EXAMPLES OF PROOFS BY INDUCTION

KEITH CONRAD

1. INTRODUCTION

Mathematical induction is a method that allows us to prove infinitely many similar
statements in a systematic way, by organizing them all in a definite order and showing

e the first statement is correct (“base case”)
e if a particular but unspecified statement in the list is correct (“inductive hypothe-
sis”), then the statement after it in the list is correct (“inductive step”).

This implies all statements in the list are correct. It is not circular reasoning, but “spiraling
reasoning”. An analogy to falling dominos is common, but dominos are not infinitely long.
The most basic results that are proved by induction are summation identities, such as

n(n+1)

2
for all integers n > 1. View this identity as a separate statement for each n: S(1),5(2),5(3),
and so on, where S(n) is the (as yet unproved) statement in (1.1). At n = 1, each side of
(1.1) is 1, so S(1) is true. Next, if S(n) is true for some n > 1, then to show S(n + 1) is
true we write 1 +2+---4+n+ (n+1) in terms of 1 +2+--- +n and use the truth of S(n):

1424 Fn+@m+1)=0+24---+n)+ (n+1)

= n(nQ—l—l) +(n+1) since S(n) is assumed to be true

_nn+1)+2(n+1)

B 2

 (n+1)(n+2)

B 2
Equality of the first and last expressions here is exactly what it means for S(n + 1) to be
true. We proved S(1) is true and proved for each n > 1 that if S(n) is true, then S(n+1) is
true. Thus all of S(1),S5(2),5(3),... are true, which proves (1.1) for all n > 1. Understand
that we really did something. It’s not just “simplifying a formula” or voodoo magic!

Another way to prove the inductive step (for n > 1, if S(n) is true then S(n+ 1) is true)

is to add n + 1 to both sides of (1.1):

nn+1)

(1.1) 14243+ +n=

nn+1)

142+ +n= 5 —=14+2+--+n+(n+1)= 5 +(n+1)
1) +2 1
S I IR | L s );r (nt+1)

n+1)(n+2

:>1+2+---+n—|—(n+1):(>2()_

Advice. Proofs by induction may not be about algebraic identities, but they are always

about proving infinitely many statements recursively. Know what those statements are each
1
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time! In the inductive step, earlier cases must help us derive the next case, but we don’t
always turn each case into the next case or start with the inductive hypothesis. There is no
single path through inductive proofs: the “next step” may need creativity.

We will meet proofs by induction involving linear algebra, polynomial algebra, calculus,
and exponents. In each proof, find the statement depending on a positive integer. Check
how, in the inductive step, the inductive hypothesis is used. Some results below are about
all integers (positive, negative, and 0) so that you can see induction in that type of setting.

2. LINEAR ALGEBRA

Theorem 2.1. For n x n matrices A and M, where M is invertible, (MAM™1)F =
MAFM=Y for all integers k > 0. If A is invertible, then that equation is true for all
integers k.

Proof. We argue by induction on the exponent k& (not on n, the size of the matrix).

The equation (MAM~Y)k = M A*M~" is clear for k = 0: both sides are the n xn identity
matrix I. For k = 1, the equation (MAM )¢ = MA*M~" says MAM~' = MAM™!,
which is true. Here is a proof of k = 2:

(MAM 2 = (MAM Y (MAM™Y)
= MAM*M)AM ™1
= MATAM™!
= MAAM™!
= MA?M~L,
Now assume (MAM~1)* = M AFM~ for some exponent k > 1. Then
(MAM Y = (MAM Y (MAM™Y)
= (MA*M~)(MAM™") by the inductive hypothesis
= MAF (M IM)AM !
= MAFTAM !
= MA*AM™!
_ MAkHM_l,

which proves the inductive step. So the base case k = 1 is true for all A and M, and if the
k-th case is true for all A and M, then the (k + 1)-th case is true for all A and M. Thus
(MAM—YYk = MAFM~" for all integers k > 0 and all A and M.

When A is invertible, let’s prove (MAM~1)¥ = MA*M~! for all k < 0. Set k = —K, so
K > 1. We won’t use induction again with negative k, but simply calculate both sides to
see they’re equal by reducing ourselves to the case of positive exponents, which has already
been proved (by induction). Note: for all invertible B, B~ = (B~1)¥ for all K > 1.

The matrices MA~'M and MAM ™' are inverses:

(MAM D(MA*M™) = MAM M)A 'M ™ = MAAT' M = MM~ =T
So (MAM~Y)~=t = MA='M~1. That tells us
(2.1) (MAM ™Y = (MAMY) ™K = (MAM~H)™H)E = (A~ M—HE,
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The proved case of positive exponents tells us (M A= MK = M(A=HE M~ by replacing
A with A=, Feeding that into (2.1),

(2.2) (MAM~YHF = M(A=HE M1
Since AF = A=K = (A=H)K (2.2) becomes (MAM~1)¥ = MA*M~!, which is what we
wanted, so we’re done. O

Theorem 2.2. Let A be a square matriz. FEigenvectors for A having distinct eigenvalues
are linearly independent: if vi,...,v, are eigenvectors for A, with Av; = \;v; for distinct
scalars A1, ..., A\, then vy, ..., v, are linearly independent.

Proof. We induct on r, the number of eigenvectors. The result is true if » = 1: eigenvectors

are not 0 and a single nonzero vector is linearly independent. Suppose r > 1 and the result

has been verified for all sets of fewer than r eigenvectors of A (with distinct eigenvalues).
Given r eigenvectors v; of A with distinct eigenvalues \;, suppose

(2.3) cvi+cavo+ -+ v, =0

for some scalars ¢;. We want to prove each ¢; is 0.
Applying A to both sides of (2.3), we get

(2.4) c1Mvy1 + caAave + -+ A v = 0.
Now multiply through (2.3) by A;:
(2.5) C1AMV1 + coA\iva + -+ A v, = 0.
Subtracting (2.5) from (2.4) eliminates the first term:
(2.6) ca(A2 — A)va + -+ (A — A1) v, = 0.
By the inductive hypothesis, the » — 1 eigenvectors vo, ..., Vv, are linearly independent.

Therefore (2.6) tells us that ¢;(A; — A1) = 0 for ¢ = 2,3,...,r. Since the eigenvalues are
distinct, A\; — A1 # 0, so ¢; =0 for i = 2,3,...,r. Feeding this into (2.3) gives us ¢;v; = 0,
so ¢; = 0 as well since vi # 0. Thus every ¢; is 0. ]

3. POLYNOMIAL ALGEBRA

Theorem 3.1. Let f(x) be a nonconstant polynomial with real coefficients and degree d.
Then f(z) has at most d real roots.

We can’t replace “at most d real roots” with “exactly d real roots” since there are
nonconstant real polynomials like 2 + 1 that have no real roots.

Proof. We induct on the degree d of f(z). Each step in the induction is about infinitely
many polynomials: the theorem in degree 1, then in degree 2, then in degree 3, and so on.

The base case has d = 1. A polynomial of degree 1 with real coefficients is of the form
f(x) = ax + b, where a and b are real and a # 0. This has exactly one root, namely —b/a,
and thus at most one real root. That settles the theorem for d = 1.

Now assume the theorem is true for all polynomials of degree d with real coefficients. We
will prove the theorem is true for all polynomials of degree d + 1 with real coefficients.

A typical polynomial of degree d + 1 with real coefficients is

(3.1) f(@) = capa®™ + cqz? + -+ 1z + o,



4 KEITH CONRAD

where ¢; € R and ¢441 # 0. If f(z) has no real roots, then we’re done, since 0 < d + 1. If
f(x) has a real root, say r, then

(3.2) 0= cd+17‘d+1 +egr 4+ -+ e + o
Subtracting (3.2) from (3.1), the constant terms ¢y cancel and we get
(3.3) f(@) = cqpr (@ — TN 4 cga® —rd) 4+ ey (z — 7).

Each difference 27 — 7 for j = 1,2,...,d+ 1 has  — r as a factor:

-l = —r) @ T T I 2 ),

Write the more complicated second factor, a polynomial of degree j — 1, as @Q; (z). So

(3.4) ) =1 = (x—1)Qj(2),
and substituting (3.4) into (3.3) gives
d+1
fl@) = Y eilw—r)Qir()
j=1
d+1

= (7)) ¢jQjnr(x)
j=1

degree d
—f
(3.5) = (z—1)(cit1 Qar1,(¥) + -+ + c1Q1 (7).
— —_—
#0 lower degree

Since ¢q11Qq4+1,-(x) is a polynomial of degree d, and each lower degree polynomial does not
decrease the degree when added to cg4+1Q4+1,,(), the second factor in (3.5) has degree d.
Each root of f(z) is either 7 or a root of the second factor in (3.5). Each Q;,(x) has real
coefficients and all ¢; are real, so the second factor in (3.5) has real coefficients. We can
therefore apply the inductive hypothesis to the second factor and conclude that the second
factor in (3.5) has at most d real roots, so f(z) has at most d+ 1 real roots. As f(z) was an
arbitrary polynomial of degree d+ 1 with real coefficients, we have shown that the d-th case
of the theorem being true implies the (d + 1)-th case is true. By induction on the degree,
the theorem is true for all nonconstant polynomials. O

Our next two theorems use the truth of some earlier case to prove the next case, but
not necessarily the truth of the immediately previous case to prove the next case. This
approach is called the “strong” form of induction.

Theorem 3.2. Fvery nonconstant polynomial has an irreducible factor.

Recall that a nonconstant polynomial is called irreducible when its only factors are con-
stants and constant multiples of itself. For example, x is irreducible. It has factorizations
like 2(x/2) and 5(z/5), but those are trivial since one of the factors is constant. Warning:
a polynomial with no roots doesn’t have to be irreducible! Consider (z% + 1)(2? + 2).

Proof. We induct on the degree d of the nonconstant polynomial.
When d = 1, the polynomial is linear. Linear polynomials are irreducible, so the case
d =1 is settled.
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Assuming every nonconstant polynomial with degree < d has an irreducible factor, con-
sider a polynomial f(z) with degree d+1. If f(x) is irreducible, then f(z) has an irreducible
factor (namely itself). If f(z) is not irreducible, then we can factor f(z) into nonconstant
parts, say f(z) = g(z)h(x) where 1 < degg(x), degh(z) < d+ 1. By our (strong) inductive
assumption, g(x) has an irreducible factor, and this irreducible polynomial will also be a
factor of f(x) since g(x) is a factor of f(z). Thus f(x) has an irreducible factor and we are
done. O

Theorem 3.3. Every nonconstant polynomial is a product of irreducible polynomials.

We include here the convention that an irreducible polynomial is considered to be a 1-
term product of irreducible polynomials. For example, 2241 is irreducible and it is a 1-term
product of irreducibles.

Proof. We induct on the degree d of the nonconstant polynomial.

When d = 1, the polynomial is linear. Linear polynomials are irreducible, so the case
d =1 is settled.

Assume every nonconstant polynomial with degree < d is a product of irreducible poly-
nomials. We want to prove every polynomial with degree d + 1 is a product of irreducible
polynomials. Let f(z) be a polynomial with degree d + 1. Either f(x) is irreducible or
it is not. If f(z) is irreducible, then it is a 1-term product of irreducible polynomials.
(namely itself). If f(z) is not irreducible, then we can factor f(z) into nonconstant parts,
say f(z) = g(z)h(x) where 1 < degg(z), degh(x) < d+ 1. By our (strong) inductive
assumption, g(x) and h(z) are each products of irreducible polynomials:

g(x) =pi(x) - pr(x), h(x)=q@) - 9s5(x),

where p;(z) and g¢;(z) are irreducible polynomials. Then

f(z) = g(x)h(x) = pr(x) - pr(x)qa(z) - - - gs(),

so f(z) is a product of irreducible polynomials. O

While this last proof by induction shows every nonconstant polynomial has an irreducible
factorization, it does not tell us how to find it! For example, it is not obvious how to write

1:5—1—21:4—2x2—x—|—1

as an explicit product of irreducible polynomials.

4. CALCULUS

A calculus analogue of proving summation identities by induction is proving derivative
identities by induction. Here is an example.

d”’l
Theorem 4.1. Forn >1, —(6I2) = Pn(x)eIQ, where P, (x) is a polynomial of degree n.
dx™
Before working out the proof, let’s see how we could guess such a result by doing calcu-
lations for small n:
(1) The first derivative of e*” is 2ze®”.
(2) The second derivative of e*” is (2z¢®")’, which is (422 + 2)e*” by the product rule.
(3) The third derivative of €*” is (4224 2)e®)’, which is (823 + 12z)e” by the product
rule again.
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Each time we are getting a polynomial times e’”Q, and the degree of the polynomial matches
the order of the derivative. So the formulation of Theorem 4.1 is not a surprise based on
the initial examples. (They also suggest proving that P,(z) has leading coefficient 2".)

Proof. We argue by induction on n.

Our base case is n = 0. The zeroth derivative of a function is the function itself, so
we want to know e*” is Po(at)e"’”2 for a polynomial Py(z) of degree 0. This is true using
Py(z) = 1. Let’s check n = 1. The first derivative (e*”)’ is 2ze®”, so this is Pi(z)e®” for the
polynomial Pj(x) = 2z, which has degree 1.

Now we do the inductive step. For n > 1, assume

(4.1) ()™ = P, (z)e”

for some polynomial P,(x) of degree n. To compute (e*")("+1) | we differentiate both sides
of (4.1) and obtain

(e” )("+1 (P, (:c)ex ) by the inductive hypothesis
P, (x (ex ) +e” P’( ) by the product rule
Py(w)(22¢™) + P ()"
= (2zP,(z) + P, (x))e”

The first factor here is 22P,(z) + P, (z). Since P,(z) has degree n, 2z P,(z) has degree
n + 1 while P/ (z) has degree n — 1. When you add polynomials with different degrees, the
degree of the sum is the larger of the two degrees (in fact, the whole leading term of the
sum is the leading term of the larger degree polynomial). Therefore, setting P,11(z) :=
24P, (x)+ P! (x), we have (¢*") (") = P, | (x)e®”, where P, 11 () is a polynomial of degree
n + 1. That settles the inductive step and completes the proof. ]

This is not an interesting illustration of induction because the proof of the inductive step
is too routine (“differentiate both sides,” which is analogous to “adding something to both
sides” in the proof of a summation identity). Most uses of induction in calculus proofs are
not a matter of differentiating both sides of an identity. Here is an example.

Theorem 4.2. For all sets of differentiable functions fi(x),..., fn(x) where n > 2,

(i) ful@) _ @), fal)
h@)---fulz)  file) fulz)
Proof. We induct on n, the number of functions.
The base case is n = 2 and it follows from the product rule

(fi(@) f2(2)) = fi(2) fo(z) + fr(2) fa(x)
by dividing both sides by f1(x)f2(x):
(fi(@)f2()" _ fi(@)fol@) + fi(2)fa(x) _ file) | fa(e)

(@) fo(x) fi(z) fo(x) ~ filz) o fala)
Now assume the result is true for all sets of n differentiable functions for some n > 2. To
prove the result for all sets of n + 1 differentiable functions fi(z),..., fut1(z), write their

product either as a product of two functions or as a product of n functions by collecting
some factors into a single function:

(4.2) fi(@) fa(@) - foga(2) = (fu(@) fo(@) - - fu(@)) - frga(2)
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is a product of the two functions fi(x)fa(z)--- fn(x) and fr41(x), while

(4.3) fi@) fa(x) - fura(z) = (fr(z) fa(x)) f3(z) - - g1 ()

is a product of the n functions fi(x) fa(z), f3(z), ..., fo+1(x).

Both (4.2) and (4.3) lead to separate approaches to the inductive step: use the base
case (all sets of 2 differentiable functions) and then the inductive hypothesis (all sets of n
differentiable functions) or use the inductive hypothesis and then the base case. For the
first method, write

(A1(@) - far1 @) (f2(@) - fal2)) - fara (@)
A@) o1 @) (@) (@) - fani (@)
_ (@) fu@)) | Fra(@)
fl(x) fn(x) fn-i—l( )

Al £iz) (@)

“he T TR T haw

and this is what we needed to show for n + 1 functions. For the second method, write

(fi(z) - fora (@) _ ((filx)fa(2))fs(x) - - friar (@)
fi(@) - foya(z) (fi(z)f2(2)) f3(x) - frtr1(x)

by the base case

by the inductive hypothesis

CG@AEY @) L)
S R@RE T h@ T T R P thend hypoth
f@)  H) | S )+ Jn1 (2) by the base case. ]

=R TR T h@ T @

Remark 4.3. In the appendix we prove a second theorem by induction on the number of
terms.

2 "

Theorem 4.4. For x > 0 and integers n >0, e > 1+ x + 5 ot
n!

This inequality is clear without induction, using the power series expansion for e”: e* =
> k>0 x¥ /k! for all real z, and when x > 0 the terms in the sum are all positive so we can
drop all the terms of the series past the nth term and the inequality of Theorem 4.4 drops
out. So why prove Theorem 4.4 by induction if we can prove the theorem quickly using

power series? Just to illustrate techniques!

Proof. We will prove the inequality by induction on n.

The base case n = 0 says: e* > 1 for > 0. This is true since e* is an increasing function,
so e > €% =1 when z is positive.

Now we make our inductive hypothesis:

2 "

(4.4) ex>1+x+%+~'+ﬁ
for all x > 0. We will derive the same inequality with n + 1 in place of n (for all z > 0).
We will actually give two different approaches to the inductive step: the first will use
integrals and the second will use derivatives. These approaches are logically independent of
each other and can be read in either order.
The Integral Approach: When f(x) > g(z) on an interval [a, b], their integrals over the

interval have the same inequality: fab f(z)dz > f; g(x)dz. This is also true if the functions
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are equal at an endpoint but otherwise satisfy f(z) > g(x). (We have in mind here only
continuous functions.)

We are going to apply this idea to the inequality (4.4). Our inductive hypothesis is that
(4.4) holds for every x > 0, but at = 0 we get equality in (4.4) since both sides become
1. Therefore we can integrate both sides of (4.4) over every interval [0,¢] where ¢ > O:

t t 2 n
e dx > 1—|—x+x—+~-+£ dz.
0 0 2' n'

Evaluating both sides,

t2 t3 tn+1
e —1>t4+ o+ =+ ——
21 3! (n+1)!
Now add 1 to both sides and we have
2 3 +1
N NI A
21 3! (n+1)!

This has been derived for every ¢t > 0, so we can now simply rename ¢t as x and we have
completed the inductive step.

The Derivative Approach: The key idea we will use with derivatives is that a function
having a positive derivative on an interval is increasing on this interval. In particular, if
g(z) is differentiable for z > 0 and ¢'(z) > 0 for > 0 then g(z) > ¢(0) for x > 0. Make
sure you understand this idea before reading further.

We are assuming (4.4) holds for some n and all > 0, and we want to use this to derive
the analogue of (4.4) for the next exponent n + 1: for all z > 0,

4.5 1 —+ .
(4.5) e’ > +1:+2!+ +(n—|—1)!
Well, let F'(z) be the difference of the two sides of (4.5):
$2 Pk xn—l—l
Flz)=¢ — (1 S I S
(x)=e ( +x+2!+ +n!+(n+1)!>
Our goal is to show F(x) > 0 if z > 0. Consider the derivative
-1 n
N ox x" T

Our induction hypothesis (4.4) is ezactly the statement that F’(x) is positive for x > 0.
Therefore by our induction hypothesis F'(x) is an increasing function for z > 0, so F(z) >
F(0) when = > 0. Since F(0) = 0, we obtain F(z) > 0 for all x > 0, which completes the
inductive step using this second approach. O

Notice how the inductive hypothesis was used in the two approaches to the inductive
step. In the integral approach, we integrated the inequality in the inductive hypothesis to
derive the inequality for the next exponent. In the derivative approach, on the other hand,
we did not start with the inductive hypothesis and “do something to both sides.” Instead,
we set up a convenient function F(z) related to what we wanted to show and used the
inductive hypothesis to tell us something relevant about the derivative of that function.

The following corollary of Theorem 4.4 is important: it says e® grows faster than every
fixed integral power of x.



EXAMPLES OF PROOFS BY INDUCTION 9

e’ "
Corollary 4.5. For every integer n > 0, — — o0 and — — 0 as v — oc.
x

e
Proof. Since €*/x™ > 0 when x > 0, saying e* /2" — 0o and z"/e® — 0 are the same thing.
We will prove the first version, that /2™ — 0o as © — co. By Theorem 4.4,
$2 " xn+1
e >ldat ottt
2! n!  (n+1)!
when z > 0. (Why did we use the inequality out to degree n + 1 instead of degree n? Read
on and you'll see.) In particular, since all lower degree terms on the right side are positive
when x > 0,
xn+1
€T
> —_
C Tt

when x > 0. Divide both sides of this inequality by x™:

x
el TR
x (n+1)!

Here n is fixed and x is an arbitrary positive real number. In this inequality, the right side
tends to oo as © — co. Therefore e* /2™ — oo as © — co. (We did not use induction in this
proof.) O

From Corollary 4.5 we draw two further conclusions.

Corollary 4.6. For every polynomial p(z), ZL;C;) — 0 as x — 0.
e
Proof. By Corollary 4.5, 2" /e — 0 as x — oo. Every polynomial is a sum of multiples of

such ratios: writing p(z) = agz? + ag_12%" + - - + a12 + ag, we have

plz) ¢ x4l x 1
o —adefx-i-ad,l e +"'+a1€7+a0€7.
Each z"/e” appearing here tends to 0 as x — o0, so p(x)/e” tends to 0 as x — oo. O
(log )"

Corollary 4.7. For every integer n > 0, — 0 as x — o0,

Proof. Set y = logx, so x = e and (logz)"/z = y"/e¥. We want to show y"/e¥ — 0 as
x — 00. As z — o0, also y — oo. Therefore by Corollary 4.5, e¥/y™ — oo as © — 00, S0
y"*/e¥ — 0 as x — oo. O

o0
Theorem 4.8. Forn >0, / 2"e " dxr = nl.
0

Proof. We argue by induction on n. For n =0,

oo
/ e Pder=—¢e"
0

0o b

= lim — e~
0 b—o00

= lim —e ?+1=0+1=1.

0 b—o0
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For n > 1, we express [;° "¢ % dx in terms of [} 2" 'e™* dx using integration by parts:

/ e dr = / udv (u=2a",dv=e"dx)
0 0
= w| -— / vdu (du = nz" ldz,v = —e7%)
0 0

e:ﬂ

o
+ n/ 2" e dx
0

0
=0—-0)+n-(n—1)! by Corollary 4.5 and the ind. hypothesis
=nl. O
Theorem 4.9. The function €* is not “algebraic”: for no n > 1 and polynomials co(x),
c1(x), ..., cp(x) that are not all identically zero can we have
(4.6) en(2)e™ + cp_y (2)e™ D 4 e (2)e® 4 co(x) =0

for all x € R. In other words, if such a functional identity does hold then all the polynomial
coefficients cx(x) are the zero polynomial.

The left side of (4.6) is a “polynomial in e® with polynomial coefficients,” which can be
thought of as

(4.7) cn(2)y" + cn1(2)y" 4 -+ e(@)y + co(2)

where we have substituted e® for y. Since the ci(x)’s are polynomials in z, (4.7) is a two-
variable polynomial in x and y. The theorem is saying no two-variable polynomial P(x,y)
can have e” as a “root” in y. By comparison, the function z!/3 is a “root” of the two-variable
polynomial Q(z,y) = y® — 2: when we substitute 21/3 in for y, the result Q(x, x1/3) is the
zero function.

Proof. We argue by induction on n. Corollary 4.6 will play a role!
The base case is n = 1. Suppose

(4.8) ci(z)e” + co(x) =0

for all  and some polynomials c¢(z) and ¢;(z). We want to show cy(x) and c¢;(x) are both
the zero polynomial. Dividing by e* and re-arranging, we have

co(x
ca(z) = —e(x)
for all xz. We now think about what this tells us as * — oo. The right side tends to 0 by
Corollary 4.6. This forces c;(x) to be the zero polynomial, since a non-zero polynomial does
not tend to 0 as x — oo: a non-zero constant polynomial keeps its constant value while a
non-constant polynomial tends to +oo (depending on the sign of the leading coefficient).
Now that we know c;(z) is identically zero, our original equation (4.8) becomes co(x) = 0
for all z. This concludes the base case.
For the inductive step, assume for some n > 1 that the only way to satisfy (4.6) for all
is to have all coefficients ci(z) equal to the zero polynomial. Then suppose there are n + 1
polynomials ag(z), ..., an+1(z) such that

(4.9) g1 (2)e" T L g, (2)e™ + -+ ay(2)e® 4 ap(z) = 0

for all x. We want to show every ag(x) is the zero polynomial.
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As in the base case, we divide this equation by an exponential, but now take it to be
e D% instead of e*:

an () ar(z)  ap(xz)
(@) + 2 g Dy )
Moving all but the first term to the other side,
__an(x) ar(z)  ao(x)
(4.10) ant1(z) = T T e gtz
for all x.

What happens in (4.10) when z — oo? On the right, —a,(z)/e* — 0 by Corollary
4.6. Other terms have the form —ay(z)/e" =% for k = 0,1,...,n — 1. Writing this as
—(a(x)/e®)(1/e=R)7) it tends to 0 -0 = 0 by Corollary 4.6 (since n — k > 0). Therefore
the right side of (4.10) tends to 0 as © — oo, so the polynomial ay41(z) must be the zero
polynomial (same argument as in the base case). This means the left-most term in (4.9)
disappears, so (4.9) becomes

an(z)e" + -+ a(x)e” + ap(z) =0

for all z. This is a relation of degree n in e”, so by the inductive hypothesis (at last!) all
of its polynomial coefficients are the zero polynomial. Therefore all the coefficients of (4.9)
are the zero polynomial, which completes the inductive step. ]

Remark 4.10. Since the values of & that mattered in the limits are large values (we took
x — 00), we could have incorporated this into the statement of the theorem and obtained
a (slightly) stronger result: if there are polynomials co(z), ..., c,(x) such that

en ()€™ 4 1 (2)em VT 4 ey (2)e® 4 co(z) =0

just for sufficiently large x, then every ci(z) is the zero polynomial. The argument proceeds
exactly as before except we replace “for all ” by “for all sufficiently large x” in each
occurrence. The logical structure of the argument is otherwise unchanged.

5. INTEGRAL EXPONENTS

Every nonzero real number a has a reciprocal 1/a = a~!.

n € Z are defined as follows:

The integral powers a™ for

e Recursively, a! = a and a™ = " 'a for n > 2 (or concretely, a" = a---a if n > 1),

n times

o =1,
ea"=(a Yl forn < -1 (eg,a3=a"tata™).
In words, the specific powers a' = a and a~! = 1/a are defined first, the remaining nonzero
powers of a are repeated products of a! or a7 !, and a® = 1.

To illustrate the use of induction on formulas with two parameters, we will prove the

following equations for all a # 0 and arbitrary m and n in Z:
a™a” = a™t" and (a™)" = a™".
Theorem 5.1. For all a # 0 and all integers m and n, a™a™ = a™ ™.
Proof. We will first prove this for arbitrary m € Z and all n > 1, and then handle the
remaining cases (arbitrary m € Z and all n < 0) by often reducing to the case where n > 1.

First we will prove by induction on n > 1 that for alla # 0 and allm € Z, a™a™ = a™™".
Call that statement S(n).
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1 m+n for

R
Base case n = 1. Since a"™ = a* = a by definition, the desired equation a™a"™ = a

all m € Z says when n =1 that a™a Z @™+ for all m € Z. Let’s break this into separate
parts depending on the sign of m.

e If m > 1, then the recursive definition of powers of a says a™*! = ™1 ~1q = a™a.

o If m=0,then ama=a"a=1-a=aand a™t! =a! =a.

o If m=—1, then aa=a"ta=1and a™! =a° = 1.

e If m < —2, then set m = —M with M > 2, so a™a = aMa = (a)Ma =
(a—l)M—la—la — (a—l)M—l — a—(M—l) — g~ M+1 — gm+1

Inductive step. Assume for all a # 0 and all m € Z that a™a™ = ™" for some n > 1.

We want to show for all a # 0 and all m € Z that a™a"t! = ™"+l The term a"*! is
a™a by the recursive definition of positive powers of a, so

a™a™t = a™(a"a) = (a™a")a = ™ "a,

where the last equation comes from the inductive hypothesis, and a™*"a = ™"+ by the
base case above using exponent m + n in the role of m (an arbitrary integer).
We have now proved by induction on n > 1 that

(5.1) ama™ =a™"" for all a # 0, all m € Z, and all n > 1.

It remains to prove a™a™ = a™*™" for all @ # 0, m € Z, and all n < 0.

. ? . .
n = 0. Both sides of a™a™ = ™™ when n = 0 become a™ since a” = 1, so the equation
is true in this case.
: + m.n * m-+n m.—N * m-N
n <0. Write n = —N,so N € Z™ and a™a" = a is the same as a™a =a ,

which is equivalent to a™(a~")N L gm-N by the definition of negative exponents. The
validity of this equation would be unaffected by multiplying both sides by a®, so

(5.2) a™(a"H)N L gm—N a™(a"H)NaN 2 amNgVN,

m=NgN — q(m=N)*N — g™ by (5.1) with the exponents m and n there

?
NGN = g™

and on the right side a

replaced by m — N € Z and N > 1. Thus we are reduced to proving a™(a~1)
for all N > 1. This looks obvious since the product (a=')Na®" ought to be 1, but we did
not show that yet. To prove (a=')Va®¥ = 1 for all nonzero a and all N > 1 we will use
induction on N.

For the base case N = 1, (a=")Na" = (a=')a = 1. For the inductive step, if (a=")NaV =
1 for an IV > 1, then to obtain the same equation with N + 1 in the exponents,
(5'3) (a—l)N+1aN+1 — (a—l)Na—laN—f—l
by the recursive definition of positive powers of a~!. Write a™¥*! as a'*V. By (5.1) with
m=1and n =N, a'*" = aa”. That turns (5.3) into

(a—l)N+1aN+1 — (a_l)Na_laaN — (a—l)NaN

because a~'a = 1. We have (a=")Va’ = 1 by the inductive hypothesis, so (a=!)N gV +! =
(a=1)Na" = 1. This ends the inductive step. We have shown (a=!)Na®™ =1 for all N > 1.
Returning to (5.2), we saw a™ Na® = a™ using (5.1), and now we know a™(a=")Va! is
a™-1=a™, so we proved a™a" = a™ "™ for all a # 0, all m € Z, and all n < 0. O

Theorem 5.2. For all a # 0 and all integers m and n, (a™)" = a™".
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Proof. First we will treat the case n > 1. Let S(n) be the statement for all a # 0 and all
m e Z, (a™)" = a™". We will prove S(n) is true for all n > 1 by induction on n and then
treat the case n < 0.

Base case n = 1. Since everything to the power 1 is itself by definition, the desired

equation (a™)™ L 4™ when n = 1 says a™ L a™, which is true.
Inductive step. Assume for all a # 0 and all m € Z that (a™)™ = a™" for some n > 1.

We want to show for all a # 0 and all m € Z that (a™)"*! L gm(n+1) | By the recursive
definition of positive powers of a™,

(5.4) (@™ = (a™)"a™.
From the inductive hypothesis, (™)™ = a™", and plugging that into (5.4) tells us
(am)n+1 — a™Mg™ = amn+m7

where the last equation is a special case of Theorem 5.1 with exponents mn and m. Since

mn+m = m(n+1), we finally obtain (a”)"*! = ¢™("+1) which finishes the inductive step.
Now we turn to the case that n < 0.

o

n = 0. Since the 0 power is 1 by definition, the desired equation (a™)" = a™" when n = 0

says (a™)? z a’, which says 1 L 1, and that’s true.
n <0. Write n = —N, so N € Z* and we want to show (a™)~ ¥ Z amN). The left
side is ((a™)")~! by the definition of negative powers of a™, and the right side is a=™",

From what we already proved when the outer exponent is a positive integer and the inner

exponent is an arbitrary integer,
( am)N — amN )

Therefore we want to show
R
(amN)—l L a—mN

for arbitrary m € Z. The left side denotes the (multiplicative) inverse of a™¥, and that is
a~™N thanks to Theorem 5.1 since that theorem tells us that a™¥a=™" = a% = 1. O

APPENDIX A. ANOTHER PROOF BY INDUCTION ON THE NUMBER OF TERMS

In Theorem 4.2 we proved an identity about derivatives by induction on the number of
functions in the identity. Here is another example of a theorem proved by induction on the
number of terms.

Theorem A.l. For all odd numbers a1, ...,a, where n > 2, the product ai - - - a, is odd.

Proof. We induct on n, the number of odd numbers.

For the base case n = 2 we want to every product of two odd numbers a; and as is odd.
Since these numbers are odd, a; = 2k; + 1 and as = 2k9 + 1 for some integers k1 and k.
Then

ajay = (2]€1 + 1)(2k2 + 1) = dk1ko + 2k1 + 2k +1 = 2(2k1k2 + k1 + kg) +1,

which is an odd number since 2k1ke 4+ k1 + k2 is an integer. That settles the base case.

Now assume for an n > 2 that the result is true for all sets of n odd numbers. To prove
the result for n + 1, we want to show every set of n + 1 odd numbers aq,...,a,+1 has a
product a; - - - ap41 that is odd.
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A product of n + 1 numbers can be written either as a product of 2 numbers or as a
product of n numbers by collecting some factors into a single number:

(A.1) a1az - - py1 = (@1ag - - ap)ap+1

is a product of the two numbers ajas - - - a, and a,+1, while
(A.2) a1az - Apt1 = 102 Ap-1(AnGni1)
is a product of the n numbers a1, as,...,an—1, and a,pan41.

Each of (A.1) and (A.2) leads to a proof of the inductive step: using (A.1l) involves
the inductive hypothesis (all sets of n odd numbers) and then the base case (all sets of 2
odd numbers) while (A.2) involves the base case (all sets of 2 odd numbers) and then the
inductive hypothesis (all sets of n odd numbers).

First method. Write

a1a2 - Anlni41 = (alaz te an)an+1
and the product ajas - - a, is odd by the inductive hypothesis (for n odd numbers). Then
(arag - - ap)any1 is a product of two odd numbers, ajas - - - a,, and ay+1, so their product is

odd by the base case. Thus ajas - - - ana,+1 is an odd number.
Second method. Write

103 Apln i1 = 0102 - An—1(AnGny1).
The product anan,+1 is an odd number by the base case, so ajag---an—1(anant1) is a
product of n odd numbers: ai, as,...,an—1, and anany1. Therefore their product is odd
by the inductive hypothesis, which says ajag - an—1(anant1) is odd, so ajag - - apap+1 is
odd. O
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