BASE EXTENSION AND EXTERIOR POWERS

KEITH CONRAD

Let f: R — S be a ring homomorphism, through which we can base extend R-modules to
S-modules: M ~ S ®p M and A¥(M) ~ S ®@g A¥(M). We will write AF(M) as A% (M) to
emphasize the dependence on the scalar ring, since we will be working with exterior powers
of both R-modules and S-modules.

Theorem 1. Base extension commutes with formation of exterior powers: for any R-

~

module M and integer k > 1, there is a unique S-module isomorphism S Qg AIIEL(M) =
AE(S @R M) where

s®@(myAr---Armyg)— s((l®@mg) Ag -+ As (1 @my)).

Moreover, if M —5 N is a linear map of R-modules then the diagram

k
Sop AL(M) 2 g AE(N)
k k
AS(S®r M) o) AN{(S®RrN)

commutes.

For k = 0 the S-modules S ®r A% (M) = S ®r R and AY(S ®r M) = S are naturally
isomorphic, but the formula in Theorem 1 makes no sense for £k = 0 so we omitted that
case from the theorem. If you consider an empty wedge product to be 1, then that formula
does make sense when k£ = 0 and is an isomorphism (s ® 1+ s).

Proof. For k =1 the indicated function is S®r M — S®rM by s@m — s(1®@m) = s®@m,
so it is just the identity map. From now on let £k > 2. We want to write down S-linear
maps S @g AB(M) — AE(S®r M) and S ®@p AR (M) — AL(S ®g M) that are inverses of
each other.

To write down an S-linear map

S@p A (M) — AE(S @p M),
we first ignore the S-part on the left and concentrate on getting an R-linear map
(1) AR(M) = A§(S ©r M),

which we will then turn into an S-linear map out of S ®pg A% (M) using extension of scalars.
The function we want to use is this:

(2) mi Ag - Armi — (L&®rm1) As -+ As (1 ®r my).

Strictly speaking, the rule (2) on its own does not define an R-linear map out of A%(M )
because the elements of A%(M ) are not all elementary wedge products, although there is at

most one R-linear map with the effect (2) since elementary wedge products additively span
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AR (M). To construct an R-linear map (1), we write down an alternating R-multilinear map
out of M*. Define M* — Ak(S ®p M) by

(m1,...,m) = (L@rm1) As -+ As (1 @r mg).

This function is alternating and R-multilinear (treat the target A%(S®gr M) as an R-module
in the way every S-module is an R-module: restriction of scalars). Therefore the universal
mapping property of A’I‘%(M ) gives us an R-linear map A’I‘%(M ) — A’g(S ®p M) satisfying
(2) on elementary wedge products.

Now we use the universal mapping property of extension of scalars: from the R-linear
map AX (M) — AE(S®r M) in (1) there is an S-linear map ¢: S@p A% (M) — AL(S®p M)
such that

(3) @(s ®@r (m1 A~ Apmyg)) = s((1 @rmi) As -+ Ag (1 @r my)).
This is the formula we want in the theorem.

To get an S-linear map in the other direction, A% (S ®@g M) — S ®@p A% (M), we want to
write down an appropriate alternating S-multilinear map (S ®g M)* — S @ Ak (M) and
then use the universal mapping property of Ag(S’ ®pr M). Consider the composite map

(4) (S @r M)F 255 (S @p M)®sk = § g (MErF) 12085 g0 p Ak (M),

The first map is the canonical multilinear map defining tensor powers (of S-modules), the
isomorphism in the middle is the inverse of the canonical one for base extensions of tensor
products (recall for two R-modules M and N that S®r (M QrN) = (SQrM)®s(S®rN)
by s® (m®n) — s(1@m)® (1®n)), and the third map is the base extension to S-modules
of the canonical R-linear map Ag: M®#* — AR (M). The first map is S-multilinear and
the second and third are S-linear, so the composite map is S-multilinear. Its effect on a
k-tuple of elementary tensors is

(81 ®r M1, ..., @r M) > (51 ORM1) s+ s (Sk @R My)
— 51~--3k®R(m1 ®R---®Rmk)
= s1 Sk QR (M1 AR -+ AR my).
Let a: (S ®r M)* — S ®g A% (M) denote the composite map (4). We want to show «
is alternating: «(t1,%2,...,t;) = 0 when t; = t; for some i # j. Because « is multilinear,
it suffices to check such vanishing occurs when two coordinates are equal tensors and the

other coordinates are all elementary tensors. To keep the notation simple, we focus on the
case t1 = to (other equal coordinates run in the same way):

)
aft,t,s3s @rms,...,s; QR mk) =0.
Writing ¢t = s} @gmj + -+ + s}, ®r m,,, we expand the left side as
n
alt,t,s3 ®@rma, ..., sk Qpmk) = Y as;@rmj, s§@pm},s3@rms, ..., sk Or M)
ij=1

n
= Z 828983 s, @p (Mh AR m; AR M3 AR -+ AR ME).
ij=1
In this sum, a term where ¢ = j is 0 because m/, is repeated in the elementary wedge product.
For ¢ # j, the two terms with ¢ and j in both orders are negatives of each other and thus
cancel when added, so «a(t,t,s3 @gr ms, ...,k Qr mg) = 0.
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Since a is alternating multilinear, there is an S-linear map ¢: AL (S®rM) — S@gAL (M)
such that
P((s1@m1)Ag -+ Ns(sp@my)) = a(s1@my, -+, 8, @my) = 81+ 5, @ (M1 AR+~ ArRmy).
It is left to the reader to show ¢ and v are inverses of each other. O
Example 2. For any ideal a, R/a®g A} (M) = A%/Q(R/a ®pr M) as R/a-modules, and for
any prime ideal p, Ry, ®@p A% (M) = A’f%p(Rp ®@r M) as Ry-modules.



