numbers have fractional parts in [0,1). View [0,1) as m half-open intervals [0,1/m),

[1/m,2/m), ...,[(m —1)/m,1). By the pigeonhole principle, two of the m + 1 numbers in
(2.1), say av/d and bv/d with a < b, have fractional parts in the same interval, so
(2.2) aVd=A+e, bWd=B+54,

where A, B € Z and ¢ and ¢ lie in a common interval [i/m, (i + 1)/m). Thus
1
le — 0] < —.
m
This inequality is strict since we are using half-open intervals. Using (2.2),
1 1 1
e—dl< — = (a\/E—A)_(b\/&—B)( <== ](B—A)—(b—a)\/& <=

Set t =B — A and y = b — a, so x and y are integers with 0 < y < m. Thus

1 1
(2.3) lz —yVd| < — < —.
m -y

Since x is within 1 of yv/d, we have z > yvd —1>vd—1> 0, so = > 1.
Having found a pair of positive integers (x, y) such that |z —yv/d| < 1/y, to get a second
pair with this property choose a positive integer m’ such that 1/m’ < | —y+/d|. (There is
1
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such an m’ because x — yvd # 0, as Vd is irrational.) Run through the argument above
with m’ in place of m to find 2/ and 3 in Z* satisfying |2’ — y/v/d| < 1/m/ with v/ < m/,
so |2/ —y'v/d| < 1/y'. From the inequalities

1
(2.4) 2" — y'Vd| < — <l yvd,

the pair (z,y) is obviously not the same as the pair (z/,3’). By repeating this argument
again to get a smaller |z” — y”+/d|, and so on, we are done. O

Example 2.2. Let d = 7. We will give two solutions to |z — yv/7| < 1/y. Taking m = 10,
among the fractional parts of kv/7 for 0 < k < 10 (given to two decimal places in the table
below) there are three pairs of integers (a,b) where av/7 and bv/7 lie in a common interval
[i/10, (i + 1)/10), so the fractional parts differ by less than 1/10: (a,b) = (2,5), (4,7), and
(6,9). For all three pairs, b — a = 3.

k ‘0 12 3 4 5 6 7 8 9 10
Fractional part ofk:\ﬁ‘o .64 29 93 58 .22 87 .52 .16 .81 .45

Using a = 2 and b = 5, we have
1 1 1
27 =529...,5/7=1322... = |(2V/7—5)— (5V/7—13)| < 0= 18-3V7| < <3
so we can use (z,y) = (8,3). The other two choices (a,b) = (4,7) and (6,9) also lead to
(z,y) = (8,3).

To get a second pair of integers (2’,y') such that |2’ —y'v/7| < 1/y/, since |8 — 37| ~
0627 > 1/20 we look at the fractional parts of k/7 for 0 < k < 20 and seek two fractional
parts in a common interval [i/20, (i + 1)/20) so their difference is less than 1/20. This
happens when k is 0 and 14:

0V7=0, 147 =37.0405...,

S0
1 1 1
—0) — (147 — 37)| ~ .04 < — — 14 <=
[(0V7 — 0) — (14V/7 — 37)| = .0 <5g =137 ﬁy<20<14

and we can use (z/,y’) = (37,14). This also happens when k is 2 and 19:

27 =52915..., 19V7=50.2692...,
$0

1 1 1
WT —5) — (19V7 — 50)| ~ .02 < — —> [45 — 1 — <=
1(2v/7 = 5) — (19v/7 — 50) 02 < oo = |45 7\f7|<20<14,

which means we can use (z,y") = (45, 17).

The only properties we needed of v/d in Lemma 2.1 are that it is irrational and greater
than 1. A similar argument shows that for real irrational «, the inequality |z — yo| < 1/y
holds for infinitely many pairs of integers (z,y) with y > 0 (we have to give up on insisting
that > 0 too if « is negative).

Theorem 2.3 (Lagrange). For every positive integer d that is not a square, the equation
22 — dy? =1 has a nontrivial solution.
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Proof. We will start by showing there’s some nonzero integer M such that the equation
2% — dy? = M is satisfied for infinitely many x and y in Z*. Then we’ll combine this with
modular arithmetic to show 22 — dy? = 1 has a positive solution.

From Lemma 2.1, |z — yv/d| < 1/y for infinitely many z and y in Z*. For such x and y
we will show

22 — dy?| < 1+ 2Vd,

where the main point is that this upper bound does not involve x or y.
First we will bound « from above in terms of y:

v =0 =gV + VA < o= Vil + VA <+ VA< 1+ Vi
Then
22 — dy?| = (z + yVd) |z — yVd| < (1+yx/§1+y\/§l); = ;+2\/&§ 1+2Vd.
Thus |22 — dy?| < 1 4 2V/d for infinitely many pairs of positive integers (z,y). By the
pigeonhole principle, there is an M € Z with |M| < 1+ 2v/d such that
(2.5) 2t —dy* =M

for infinitely many pairs of positive integers (z,y), and M # 0 since V/d is irrational.

For positive integers = and y satisfying (2.5), reduce z and y modulo |M|. The infinitely
many pairs (x mod |M|,y mod |M|) must have a repetition infinitely often, since there are
only finitely many pairs of integers mod M. So there are positive integral solutions (x1,y1)
and (z2,y2) to (2.5) such that z; = x2 mod |M|, y1 = y2 mod |M|, and (z1,y1) # (x2,y2).

Write 1 = 2o + Mk and y; = y2 + M¥, where k and ¢ are in Z. Then

z1+yVd = 2o+ yVd+ M(k+0Vd),
T —y1\/;1 = 9 —yg\/&—l—M(k —f\/&).
Since M = x3 — dy? = (x5 + y2v/d)(x2 — y2+/d), substituting this into the two equations
above gives
(2.6) a1 +yvVd = (22 +3Vd) 1+ (v2 — y2Vd)(k + (Vd))
21— yVd = (p - yVd) (1 + (22 + y2Vd) (k — (Vd)).

Combine like terms in the second factor on the right side of (2.6) to write it as 2 + yv/d
with x,y € Z. The second factor on the right side of (2.7) is  — yv/d, so we have

v +yVd = (22 +yVd)(z +yVd
»”61—3/1\/g = (902—212\/&)@—1/\/&)-

Multiplying these last two equations together, we get M = M (22 —dy?). Thus 22 —dy? = 1.
To show (x,y) # (£1,0), assume otherwise. If (z,y) = (1,0) then 21 = 2 and y1 = y2, but
this contradicts the fact that the pairs (z1,y1) and (x2,y2) are different. If (z,y) = (—1,0)
then z1 = —x9, but this contradicts the fact that x1 and z9 are positive. O
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3. SOLVING THE GENERALIZED PELL EQUATION

We saw in the previous section that Pell’s equation has a nontrivial solution. Using
a nontrivial solution of Pell’s equation we will describe a method to write down all the
solutions of a generalized Pell equation 22 — dy?> = n, where n is a nonzero integer. In
particular, if such an equation has no solutions then the method will tell us that.

The key algebraic idea is that solutions to 22 — dy? = n remain solutions when multiplied
by solutions of 2 — dy? = 1: if a® — db®> = 1 and 22 — dy? = n then the coefficients of the
product 2’ 4+ 3/vd := (a + bVd)(z + y/d) satisty 2> — dy’®> = n, which you can check.

Example 3.1. A solution of 2% — 7y? = 29 is (6,1) and a solution of 22 — 7y? = 1 is (8, 3).
From

(6 4+V7)(8 +3V7) = 69 + 26V7,
another solution of 22 — 7y? = 29 is (69, 26).

In words, we have shown a Pell multiple of a solution of 22 — dy? = n is again a solution,
where a “solution” means either the pair (z,y) or the number z+yvd and a “Pell multiple”
of it means either the coefficients (az + dby, ay + bx) of the product (a + bvd)(z + yv/d)
where a? — db? = 1 or the product itself. The special case n = 1 is a result we saw in Part
I: the product of two Pell solutions is again a Pell solution (for the same d, of course).

Being a Pell multiple is a symmetric relation: if 2/ + y/v/d = (z + yv/d)(a + bv/d) where
a? — db* = 1 then z + yvd = (' + y'Vd)(a — bv/d) and a®> — d(—b)?> = 1. To check if two
numbers x + yv/d and 2’ 4+ y'v/d are Pell multiples, form their ratio and rationalize the
denominator to check the coefficients are integers that satisfy Pell’s equation. For example,
1+ /3 is a Pell multiple of 1 — V/3 since their ratio is —2 — \/3, which is a solution of
22 —3y? = 1, while 4+ /3 and 4 — /3 are not Pell multiples since their ratio (19 +8+/3)/13
does not even have integer coeflicients.

Our goal is to show there is a finite list of solutions to 22 — dy? = n such that every
other solution is a Pell multiple of one of them. That is, up to allowing multiplication by
Pell solutions to generate new solutions there are only finitely many essentially different
solutions of a generalized Pell equation.

Example 3.2. We'll see in Example 4.1 that the integral solutions of 2 — 6y? = 3 occur
as =+ yv6 = £(3 +v6)(5 + 2v6)* for some k € Z, where 52 — 6 - 22 = 1, so each solution
T+ y\/é is a Pell multiple of 3 4+ /6.

Theorem 3.3. Fizu = a+bv/d where a>—db*> = 1 with a and b in Z*. For eachn € Z—{0},
every solution of 2 — dy? = n is a power of u times x + yv/d where z2 — dy* = n with
2| < VInl(Vu+1)/2 and [y| < /In](vVu+1)/(2Vd).
Proof. We will use absolute values and logarithms. For (z,%) € Z? — {(0,0)} define
L(z + yVd) = (log |z + yVd|, log |z — yVd|) € R”.
The crucial algebraic property is L(a3) = L(a) + L(B) for all a and 8 in Z[v/d] — {0}.
Check this. In particular, L(a®) = kL(«) for k € Z.
Since (a + bv/d)(a — bV/d) = a® — db® = 1, we have a — bv/d = 1/u > 0, so
L(u) = (logu,log(1/u)) = (logu, —logu) = (logu)(1,—1).

This vector is linearly independent of (1,1) since logu > 0 (we have u > 1 since u = a+bv/d
with a@ and b in ZT), so {(1,1), L(u)} is a basis of R2. Therefore when 2% — dy? = n we
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have
(3.1) L(z 4+ yVd) = ¢1(1,1) + coL(u)

for some real numbers c¢; and co. See Figure 1.

1\61(1,1)
1,1) 7"
1“( ), .
1 o
, > L(z + yVd)
coL(u)
L(u)

FIGURE 1. L(z 4+ yv/d) as a linear combination of L(1) and L(u).

Writing out the coordinates on both sides of (3.1),
(log |z + yVd|,log |z — yVd|) = (c1 + ez logu, ¢; — ¢ logu).
Adding the coordinates lets us solve for c¢;:

_loglz +yvd| +logle —yVd| _log|(z +yvd)(z —yvd)| _log|n|
B 2 - 2 o2
Thus when 22 — dy? = n, (3.1) becomes

C1

_ log|n|
2
Let k € Z minimize |cy — k| s0 § := ¢p — k has [§] < 1. Then (3.2) says

(3.2) Lz + yVd)

(1,1) + e L(u).

log [n] _ log|n|

Lz +yVd) = (11) + (k +0)L(u) = =5 (1,1) + kL(uw) + 6 L(u).

Since kL(u) = L(u"), we have
_ log|n|

(3.3) L((z + yVd)u™) = L(z + yVd) — kL(v) (1,1) + 6 L(u).

Set 2’ + y/vd = (x + yv/d)u™*. Then equality of the first and last terms in (3.3) becomes
log |n|

1
(3.4) (log |z’ 4 y'Vd|,log |z’ — y/Vd|) = ( + dlogu, 0g2n| —dlog u> .

One of +0 is < 0 and the other is > 0. Since |§] < % and logu > 0, the coordinate in
(3.4) where +6 > 0 is at most (log |n|)/2 + (logu)/2 = log y/|n|u and the coordinate where

+6 < 0 is at most (log |n|)/2 = log \/|n| < log \/|n|u. Therefore we have the upper bound

o’ +y' V| + o’ —y'Vd| < VInfu+ VIl = Vinl(Vu+ 1),
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SO

|z

= (' +y'Vd) + (@' —y'Vd) | _ |2+ 'Vl + | — 'V Inl(Vu+ 1)
2 = 2 = 2 '

and

] = (' +y'Vd) — («/ —y'Vd) < |2 +y'Vd| + |2’ — y'Vd| < VInl(Vu+1)
Y 2/d - 2Vd - 2/d ’

Since (z +yvVd)u=* = 2/ +9/v/d we can write x4+ yv/d = (2' +1//d)u*, so every solution of
22 —dy? = n is a power of u times a solution having the bounds indicated in the theorem. [

Remark 3.4. The first bounds I learned for |z| and |y| in a result like Theorem 3.3 were
lz| < (In| +u)/2 and |y| < (|n| + u)/(2V/d), which are presented in [1, p. 244]. A careful
reading of the derivation of those bounds shows that |z| < \/|n|u and |y| < /|n|u/d, which
are sharper than the previous bounds since vab < (a+b)/2 (the arithmetic-geometric mean
inequality). That these square root bounds on |z| and |y| can be cut down essentially by a
factor of 2, as presented in Theorem 3.3, was shown to me by Yosei Lii.

Corollary 3.5. For a generalized Pell equation x? — dy?* = n with n # 0 there is a finite
set of solutions such that every solution is a Pell multiple of one of these solutions.

Proof. We will give two proofs.

First proof: Theorem 3.3 tells us every solution is a Pell multiple of a solution with
lz] < v/In](v/u+1)/2 and |y| < \/|n|(v/u +1)/(2V/d). There are only finitely many such
and y.

Second proof: At the end of the proof of Theorem 2.3 we showed that if 2 — dy? =
M and 23 — dy3 = M with 1 = 29 mod |[M| and y; = yo mod |M| then we can write
zy + y2Vd = (x1 + y1V/d)(z + yv/d) where 2% — dy?> = 1. Thus z1 + y1V/d and o + y2/d
are Pell multiples. Replacing M with n, all integral solutions of 22 — dy? = n that have the
same reduction mod |n| are Pell multiples of each other, so there are at most n? different
solutions of 22 — dy? = n up to Pell multiples since there are at most n? pairs of integers
mod |n|. O

The second proof of Corollary 3.5 is not as practical as the first because it is not com-
putationally effective. It doesn’t give a bounded range of x and y values to seek solutions
of 22 — dy? = n up to Pell multiples. In particular, the second proof can’t be used to show
such an equation has no solutions while the first proof can, as we’ll see in an Example 4.4.

4. EXAMPLES OF THEOREM 3.3

We now apply Theorem 3.3 in several examples to see how it works in practice. Since
the upper bound on |y| in the theorem is smaller than the upper bound on |z|, we will run
through the possible values of y fitting its bound and see when there are corresponding x
for which 22 — dy? = n instead of the other way around.

Example 4.1. We will describe all the solutions of z2 — 6y = 3 in integers. An obvious
solution is (3,1) and its sign changes in coordinates (3, —1), (—3,1), and (—3,—1). What
are all the integral solutions?

As a positive solution of a? —6b? = 1 we will take (a,b) = (5,2), so set u = 5+2+/6. From

Theorem 3.3, the bound |y| < /|n|(v/u + 1)/(2Vd) = V3(v/u +1)/(2V6) ~ 1.46 forces y
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to be 1,0, or —1. Solutions to 2 — 6y> = 3 with such y-values are (43,1) and (£3,—1).
Therefore Theorem 3.3 tells us that the integral solutions of 22 — 632 = 3 have the form

z+yV6 = (£3+V6)(5+2V6)" = (£3+V6)u" or (+3—V6)(5+2V6)* = (£3 - V6)uF,
where k € Z. Up to multiplication by powers of u, there are four solutions:

3+v6, —3+V6, 3—v6, —3—6.

These four solutions are related in pairs by powers of u: 3 — 6 = (3 + v6)u~!, and
—34+6 = (=3 —+/6)u"!. Therefore every solution of 22 — 6y? = 3 in integers has the form

x4+ yvV6 = £(3+ V6)(5 +2v6)"

for some k € Z and this list has no repetitions.

Taking k = 0, 1,2, the values of (3++/6)(5+2v/6)* are 3++1/6, 27+111/6, and 267-+109+/6,
so the first three solutions of 22 — 6y? = 3 in positive integers are (3,1), (27,11), and
(267,109).

Example 4.2. We will completely solve z? — 7y? = 57 in integers.

One nontrivial solution of a? — 76> = 1 is (8,3), so set u = 8 + 3v/7. The y-bound in
Theorem 3.3 is |y| < V57(v/u + 1)/(2V/7) =~ 7.12. The integral solutions to 2 — 7y? = 57
for such y are (z,y) = (£8,£1), (£13, £4), and (£20,+£7). The z-bound in Theorem 3.3 is
lz| < V/57(y/u+1)/2 ~ 18.84, so we can ignore the third pair of solutions.

The integral solutions of 22 — 7y? = 57 therefore have the form

(4.1) 4+ yVT=+@BEVTuF or £ (13+4V7)F

with & € Z. No pair of numbers among 13 + 4/7 and 8 ++/7 has a ratio that is a power of
u (in fact, no pair has a ratio of the form m -+ n+/7 with m,n € Z). Therefore (4.1) has no
repetitions.

The solution (z,y) = (20,7) appears in (4.1) as 20 4+ 7v/7 = (13 — 4y/7)u, and similarly
20 — 77 = (13 + 4vVT)u~ L.

Example 4.3. We will completely solve 2 — 19y? = 36 in integers. An obvious pair of
solutions is (+6,0). What are the rest?

A nontrivial solution of a? — 196> = 1 in positive integers is (170,39) (this solution has
the smallest positive b), so let v = 170 4+ 39y/19. Integral solutions to 22 — 19y = 36 with
ly| < V36(vu+1)/(2V/19) =~ 13.37 are (z,y) = (46,0) and (£44,410). Therefore the
integral solutions to 22 — 19y? = 36 have the form

x4+ yV19 = £6uF or =+ (44 + 10V19)uF

with k£ € Z. These solutions have no repetitions since no pair among 6, —6, 44 4+ 10/19,
and 44 — 10v/19 has a ratio that is a power of u (or is even of the form m + nv/19 with
m,n € 7).

Example 4.4. We will completely solve 2 — 37y? = 11 in integers.

A solution of a? — 37b% = 1 is (73,12). Using u = 73 + 12v/37, the y-bound in Theorem
3.3 is |y| < V11(y/u+1)/(2v/37) = 3.56. For no y in this range does x? — 37y? = 11 for an
x € Z, so the equation x? — 37y? = 11 has no solutions in Z.

Although Theorem 3.3 provides a general method to show 22 — dy? = n has no solutions,
the lack of solutions can often be proved more simply using congruences, as we saw in Part
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I.! For instance, z? — 37y% = 2 has no solution in Z since 22 — 37y?> = 2 mod 4 has no
solution: the congruence is 22 — y> = 2 mod 4 and the squares mod 4 are 0 and 1, which
don’t differ by 2. Congruence methods do not always suffice to prove there are no solutions
in Z. The equation 22 —37y? = 11 is an example. We saw it has no Z-solutions in Example
4.4, but it does have rational solutions such as (9/2,1/2) and (32/3,5/3), and from these
rational solutions it can be shown that 22 — 37y? = 11 mod m is solvable for all m > 2.

As an exercise, use the method of Example 4.4 to show 22 —37y? = n has no solution in Z
forn =3,5,6,7,8,10. For n = 5, 6, 8, and 10 the lack of Z-solutions can be proved in a more
elementary way, as with n = 2, by showing there is no solution to either 22 —37y? = n mod 4
or 22 —37y?> = n mod 37. However, that doesn’t work for n = 3 or n = 7, just as it didn’t for
n = 11: for all m > 2 there is a solution to 2 — 37y? = 3 mod m and 22 — 37y? = 7 mod m.

5. USING CONTINUED FRACTIONS

In this final section we will explain how Pell equations and generalized Pell equations can
be solved using continued fractions. We will assume the reader is already familiar with the
basic theory of continued fractions.

The connection between continued fractions and generalized Pell equations comes from
the following theorem.

Theorem 5.1. If positive integers x and y satisfy x> — dy* = n with |n| < Vd then x/y is
a convergent to the continued fraction of Vd.

Proof. Our argument is taken from [2, p. 204]. A basic theorem about continued fractions
is that for a real number «, if  and y are integers with y # 0 and |z/y — af < 1/(2y?)
then x/y = p/q for some convergent p/q to a. (We can’t say © = p and y = ¢ unless we
know ged(z,y) = 1 and y > 0, and we're not assured ged(x,y) = 1 in general unless n is
squarefree.) Taking a = v/d, if 2% — dy? = n with |n| < V/d and x,y > 0 then

[n| Vd 1

T

y \/g’ T Ryt Refy+ VD) P/ V) 1)

so to show |z/y — v/d| < 1/(2y?), and hence x/y is a convergent to v/d, it suffices to prove
z/(yVd) > 1, or equivalently = > yv/d. If n > 0 then 22 — dy?> = n > 0 = 22 > dy?, so
x > yv/d since = and y are positive.

If n < 0 then 22 — dy? < 0 = z < yv/d and our argument breaks down. Instead of
looking at x/y as an approximation to Vd, look at y/x as an approximation to 1/ Vd:

y 1 |n| n| 1

_— | = = < .

v VAl Ve a)  d(y/e+ 1D 2 (Vdyja+ 1)

This is less than 1/(222) if vV/dy/z > 1, or equivalently 2 < yv/d, which is true, so y/x is a
convergent to 1/v/d. If vd = [ay,as,as,...] then a1 > 1 so 1/v/d = [0,ay,as,...],> which
means the convergents to v/d are the reciprocals of the convergents to 1 / V/d after the initial
convergent 0. Thus y/z being a convergent to 1/ v/d makes x /y a convergent to V. ([l

ISee https://kconrad.math.uconn.edu/blurbs/ugradnumthy/pelleqni.pdf.

2A continued fraction la1,a2,as,...] with a1 < 0 has a much more complicated rule for the continued
fraction of its reciprocal than when a; > 0: see https://kconrad.math.uconn.edu/blurbs/ugradnumthy/
contfrac-neg-invert.pdf. Fortunately we’re not dealing with a1 < 0 here.


https://kconrad.math.uconn.edu/blurbs/ugradnumthy/pelleqn1.pdf
https://kconrad.math.uconn.edu/blurbs/ugradnumthy/contfrac-neg-invert.pdf
https://kconrad.math.uconn.edu/blurbs/ugradnumthy/contfrac-neg-invert.pdf

PELL’S EQUATION, II 9

Corollary 5.2. For each positive solution to x> — dy? = +1, there is a convergent p/q to
Vd such that x = p and y = q.

Proof. Apply Theorem 5.1 with n = +1. In this case ged(z,y) =1 and y > 0, so x and y
are the numerator and denominator of a convergent to V. O

This corollary was the basis for Lagrange’s proof that Pell’s equation z? — dy? = 1 has
a nontrivial solution. He proved v/d has a periodic continued fraction and explained where
to find the positive solutions of 22 — dy? = 1 among the convergents to v/d.

Example 5.3. The continued fraction of v/6 is [2,2, 4], and the table of convergents below
suggests (and it is true) that every other convergent provides a solution to 22 — 632 = 1.

2 2 4 2 4 2 4 2 4 2 4
0 1 2 5 22 49 218 485 2158 4801 21362 47525 211462
1 0 1 2 9 20 89 198 881 1960 8721 19402 86329
22—6y2| -2 1 -2 1 -2 1 =2 1 -2 1 -2

Not only is the continued fraction of v/d periodic, but also z? — dy? when x/y runs
through the convergents to v/d is periodic. All possible values of 2 — dy? when z/y is a
convergent to v/d occur before the last term in the second period of the continued fraction.
This and Theorem 5.1 let us determine all nonzero n with |n| < v/d for which 2 — dy? = n
has a solution. For instance, v/13 = [3,1,1,1,1,6] so we compute x> — 1332 in the table
below where x/y runs through convergents just before the second 6. Since v/13 ~ 3.6, the
table tells us the only n with |n| < /13 for which 2 — 13y? = n is solvable in Z are #1,
+3. (Although +4 appears in the bottom row of the table, | £ 4| > 1/13.)

311 1 1 6 1 1 1 1
0 1 3 4 7 11 18 119 137 256 393 649
1 0 1 1 2 3 5 33 338 71 109 180

2?—13y%| -4 3 -3 4 -1 4 -3 3 —4 1

If |n| > v/d then solvability of z2—dy? = n can be connected to solvability of 22 —dy? = n’
for some nonzero integer n’ where |n/| < |n|. Iterating this, eventually the case |n| < v/d is
reached and we already explained how that can be settled using the continued fraction of
V/d. This reduction process is discussed in general in [2, pp. 210-213], and we now illustrate
it with two examples that were treated in the previous section using Theorem 3.3.

Example 5.4. Consider 22 — 6y?> = 3 with =,y € Z. Note 3 > /6. Reducing the equation
mod 3, we get 22 = 0 mod 3, so = 0 mod 3. This is equivalent to x = 3z for z € Z, so
2 —6y2=3 — 9:2—-6y2=3
= 322-2%=1
= -2+ (32-1)=0.
Viewing the left side of the last equation as a quadratic polynomial in the integer y, its

discriminant
02 —4-(=2)- (322 —1) = 4(62% — 2)
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has to be a perfect square, so 622 — 2 = t2 for some t € Z, or equivalently > — 622 = —2.
From this equation ¢ is even. Conversely, if ¢ and z are integers fitting that last equation
then = = 3z and y = +V/4t2/(2(—2)) = £t/2 are integers that satisfy =2 — 6y = 3.

Solving z? — 6y% = 3 is therefore equivalent to solving t?> — 622 = —2. Taking ¢,z > 0,
the ratio /2 must be a convergent to v/6 since | — 2| < v/6. From the table in Example 5.3
the first three positive solutions of 2 — 622 = —2 are (t,2) = (2,1), (22,9), and (218, 89),
leading to (x,y) = (32,t/2) = (3,1), (27,11), and (267, 109).

Example 5.5. Consider 2% —37y? = 11 with z,y € Z. We have 22 = 37y? = (2y)? mod 11,
so x = +2y mod 11. Write x = +2y 4 11z with z € Z. Then
22 =37yt =11 = (F2y+112)> —37y° =11
— —33y° +44yz + (12122 —11) = 0
— 3y +dyz+ (1122 -1)=0.
For the quadratic polynomial in y to be solvable in Z, its discriminant
(42)2 —4-(=3) - (112%2 — 1) = 4(372% — 3)

must be a perfect square, so 3722 — 3 = t? for some t € Z, or equivalently t? — 3722 = —3.
All our steps are reversible, so if 2 —372%2 = —3 and y is a root of —3y? +4yz+(1122-1) =0
in Z then (z,y) = (£2y + 112,y) satisfies 2% — 37y% = 11.

We have reduced solvability of z? — 37y? = 11 to solvability of ¢ — 372> = —3. Since
| —3| < /37, t/z is a convergent to /37 if we take ¢ > 0 and z > 0. Testing the convergents
p/q of the first two periods of the continued fraction for /37, which is [6,12,12,12,...], the
only possible values of p? — 37¢? are +1. We don’t get —3 as a value, so t? — 3722 = —3 has
no solution and therefore 22 — 37y% = 11 has no solution in Z.
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