EXTERIOR POWERS

KEITH CONRAD

1. INTRODUCTION

Let R be a commutative ring. Unless indicated otherwise, all modules are R-modules
and all tensor products are taken over R, so we abbreviate ® g to ®. A bilinear function
out of My x My turns into a linear function out of the tensor product M; ® Ms. In a

similar way, a multilinear function out of M; X --- x M} turns into a linear function out
of the k-fold tensor product Mj ® - -- ® M. We will concern ourselves with the case when
the component modules are all the same: M; = --- = M), = M. The tensor power M®*

universally linearizes all the multilinear functions on M¥*.

A function on MP* can have its variables permuted to give new functions on M¥. When
looking at permutations of the variables, two important types of functions on M* occur:
symmetric and alternating. These will be defined in Section 2. We will introduce in Section
3 the module that universally linearizes the alternating multilinear functions on MP¥: the
exterior power A*(M). It is a certain quotient module of M®*. The special case of exterior
powers of finite free modules will be examined in Section 4. Exterior powers will be extended
from modules to linear maps in Section 5. Applications of exterior powers to determinants
are in Section 6 and to linear independence are in Section 7. Section 8 will introduce a
product A*(M) x AY(N) — AFT4(M) called the wedge product, which is applied in Section
9 to a question about torsion modules over a PID. Finally, in Section 10 we will use the wedge
product to turn the direct sum of all the exterior powers of a module into a noncommutative
ring called the exterior algebra of the module.

The exterior power construction is important in geometry, where it provides the language
for discussing differential forms on manifolds. (A differential form on a manifold is related
to exterior powers of the dual space of the tangent space of a manifold at each of its points.)
Exterior powers also arise in representation theory, as one of several ways of creating new
representations of a group from a given representation of the group. In linear algebra,
exterior powers provide an algebraic mechanism for detecting linear relations among vectors
and for studying the “geometry” of the subspaces of a vector space.

2. SYMMETRIC AND ALTERNATING FUNCTIONS

For any function f: M*¥ — N and any o € Si, we get a new function M* — N by
permuting the variables in f according to o:

(ml,...,mk) — f(mo(l),...,ma(k)) € N.

(Warning: if we regard this new function on M* as the effect of o on f, and write it as
(o - f)(mq,...,mg), then oy - (02 - f) equals (o201) - f, not (0102) - f, so we don’t have a
left action of Sj on the functions M* — N but a right action. We won’t be using group
actions, so don’t worry about this.)
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Definition 2.1. We call f: M* — N symmetric if
f(Mo(rys -« s Moy) = flma, ... my)
for all o € Si. We call f skew-symmetric if
(21) f(mcf(l)a R mo‘(k)) = (Sign J)f(ml’ s 7mk)
for all o € S;. We call f alternating if
f(m1,...,my) = 0 whenever m; = m; for some i # j

when k£ > 2, and for £ = 1 that constraint is empty, so all linear maps f: M — N are
alternating.

Symmetric functions are unchanged by each permutation of the variables, while skew-
symmetric functions are unchanged by even permutations and change sign under odd per-
mutations. For example, the value of a skew-symmetric function changes by a sign if we
permute any two of the variables. Alternating functions are not so intuitive. When R is
a field of characteristic 0, like the real numbers, we will see that alternating and skew-
symmetric multilinear functions are the same thing (Theorem 2.10).

Example 2.2. The function M, (R) x M, (R) = R by (A, B) — Tr(AB) is symmetric.

Example 2.3. The function R? x R?> — R given by ((i), (Z)) — ad — bc is skew-symmetric
and alternating.

Example 2.4. The cross product R? x R? — R3 is skew-symmetric and alternating.

Example 2.5. The function C x C — R given by (z,w) — Im(zw) is skew-symmetric and
alternating.

Example 2.6. Let R contain Z/2Z, so —1 =1 in R. The multiplication map R x R — R
is symmetric and skew-symmetric, but not alternating.

In Definition 2.1, the variables are indexed in the order from 1 to k. Let’s show that a
function M* — N being symmetric, skew-symmetric, or alternating does not depend on
that particular ordering. There’s nothing to do when k =1, so let k£ > 2.

Theorem 2.7. For k > 2, fix a listing of the numbers from 1 to k as i1,is,...,1x. If a
function f: M* — N is symmetric then

F(Mig(iyys s Mg(iy)) = flmay, .o, ma,)
for all o € Si. If f is skew-symmetric then
f(mo(il)’ s 7ma(ik)) = (Sign U)f(mi17 s 7mik)
for all o € Sy. If f is alternating then
f(miy,...,m; ) =0 whenever m;, = m;, for some is # it.

Proof. We will discuss the skew-symmetric case, leaving the other two cases to the reader.
Let 0 € Sk be the permutation where o(1) = i1,...,0(k) = ix. If f is skew-symmetric,
then

f(miy, ... ,me ) = f(mzqy, -, mar)) = (signa) f(ma, ..., my),
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so for any o € S

F(Mo(in)s s Ma(in)) = F(MGa)1)s - - s M(o05) (k)

= 81gn(00) (my,...,mg)
gn(o)sign(o) f(my,...,myg)
= 81gn(0) (Miy s ooy My ). O

The next two theorems explain the connection between alternating multilinear functions
and skew-symmetric multilinear functions, which is suggested by the above examples.

Theorem 2.8. A multilinear function f: M* — N that is alternating is skew-symmetric.

Proof. The case k = 1 is trivial: all linear (= 1-multilinear) maps M — N are alternating
and skew-symmetric. For k > 2, the basic idea is already present in the case k = 2, so we’ll
treat k = 2 first. When f: M? — N is alternating, f(m,m) = 0 for all m in M. So for all
m and m' in M,

fm+m/;m+m')=0.
Expanding by linearity in each component,

f(m,m)+ f(m,m') + f(m',m) + f(m',m’) = 0.

The first and last terms are 0, so f(m,m’) = —f(m’, m). This means f is skew-symmetric.
For the general case when k > 2, we want to show (2.1) for all o € Si. Notice first that
if f satisfies (2.1) for the permutations o1 and o9 in Sy then

F(M(a102)1)s -+ Ma102) (k) = F (M1 (2(1))1 - > M1 (02 (k)
= (sign o1) f(May(1)s - - - May(k))
= (signoy)(signog) f(ma,...,mg)
= sign(oy09) f(mq, ..., mg).

Hence to verify (2.1) for all o € Sy it suffices to verify (2.1) as o runs over a generating set
of Si. We will check (2.1) when o runs over the generating set of transpositions

(Gi+1):1<i<k—1).

That is, for (my,...,mz) € MF, we want to show any alternating multilinear function
f: M* — N satisfies

(22) f( ey TG — 1, T MG 1,5, TT4-2,5 - - ) = —f( ey TG — 1y TG 1, TG, T2, - - ),

where we only interchange the places of m; and m;11.

Fix all components of f except those in positions ¢ and i+ 1, reducing us to a function of
two variables: choose my,...,m;—1,mjt2,...,mp € M (an empty condition if k¥ = 2) and
let g(x,y) = f(ma,...,mi—1,2,y,miyo,...). Then g is bilinear and alternating, so by the
k = 2 case g is skew-symmetric: g(z,y) = —g(y,z). This implies (2.2), so we're done. [

Corollary 2.9. Let f: M* — N where k > 2.

(1) f is skew-symmetric if and only if it satisfies (2.2): its value changes sign whenever
adjacent components are swapped.

(2) if f is multilinear, then it is alternating if and only if it vanishes at k-tuples having
a pair of equal adjacent components: f(mi,...,m;;mit1,...,mg) = 0 whenever
m; = m;y1 for some i where 1 < ¢ <k —1.
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Proof. (1) The second paragraph of the proof of Theorem 2.8 applies to all functions, not
just multilinear functions, so the condition in (1) is equivalent to skew-symmetry.

(2) If f is alternating, then f(mi,...,my) = 0 whenever m; = m;y; for some i. Con-
versely, if f =0 at k-tuples with some equal adjacent components,then

flma,...,mi+mipr,mg +migr, ... ,mg) =0
since components in positions ¢ and ¢ + 1 are equal. By multilinearity in those positions,

0=f(..,mi,miy...)+ f(omiymipr, )+ fo o mipn,ma, ) + 0 Mg, Mg, )

= f( s MGy M4 1, . ) —|—f( . .,mi+1,mi,...),

SO

f(m17' <y MG 41,5 - - 7mk)) = _f(mlu" -y Myi4-1, M5 7mk)
Thus swapping a pair of adjacent components in a k-tuple changes the value of f by a sign.
So if (mq,...,myg) is a k-tuple with some pair of equal components, then swapping enough

successive components will put the equal components in adjacent positions at the cost of
changing f at most by a sign. This last f-value is 0, so £f(mi,...,mg) = 0, and thus
f(ma,...,my) = 0if m; = m; for some ¢ # j: f is alternating. O

It is important in (2) that f is multilinear: if f: R® — R by f(z,9,2) = (z — y)(y — 2),
then f(z,y,z) is 0 whenever z = y or y = z, but not whenever x = z (it is not multilinear).
Example 2.6 shows the converse of Theorem 2.8 can fail: a multilinear function can be

skew-symmetric and not alternating. But if 2 is a unit in R (e.g., R = R) then the converse
of Theorem 2.8 does hold:

Theorem 2.10. Let k > 1. If 2 € R* then a multilinear function f: M* — N that is
skew-symmetric is alternating.

Proof. As with Theorem 2.8, this is trivial for ¥ = 1 since all linear maps M — N are
skew-symmetric and alternating. For k& > 2, we will show f(mj,ma,...,mi) = 0 when
m1 = my. The argument when m; = m; for other distinct pairs ¢ and j is the same. By
skew-symmetry,

flma,my,ms,...,my) = —f(my,ma, ms,...,mg).
Therefore
fim,m,ms,...,mg) = —f(m,m,ms,...,mg),
SO
2f(m,m,ms,...,my) =0.
Since 2 is in R*, f(m,m,ms,...,mg) = 0. O

The assumption 2 € R* in this theorem could be weakened to2n =0=n=0forn € N,
since that’s the actual property we used about 2. For example, if R = Z and N = Z¢, then
the proof works even though 2 ¢ Z*.

Over R and C, the terms “alternating” and “skew-symmetric” can be used interchange-
ably for multilinear functions. For instance in [7], where only real vector spaces are used,
multilinear functions satisfying the skew-symmetric property (2.1) are called alternating. At
any point in our discussion where there is a noticeable difference between being alternating
and being skew-symmetric, it is just a technicality, so don’t worry about it.
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3. EXTERIOR POWERS OF MODULES

Let M and N be R-modules and k > 1. When f: M* — N is multilinear and g: N — P
is linear, the composite g o f is multilinear. And if f is symmetric, skew-symmetric, or
alternating then g o f has the same property too. So we can create new (symmetric, skew-
symmetric, or alternating) multilinear maps from old ones by composing with a linear map.

The kth tensor power MF 2, M@k sending (my,...,mg) to m; ® -+ ® my, is one
example of a multilinear map out of M*, and every other example comes from this one:
given any multilinear map f: M* — N there is a unique linear map f: M®* — N whose
composite with M* £ M®F is f. That is, there is a unique linear map f: M®* — N
making the diagram

‘M/fL>
i
®l

commute, which means f(m; ® --- @ my) = f(m,...,mg).

Now focus on multilinear f: M* — N that are alternating. If k = 1 then f is arbitrary.
If £ > 2, then f vanishes on all k-tuples with a pair of equal coordinates, so f: M®F N
vanishes on all tensors m; ® - - - ®@my, with m; = m; for some @ # j. Let J; be the submodule
spanned by these special tensors when k > 2, so J; C kerf. Set J; = {0} in M®! = M, so
J1 C ker fvwhen k = 1. The quotient module M®*/ J;. will be our main object of interest.

Definition 3.1. For an R-module M and an integer k > 1, the kth exterior power of M,
denoted A¥(M), is the R-module M®¥/J; where J, = {0} for k = 1 and J for k > 2
is the submodule of M®* spanned by all m; ® --- ® my, with m; = m; for some i # j.
For my,...,my € M, the coset of m; & --- ® my, in A¥(M) is denoted my A --- A my. For
completeness, set A°(M) = R (so Jo = {0} in M®? = R).

We could write A%(M ) to indicate the role of R, but we will never change the ring, so we
don’t do that. A general element of A¥(M) will be denoted w or . Since M®* is spanned
by tensors of the form my ® - - - ® my, the quotient module M®*/ J;, = A¥(M) is spanned
by their images mj A - -- A my. That is, each w € AF(M) is a finite R-linear combination

w = E Ti1 i iy ANRERA My,

where the coefficients 7;, . ;, are in R and the m;’s are in M.

We call my Ama A--- Amy an elementary wedge product and read it as “m; wedge mg

. wedge my.” Tt also called a decomposable wedge product. (More synonyms: simple,
pure, monomial). Since r(my Amg A--- Amyg) = (rmy1) Ama A --- Amy, each element of
AF(M) is a sum (not just a linear combination) of elementary wedge products.® A linear
— or even additive — map out of A¥(M) is determined by its values on elementary wedge
products since they additively span A*(M). More general wedge products are in Section 8.

The modules A¥(M) were introduced by Grassmann in 1844 (for M = R™), who called
my A mg A --+ A my an exterior product or outer product (ausser produkt in German)

lUnlike “tensor” as a name for an element of a tensor product module, there is no standard name for an
element w of A" (M). It’s not called a “wedge” but maybe it should be. Some may call w a “wedge product”
but (i) w may not be a product and (ii) “wedge product” has another meaning: see Section 8.
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because (when R = R) it is nonvanishing when each m; is outside the span of the other
m;’s (a precise statement is in Theorem 7.1). Perhaps it would be better to call A¥(M) an
alternating power instead of an exterior power, but it’s too late to change the terminology.

Example 3.2. Say M is spanned by two elements z and y: M = Rx + Ry. (This doesn’t
mean z and y are a basis, e.g., R = Z[y/—5] and M = (2,1 + v/=5).) We will show A%(M)
is spanned by the single element x A y. The tensor square M®? is spanned by all terms
m ® m’ where m and m/ are in M. Write m = ax + by and m’ = cx + dy. Then in M%?

m®@m' = (ax + by) @ (cx + dy)
=aclz®x) +ad(z®@y)+be(y @ ) + bd(y ® y).
The tensors r ®  and y ® y are in Ja, so in A%(M) both x A x and y Ay vanish. Therefore
mAm' = ad(z Ay)+ be(y A z).

Moreover, the tensor (z +y) ® (z +y) is in Jo, so

rR@yu+tyRr=(r+y)QYy+z)—2rR@r—yRyc Js.
Therefore in A%2(M) we have x Ay +y Az =0, so

mAm' = ad(z Ay)+be(—z Ay) = (ad — be)(z A y),

which means A%(M) is spanned by the single element x Ay. It could happen that x Ay = 0
(so A%2(M) could be zero), or even if Ay # 0 it could happen that r(z A y) = 0 for some
nonzero r € R. It all depends on the nature of the R-linear relations between x and y in
M.

By comparison to A2(M), M®? is spanned by z® 2z, z ®y, y @z, and y ®y, and without
further information we have no reason to collapse this spanning set (usually x ® y # y ® x,
for instance). So when M has a 2-element spanning set, a spanning set for M®? is typically
larger than 2 while a spanning set for A?(M) is definitely smaller.

For k > 1, the standard map M* 2 M®F is multilinear and the reduction map
M®F — M®F /3, = AF(M) is linear, so the composite map A: M* = M®F — AF(M) is
multilinear. That is, the function
(3.1) (mi,...,mg)—>mg A Amy
from M* to A¥(M) is multilinear in the m;’s. For example,

miA-ANemi A Amp=c(my A Ami A Amg) and mp A AOA - Amy = 0.

For k > 2, my A+~ Amyg =0 in A¥(M) if m; = m; for some i # j. (Think about what
working modulo J, means for the tensors m; ® - -- ® my, when m; = m; for some i # j.)
Therefore (3.1) is an example of an alternating multilinear map out of M*. Now we show
it is a universal example: all others pass through it using linear maps out of A*(M).

Theorem 3.3. For R-modules M and N and an alternating multilinear map f: Mk~ N
where k > 1, there is a unique linear map f: AF(M) — N such that the diagram

Mmh L

AJ« o

AR(M)

N
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commutes, i.e., f(my A--- Amyg) = f(my,...,mg).

This theorem makes no sense when k = 0, unless you want to define M° = R and call all
linear maps R — N alternating.

Proof. This is clear when k = 1 since A'(M) = M and A: M — A'(M) is the identity. For
k> 2, f induces a linear map M®* — N whose effect on elementary tensors is

m1®®mk’_>f(m177mk)

MkL>

M®k

(We are going to avoid giving this map M®* — N a specific notation, since it is just an
intermediate device in this proof.) Because f is alternating, it vanishes at any k-tuple
(mi1,...,my) where m; = m; for some i # j. Thus the linear map that f induces from
M®* to N vanishes at any elementary tensor m; & - - - ® my, where m; = m; for some 7 # j.
Hence this linear map out of M®F vanishes on the submodule J, of M®F, so we get an
induced linear map fout of M®*/J,. = A¥(M). Specifically, f: AF(M) — N is given by

my A Amg = f(my,...,mg).
f

Mk—— s N
T4

|
M®k

»
AF(M)

Since the elements mj A --- A my span A¥(M), a linear map out of A¥(M) is uniquely
determined by its effect on these elements. Thus, having constructed a linear map out of
A*(M) whose effect on any mj A --- Amy, is the same as the effect of f on (mq,...,my), it
is the unique such linear map. O

For k > 1, call the specific alternating multilinear map M* ANV (M) given by
(my,...,mg)—mqg A Amy
the canonical map.

Remark 3.4. We could have constructed A¥(M) as the quotient of a huge free module on

the set M*, bypassing the use of M®k/ Jj. Then, since the canonical map M* AN (M)
is multilinear, we would get a linear map M®* — A¥(M) and could recover A*(M) as a
quotient of M®* anyway.

Corollary 3.5. Suppose A is an R-module and there is an alternating multilinear map
a: M* — A with the same universal mapping property as the canonical map MF AN
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AR(M): for every R-module N and alternating multilinear map f: M* — N there is a
unique linear map A — N making the diagram

MkL>

A

commute. Then there is a unique R-linear map 3: A — AF(M) such that the diagram

commutes, and B is an isomorphism.

Proof. This is the usual argument that an object equipped with a map satisfying a universal
mapping property is determined up to a unique isomorphism: set two such objects and maps
against each other to get maps between the objects in both directions whose composites in
both orders have to be the identity maps on the two objects by the usual argument. ]

Since the canonical map M* AN A¥(M) is alternating multilinear, by Theorem 2.8 it is
skew-symmetric:

(3.2) Moy N\ N Mgy = (signo)my A -+ Amy

for every o € Si. In particular, an elementary wedge product my A --- A my, in A¥(M) is
determined up to an overall sign by the terms m; appearing in it (e.g., m A m/ Am” =
—m/ Am Am”).

Example 3.6. Returning to Example 3.2 and working directly in A%2(M) from the start,
we have

(3.3) (ax 4+ by) A (cx +dy) = ac(x N x) +ad(z Ny) + be(y Ax) +bd(y Ay)

by multilinearity. Since (3.1) is alternating, z Ax and y Ay vanish. By (3.2), yAz = —x Ay.
Feeding this into (3.3) gives

(az + by) A (cx + dy) = ad(z Ny) — be(xz Ay) = (ad — be)(xz A y),

so A?(M) is spanned by Ay when M is spanned by = and y. That was faster than Example
3.2!

Example 3.7. Suppose M is spanned by three elements ey, e3, and e3. We will show e; Aea,
e1Aes, and ez Aeg span A%(M). We know by the definition of A2(M) that A%(M) is spanned
by all m Am/, so it suffices to show every m A m/' is a linear combination of e; A e, €1 A e3,
and ez A e3. Writing

m = aey + bey +ce3, m =de +bey+es,
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the multilinearity and the alternating property (e; Ae; =0 and e; Ae; = —ej Ae; for i # j)
imply
mAm' = (aey + bey + cez) A (d'e; +Ves + e3)
=ae; A (Vea + e3) + bea A (a'e; + c'e3) + ces A (d’er + Ves)
=ab'(e1 A e2) +ac (e1 Aes) +ba'(e2 Aer) +bc (ea A e3)+
ca'(es Aer) + cb(e3 A eg)
= (abl — ba')(e1 Neg) + (ac — ca')(e1 Nes) + (b — cb)(ea A e3).
If we write this formula with the first and third terms exchanged as
(3.4) mAm' = (bd —cb)(ea Aesg) + (ac —ca')(er Aes) + (ab — ba’)(e1 A ea),
it looks quite close to the cross product on R3:
(a,b,c) x (a’',V,c) = (b — b, —(ac’ — ca’),ab/ — ba').

(There is a way of making eg A e; the more natural wedge product than e; A ez in A2(R?),
0 (3.4) would then match the coordinates of the cross-product everywhere. This uses the
Hodge-star operator. We don’t discuss that here.)

In a tensor power M®F for k > 2, each tensor is a sum of elementary tensors but usually
most tensors are not elementary. The same is true in AF(M) for k > 2: a general element
is a sum of elementary wedge products, but is usually not an elementary wedge product.

Example 3.8. Let M be spanned by ej, e, e3, and e;. The exterior square A?(M) is
spanned by the pairs

e1 Nea, e1 Nes, e1 Neyg, ea Ne3, ea N\ eq, ez N ey.

When M is free and {e1, e, e3,e4} is a basis of M, the sum e; A ez + e3 Aeq in A2(M) is
not an elementary wedge product: it can’t be expressed in the form m A m’. We’ll see why
(in most cases) in Example 8.9. On the other hand, the sum

e1 N\eg+ 3(61 A 63) + 3(61 A 64) + 2(62 A 63) + 2(62 A 64)
in A%2(M) doesn’t look like an elementary wedge product but it is! It equals
(61 +e2 +e3+ 64) VAN (62 + 3e3 + 364).

Check equality by expanding this out using multilinearity and the relations e; A e; = 0 and
ei Nej = —ej Ae; fori # j.

A linear map out of A*(M) is completely determined by its values on the elementary
wedge products mj A- - - Amy, since they span the module. But elementary wedge products,
like elementary tensors, are not linearly independent, so verifying there is a linear map out
of A¥(M) with some prescribed behavior on all the elementary wedge products has to
be done carefully. Proceed by first introducing a function on M* that is multilinear and
alternating whose value at (my, ..., my) is what you want the value to be at mj A--- A my,
and then it automatically factors through A*(M) as a linear map with the desired value at
mi A --- Amyg. This is like creating homomorphisms out of a quotient group G/N by first
making a homomorphism out of G with the desired values and then checking NV is in the
kernel.
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Example 3.9. There is a unique linear map A?(M) — M®? such that
mi1 A mo — mip QMmoo — Mo X Mmjq.

To construct such a map, start by letting f: M? — M®2 by f(m1,ma) = m1@ma—ma@m;.
This is bilinear and f(m,m) = 0, so f is alternating and thus there is a linear map A%(M) —
M®? sending any elementary wedge product mi Ama to f(mi,ms) = mi @ ma —mg @ my.
Since a linear map out of A2(M) is determined by its values on elementary wedge products,
f is the only linear map with the given values on all my A mo.

Here are some basic questions about A*(M) for k > 1.
Questions

(1) What does it mean to say mj A - Amy = 0 in A¥(M)?

(2) What does it mean to say A*(M) = 0?

(3) What does it mean to say mi A--- Amy =mj A--- Am}?
Answers

(1) Saying mjA---Amy = 0 means every alternating multilinear map out of M* vanishes
at (my,...,my). Indeed, since every alternating multilinear map out of M k¥ induces
a linear map out of Ak(M) that sends mjA- - -Amy to the same place as (mq, ..., mg),
if m1 A--- Amy = 0 then the linear map out of A¥(M) must send mi A--- Amy to 0
(linear maps send 0 to 0) so the original alternating multilinear map we started with
out of M* has to equal 0 at (my, ..., my). Conversely, if every alternating multilinear
map out of M* sends (my,...,mg) to 0 then mj A---Amy = 0 because the canonical

map M* AN AF(M) is a particular example of an alternating multilinear map out
of M* and it sends (my,...,my) to my A---Amy. (This reasoning is valid at k = 1:
AY(M) = M and all linear maps out of M vanish at m only if m = 0 since the
identity M — M is an example of an alternating 1-multilinear map = linear map.)
A lesson: to prove a specific elementary wedge product mi A --- A my is not 0,
find an alternating multilinear map on M* that is not 0 at (my,...,my).
(2) To say A¥(M) = 0 means every alternating multilinear map on M¥ is identically 0.
A lesson: to show A*(M) # 0, find an example of an alternating multilinear map
on MP" that is not identically 0.
(3) The condition mq A --- Amy = m) A--- A'mj, means every alternating multilinear
map on M* takes the same values at (m1,...,my) and at (mf,...,m}).
When R is a field, so M is a vector space, more concrete answers are:

(1) mi A--- Amy =0 if and only if the m;’s are linearly dependent (see Theorem 7.1),
(2) A¥(M) = 0 if and only if k& > dim(M) (see Theorem 4.2),
3) when the m;’s and m/’s are each linearly independent in M, my A --- A my =
(2
my A --- Amy, if and only if the m;’s and m/’s have the same R-span and, writing
mj =Y i rijm} with rj; € R, we have det(r;;) = 1 (see Theorem 7.5).

Remark 3.10. Unlike M ®p N, which can be defined when M # N, there is no M A N
when M # N. That is because permuting variables in a multivariable function only makes
sense when the function has its variables coming from the same module.

4. SPANNING SETS FOR EXTERIOR POWERS

Let’s look more closely at spanning sets of an exterior power module. If M is finitely
generated (not necessarily free!), with spanning set z1, ..., x4, then any tensor power M®*
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is finitely generated as an R-module by the d* tensors i @ --@x;, where 1 <iiy,...,4 < d:
at first we know M®* is spanned by all the elementary tensors m; ®- - - ®my, but write each
m; as an R-linear combination of x1,...,x4 and then expand out using the multilinearity
of ® to express every elementary tensor in M®* as an R-linear combination of the tensors
Zi, ®- - ®@x;,. (As a general rule this spanning set for M ® can’t be reduced further: when
M is free and x1, ..., x4 is a basis then the d* elementary tensors x;, ® - - - ® z;, are a basis
of M®*.) Since A¥(M) is a quotient module of M®¥ it is spanned as an R-module by the
d* elementary wedge products z;;, A--- A x;, where 1 <iq,...,4; < d. Thus exterior powers
of a finitely generated R-module are finitely generated.

Theorem 4.1. If M has a d-element spanning set for d > 1, then A*(M) = {0} for k > d.

For example, A%2(R) = 0, and more generally A¥(R?) = 0 for k > d.

Proof. Let z1,...,z4 span M. When k > d, so k > 2, each x;; A---Ax;, contains two equal
terms, so it is zero in in A*¥(M). Thus A*(M) is spanned by 0, so it is 0. O

For d > 1 and 2 < k < d, there is a lot of redundancy in the d* elementary wedge
products z;, A --- A x;, coming from a spanning set {zi,...,z4} of M. For instance, by
the alternating property such an elementary wedge product vanishes if two terms in it are
equal. Therefore we can discard from our spanning set for A¥(M) those @i, A -+ A x4,
where an x; appears twice and we are still left with a spanning set. Moreover, by (3.2) two
elementary wedge products containing the same factors in different order are equal up to
sign, so our spanning set for A¥(M) as an R-module can be reduced further to the elements
xi, N -+ A x;, where the indices are strictly increasing: 1 <1y < --- <3 < d. The number
of such k-tuples of indices is (g), including when k = 1. So A*(M) has a spanning set of
size (z), which may or may not be reducible further. We will now prove that there can be
no further reduction when M is free of rank d and z1,..., x4 is a basis of M.

Theorem 4.2. If M is a free R-module and k > 0, then A*(M) is a free R-module.
Explicitly, if M is finite free of rank d and k < d then A*(M) is free of rank (Z) : fora
basis e1,...,eq of M, the (Z) elementary wedge products

e, N Nej, wherel <ip <--- <1 <d

are a basis of A¥(M). If k > d then A*(M) = 0.
If M has an infinite basis {e;}icr and we put a well-ordering on the index set I, then for
each k > 1 a basis of A¥(M) is {e; A+ A e, iy<ig<o<iy -

Theorem 4.2 is the first nontrivial result about exterior powers, as it tells us a situation
where exterior powers are guaranteed to be nonzero, and in fact be “as big as possible.”
Read the proof closely, as otherwise you may feel somewhat uneasy about exactly why
exterior powers of free modules must be free.

Proof. Let k > 1, since k = 0 is trivial. . (We may also let M # 0: the zero module is
free of rank d = 0 and (2) is 1 for kK =0 and is O for £ > 1.) The idea of the proof is to
embed A¥(M) into M®* and exploit what we already know about M%¥ for free M. The
embedding we use (see (4.1)) may look like it comes out of nowhere, but it is common in
differential geometry and we make some remarks about this after the proof.
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For k > 1, the function M* — M®* that is given by

(ma,...omg) = > (signo)my(y ® - @ Mgy
ocESk

is multilinear since each summand contains each m; once. This function is also alternating.
That’s obvious for k = 1. For k > 2, by Corollary 2.9 it suffices to check the function
vanishes at k-tuples with adjacent equal coordinates. If m; = m;y; then for each o € Si
the terms in the sum at ¢ and o(i ¢ + 1) are negatives of each other. Now the universal
mapping property of exterior powers says there is an R-linear map oy, pr: A¥(M) — M®F
such that
(4.1) ak’M(ml A-os Amyg) = Z (Signa)mg(l) @ - @ My(f)-

ocESk
The case k = 2 is Example 3.9 and oy p: M — M is the identity.

Although ay, s exists for all M, injectivity of ag s is not a general property. Our proof
of injectivity for free M will use a basis. We’ll write the proof with a finite basis, and the
reader can make changes to see the same argument works if M has an infinite basis.

Assume M has a finite basis ey, ...,eq and k < d (since A¥(M) = 0 for k > d), so d > 1.
Since the e;’s span M as an R-module, the (z) elementary wedge products

(4.2) ei, N+ ANej, where 1 <1y <--- <4 <d

span AF(M). (Here we need that the indices on the basis of M are totally ordered.) We
know already that M®* has a basis

€, ®---®e; where 1 <iq,...,1, <d,
where no inequalities are imposed on the indices.
Suppose w € A*(M) satisfies ay pr(w) = 0. Write
w = Z Ciy,..i€in /N N €4y
1< <---<i, <d

with ¢;, ., € R. Then the condition oy p(w) = 0 becomes

Z Ci,o.uviy, Z (sign J)eig(l) ® - @ ey, =0,

1<y << <d o€Sy,
which is the same as
Z Z(signa)cleg(j) =0,
ceS, 1
where I runs over all strictly increasing k-tuples (i1, ..., i) from 1 to d, with ¢; and €o(I)

having an obvious meaning in this context. The vectors {e,(1)}o,1 are a basis of M ®k 5o
all ¢y are 0. This proves ay, js is injective and it also shows (4.2) is a linearly independent
subset of A¥(M), so it is a basis (spans and is linearly independent). O

Exterior powers are closely connected to determinants, and most proofs of Theorem 4.2
for finite free M use the determinant. What we used in lieu of theorems about determinants
is our knowledge of bases of tensor powers of a free module. For aesthetic reasons, we want
to come back later and prove properties of the determinant using exterior powers, so we
did not use the determinant directly in the proof of Theorem 4.2. However, the linear map
ay, v looks a lot like a determinant.
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When V is a finite-dimensional vector space, it is free so oy, : A¥(V) < V& given by
(4.1) is an embedding. It means we can think of A*(V') as a subspace of the tensor power V &k
instead of as a quotient space. This viewpoint is widely used in differential geometry, where
vector spaces are defined over R or C and the image of A*(V') in V®* is called the subspace
of skew-symmetric tensors. The embedding oy, - has an unfortunate scaling problem: when
we embed A (V) into V¥ with ay - and then reduce V& back to A*(V') with the canonical
map A, you might think the composite map AF(V) RV ek A AF(V) is the identity
on A¥(V), but it is multiplication by k!. That is obvious when k = 1. To verify this for
k > 2, it suffices to check it on elementary wedge products:

VLA A Z (signa)vg(l) @ - @ Vg (k)

€Sy

> Z (sign o) vy A=+ A Vg
€S

= Z (signo)(signo)vy A--- A g
oES

=klvg A Avg.

This suggests a better embedding of A¥(V') into V& is %Olk,\/? which is given by the formula

1
VLA A 7 (sign o) ve(1) @ -+ @ Vg(k)-
" oeS,
(/Do v N

The composite map A*(V) V Ok AF(V) is the identity, but this rescaled
embedding only makes sense if k! £ 0 in the scalar field. That is fine for real and complex
vector spaces (as in differential geometry), but it is not a universal method. So either
you can take your embedding A*(V) — V&F using ay,y for all vector spaces and make
AR (V) — V& — AF(V) be multiplication by k!, or you can have an embedding A*(V) «—
V® that only makes sense when k! # 0. Either way, this mismatch between A¥(V) as a
quotient space of V®* (correct definition) and as a subspace of V®* (incorrect but widely
used definition) leads to a lot of excess factorials in formulas when exterior powers are
regarded as subspaces of tensor powers instead of as quotient spaces of tensor powers.

There are other approaches to the proof of Theorem 4.2 when M is finite free. In
[1, pp. 90-91] an explicit finite free R-module is constructed that has the same universal
mapping property as AF(M), so A¥(M) has to be finite free by Corollary 3.5. The other
aspects of Theorem 4.2 (the rank of A*(M) and an explicit basis) can be read off from the
proof in [1]. In [6, pp. 747-751], Theorem 4.2 for finite free M is proved using what is
called there the Grassmann algebra of M (which we will meet later under the label exterior
algebra of M).

When M is free of rank d and k < d, the basis {e;; A---Aej, 11 <y <--- < i <d} of
AF(M) will be called the corresponding basis from the choice of basis ey, ..., eq of M.

Example 4.3. If M is free of rank d with basis ej, ..., eq then A2(M) is free of rank (g)
with corresponding basis {e; Ae; : 1 <i < j <d}.

Remark 4.4. When M is a free R-module, its tensor powers M®* are free R-modules.
While A¥(M) is a quotient module of M®¥ it does not follow from this alone that A*(M)
must be free: the quotient of a free module is not generally free (consider R/I where I is a
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proper nonzero ideal). Work was really needed to show exterior powers of free modules are
free modules.

When M is free of rank d, A¥(M) # 0 when k < d and A¥(M) = 0 when k > d. This is
why we call A%(M) the top exterior power. It is free of rank 1; a basis of A(M) is e; A---Aeg
if e,...,eq is a basis of M. Although A%(M) is isomorphic to R as an R-module, it is not
naturally isomorphic: there is no canonical isomorphism between them.

When M has a d-element spanning set with d minimally chosen, and M is not free, it
might happen that A4(M) = 0. For example, consider a non-principal ideal I := Rz + Ry in
R with two generators. The module A%(I) is spanned as an R-module by # Ay.? Sometimes
A2(I) is zero and sometimes it is nonzero.

Example 4.5. Let R = Z[\/—5] and I = (2,1 + v/=5). Set w := 2 A (1 +/=5) € A%(I).
We will show 2w = 0 and 3w = 0, so w = 0 (just subtract) and thus A?(I) = 0:

2w =2A2(14++v=5)=(14++vV=5)(2A2) =0,
B3w=6A1+vV=5)=(1—-vV=5)((1+vV=B)A(1+vV=5)=0.

Example 4.6. Let R = A[X,Y] be the polynomial ring in two variables over a nonzero
commutative ring A. Let I = (X,Y) in R. We will show X AY in A?(I) is nonzero by
writing down a linear map out of A%(I) whose value on X A'Y is nonzero.

Define B: I? — A to be the determinant on degree one coefficients:

B(aX +bY +---,cX+dY +---)=ad— be.

Regard the target module A as an R-module through scaling by the constant term of a
polynomial: f(X,Y)a = f(0,0)a. (That is, we basically treat A as R/I = A[X,Y]/(X,Y).)
Then B is R-bilinear, and it is alternating too. Since B(X,Y) = 1, B induces a linear map
L: A%(I) - A where L(X AY) = B(X,Y) =1, so A*(I) # 0.

Remark 4.7. An analogue of Example 4.5 in the real quadratic ring Z[/5] has a different
result. For J = (2,14 v/5), 2 A (1 ++/5) in A%(J) is not 0, so A%(.J) # 0. Constructing an
alternating bilinear map out of J x J that is not identically 0 can be done using the ideas
in Example 4.6, and details are left to the reader (Hint: Find a basis for J as a Z-module.)

The moral from these two examples is that for nonfree M, the highest k£ for which
AF(M) # 0 need not equal the size of a minimal spanning set for the module. When M is
finitely generated, it only gives an upper bound.?

An important distinction to remember between tensor and exterior powers is that exterior
powers are not recursively defined. Whereas M®* D =~ M @p M®F we can’t say that
AF+1(M) is a product of M and AF(M); later on (Section 10) we will introduce the exterior
algebra, in which something like this does make sense. To appreciate the lack of a recursive
definition of exterior powers, consider the following problem. When M has a d-element
spanning set, A¥(M) = 0 for k > d + 1 by Theorem 4.1. Treating M as A'(M), we pose
a generalization: if A(M) for some i > 1 has a d-element spanning set, is A*(M) = 0 for
k > d + i? The next theorem settles the d = 0 case in the affirmative.

Theorem 4.8. If A‘(M) = 0 for some i > 1, then AJ(M) =0 for all j > i.

%It is important to realize = A y here means an elementary wedge product in A?(I), not in A%(R); the
latter exterior square is 0 all the time.

3Since (Q/Z) ®z (Q/Z) = 0, A*>(Q/Z) = 0 where we regard Q/Z as a Z-module, so the vanishing of
A®(M) for some k does not force M to be finitely generated.
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Proof. 1t suffices to show A(M) =0 = A (M) = 0, as then we are done by induction.
To prove A“"Y(M) = 0 we show all (i 4 1)-fold elementary wedge products

(4.3) my A - Amy A Mg

are 0.

First we give a fake proof. Since A*(M) = 0, miA---Am; = 0, so (4.3) equals 0Am;41 = 0.
What makes this absurd, at our present level of understanding, is that there is no sense (yet)
in which the notation A is “associative,” as the notation A is really just a placeholder to tell
us where things go. We can’t treat the piece mq A --- A m; in (4.3) as its own elementary
wedge product having any kind of relation to (4.3). This is like calculus, where students are
warned that the separate parts of dy/dx do not have an independent meaning, although
later they may learn otherwise, as we too will learn otherwise about A in Section 10.

Now we give a real proof, which in fact contains the germ of the idea in Section 10 to
make A into a genuine operation and not just a placeholder. For each elementary wedge
product (4.3), which belongs to AiT1(M), we will create a linear map AY(M) — A™1(M)
with (4.3) in its image. Then since A(M) = 0, so a linear map out of A’(M) has image 0,
(4.3) is 0.

Consider the function M? — A*1(M) given by

(wl,...,xi)»—>x1/\---/\x7;/\mi+1.

This is multilinear and alternating, so by the universal mapping property of exterior powers
there is a linear map A*(M) — A1 (M) where

TIN AT =Ty A ATy A Mg

The left side is 0 for all choices of z1,...,x; in M, so the right side is 0 for all such choices
too. In particular, (4.3) is 0.

Here is a different proof. To say A’(M) = 0 means any alternating multilinear function
out of M? is identically 0. If ¢: M**! — N is an alternating multilinear function, and

(mi,...,mimip1) € ML consider the function ¢(z1,..., 2, mi 1) in z1,..., 2. It is
alternating multilinear in ¢ variables from M. Therefore p(z1,...,2;,m;+1) = 0 for all
X1y, in M, so p(my,...,mimiy1) = 0. O

Returning to the general question, where A*(M) has a d-element spanning set, asking if
A¥(M) =0 for k > d+1 is the same as asking if AT (M) = 0 by Theorem 4.8. The answer
is “yes” although more technique is needed for that than we will develop here.

5. EXTERIOR POWERS OF LINEAR MAPS

Having constructed exterior powers of modules, we extend the construction to linear
maps between modules. First recall any linear map ¢: M — N between two R-modules
induces a linear map ¢®%: M®F — N®* on the kth tensor powers, for any positive integer
k, which has the effect

(M1 @ @my) = p(m1) @ - @ p(my,)

on elementary tensors.

Theorem 5.1. Let p: M — N be a linear map of R-modules. Then for each k > 1 there
is a unique linear map N*(@): AF(M) — A*(N) with the effect

my A - Amy = p(ma) A A p(my)
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on all elementary wedge products. For a second linear map 1: N — P, AF(¢ o @) =
AN () o AF(p). Moreover, A*(idys) = idpk (-

Proof. This is trivial when k& = 1, so let £ > 2. There is at most one such linear map

AF(M) — A¥(N) since the elementary wedge products span A*(M). To show there is such

a linear map, start by backing up and defining a function f: M* — A*(N) by
f(ma,...,mg) = @(mi) A Ap(myg).

This is a multilinear map that is alternating, so by the universal mapping property of the
kth exterior power there is a linear map A¥(M) — A¥(N) with the effect

ml/\.../\mk»—>f(m1,...,mk)ztp(m1)/\-../\<,0(mk‘)‘

Mk L k()
7
A
AR(M)

This proves the existence of the linear map A*(yp) we are seeking.

To show AF () o ) = AF(1)) o AF(¢), it suffices since both sides are linear to check that
both sides have the same value on each elementary wedge product in A¥(M). At any
elementary wedge product mq A - - - Amg, the left side and right side have the common value
Y(o(my)) A - Ab(p(mg)). That AF(idys) = idpk(pr) is easy: A¥(idps) is linear and fixes
every my A --- A'my and these span A¥(M), so A¥(idj/) fixes everything. O

Theorem 5.1 is also true for k = 0 by setting A%(¢) = idg. Recall A°(M) = R

That the passage from ¢ to A¥(y) respects composition and sends the identity map on
a module to the identity map on its kth exterior power is called functoriality of the kth
exterior power.

Armed with bases for exterior powers of finite free modules, we can write down matrices
for exterior powers of linear maps between them. When M and N are finite free of respective
ranks m and n, a choice of bases of M and N turns any linear map ¢: M — N into an
n x m matrix. Using the corresponding bases on A¥(M) and A¥(N), we can write A*(p) as
an (}) x () matrix. If we want to look at an example, we need to keep m and n small or
we will face very large matrices.

Example 5.2. If M and N are free of rank 5 and ¢: M — N is linear, then A%(¢) is
represented by a 10 x 10 matrix since (g) = 10.

Example 5.3. Let L: R?> — R3 be the linear map given by the matrix

020
(5.1) 111
0 3 2

We will compute the matrix for A2(L): A%2(R3) — A%(R?) with respect to the basis e; A
e, e1 A e3, ea A ez, where the e;’s are the standard basis of R3. Going in order,

/\Q(L)(el VAN 62) = L(el) VAN L(€2)
=ey A\ (261 + e + 363)
= —2(61 AN 82) =+ 3(62 A 63),
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A%(L)(e1 Ae3) = L(er) A L(es)
= ez A (eg + 2e3)
= 2(e2 N e3),
and
A%(L)(eg A e3) = L(ea) A L(es)
= (2e1 + e2 + 3e3) A (e2 + 2e3)
=2(e1 Neg) +4(e; Nes) —ea Aes.

Therefore the matrix for A?(L) relative to this ordered basis is

-2 0 2
0 0 4
3 2 -1

Theorem 5.4. Let p: M — N be linear. If ¢ is an R-module isomorphism then NF(p) is
an R-module isomorphism for every k. If ¢ is surjective then every NF(p) is surjective.

Proof. 1t is clear for k = 0 and k£ = 1. Let & > 2. Suppose ¢ is an isomorphism of R-
modules, with inverse ¥»: N — M. Then ¢ oy = idy and @ o ¢ = idyy, so by Theorem 5.1
we have AF(p) o AF(1) = AF(idy) = idpk () and similarly AF(p) o AF(p) = idpk (-

If o is surjective, then AF(¢p) is surjective because A¥(N) is spanned by the elementary
wedge products nq A - -- Any, for all n; € N and these are in the image of A*(¢) explicitly:
writing n; = ¢(m;), the elementary wedge product of the n;’s in A¥(N) is o(mq A--- Amy,).
Since the image of the linear map A¥(¢) is a submodule of A*(N) that contains a spanning
set for A¥(N), the image is all of AF(N). O

As with tensor products of linear maps, it is false that AF(y) has to be injective if ¢ is
injective.

Example 5.5. Let R = A[X,Y] with A a nonzero commutative ring and let I = (X,Y). In
our discussion of tensor products, it was seen that the inclusion map i: I — R is injective
while its induced R-linear map i®?: I®? — R®2 =~ R is not injective. Therefore it should
come as no surprise that the map A2(i): A%2(I) — A%(R) also is not injective. Indeed,
A%(R) = 0 and we saw in Example 4.6 that A?(I) # 0 because there is an R-linear map
L: A*(I) - A where L(X ANY) = 1.

(In A%2(I) we have X AY # 0 while in A%2(R) we have X AY = XY (1 A1) = 0.
There is nothing inconsistent about this, even though I C R, because the natural map
AZ(i): A%2(I) — A%(R) is not injective. The X A Y’s in A?(I) and A?(R) lie in different
modules, and although A?(i) sends X AY in the first module to X AY in the second, linear
maps can send a nonzero element to 0 and that is what is happening.)

We now show the linear map L: A%(I) — A is actually an isomorphism of R-modules. In
A%(I) = {r(XAY) :r € R}, X \Y is killed by multiplication by X and Y since X(XAY) =
XAXY =Y (X AX) =0 and likewise for Y(X AY). So f(X,Y)(X AY) = f(0,0)(X AY)
in A%(I), which means every element of A?(I) has the form a(X AY) for some a € A. Thus
the function L': A — A%(I) given by L'(a) = a(X AY) is R-linear and is an inverse to L.

The isomorphism A2?(I) & A generalizes to the polynomial ring R = A[Xy,...,X,] for
any n > 2: theideal I = (X1,...,X,) in Rhas A"(I) = A= R/I, so the inclusion i: I — R
is injective but A"(i): A™(I) — A™(R) = 0 is not injective.
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Although exterior powers don’t preserve injectivity of linear maps in general, there are
some cases when they do. This is the topic of the rest of this section. A number of ideas
here and later are taken from [2].

Theorem 5.6. Suppose p: M — N is injective and the image o(M) C N is a direct
summand: N = o(M) @ P for some submodule P of N. Then AF(p) is injective for all
k>0 and AF(M) is isomorphic to a direct summand of A¥(N).

Proof. The result is trivial for K =0 and k = 1. Suppose k > 2.

We will use the splitting criteria for short exact sequences of modules. Since N =
©(M)@® P, we have a linear map ¢: N — M that undoes the effect of ¢: let ¥ (p(m)+p) = m.
Then ¥ (p(m)) = m for all m € M, so

(5.2) Yop=1idy.

(The composite in the other direction, ¢ o 1), is definitely not idy unless P = 0, but this
does not matter.) Applying A* to (5.2) gives us linear maps A¥(p): A¥(M) — A*(N) and
AF(): AF(N) — AF(M) with

N (@) o A*(p) = A (¢ 0 @) = AF(idar) = idpiany

by functoriality (Theorem 5.1). In particular, if A*(p)(w) = 0 for some w € AF(M), then
applying AF(1) to both sides gives us w = AF(1)(0) = 0, so A¥(¢) has kernel 0 and thus is
injective.

For the short exact sequence 0 — A¥(M) &) AR(N) — AF(N)/A¥(M) — 0, the
fact that A¥(¢) is a left inverse to AF() implies by the splitting criteria for short exact
sequences that AF(N) =2 AF(M) @ (A*(N)/AF(M)), so A¥(M) is isomorphic to a direct
summand of AF(N). O

Example 5.7. For any R-modules M and M’, the inclusion i: M — M & M’ where
i(m) = (m,0) has image M @ 0, which is a direct summand of M @ M’, so the induced
linear map A¥(M) — A¥(M @© M’) sending my A - A my to (m1,0) A --- A (mg,0) is
one-to-one.

Remark 5.8. It is instructive to check that the hypothesis of Theorem 5.6 does not apply
to the inclusion i: (X,Y) — A[X,Y] in Example 5.5 (which must be so because A%(7) is not
injective). We can write A[X,Y] = A& (X,Y), so (X,Y) is a direct summand of A[X,Y]
as abelian groups, or even as A-modules, but this is not a direct sum of A[X,Y]-modules:
A is not an ideal in A[X,Y].

Corollary 5.9. Let K be a field and V and W be K -vector spaces. If the K-linear map
©: V= W is injective then A*(¢): AR(V') — AR(W) is injective for all k > 0.

Proof. The subspace (V) C W is a direct summand of W: pick a basis of p(V') over K,
extend it to a basis of the whole space W, and let P be the span of the new part of this full
basis: W = ¢(V') @ P. Thus the hypothesis of Theorem 5.6 applies to this situation.* O

4Picking a basis of p(V) and extending a basis of it to all of W, for possibly infinite-dimensional W,
needs the axiom of choice. The proof of Corollary 5.9 can be modified to avoid using the axiom of choice.
See https://mathoverflow.net/questions/332043/exterior-powers-and-choice.
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When working with linear maps of vector spaces (not necessarily finite-dimensional), we
have shown

@: V — W injective => A¥(p) injective for all k (Corollary 5.9),

¥
@: V — W an isomorphism = A*(p) an isomorphism for all k.

()
@: V — W surjective => AF(y) surjective for all k& (Theorem 5.4),

Replacing vector spaces with modules, the second and third properties are true but the
first one may fail (Example 5.5 with R = A[X,Y] and k = 2). The first property does
remain true for free modules, however.

Theorem 5.10. Suppose M and N are free R-modules. If a linear map po: M — N is
injective then AF(p): A¥(M) — AF(N) is injective for all k.

Notice the free hypothesis! We can’t use Corollary 5.9 here (if R is not a field), as the
image of ¢ need not be a direct summand of N. That is, a submodule of a free module is
often not a direct summand (unless R is a field). We are not assuming M and N have finite
bases.

Proof. The diagram

Ak(M) M®k
/\’“(so)i J/so@“
AF(N) — 25N Nk

commutes, where the top and bottom maps come from Theorem 4.2. The explicit effect in
this diagram on an elementary wedge product in A¥(M) is given by

Qe M .
myA - Amyg Eoes), (signo)my (1) ® -+ - @ Mg (x)

A’“(w)[ I«p@”“

Ak, N

o(m1) A+ Ap(my) ———> Yseg, (sign o) p(mg1)) @ -+ @ @(My))

Since oy pr and ag, v are injective by Theorem 4.2, and <p®k is injective from our development
of the tensor product (any tensor power of an injective linear map of flat modules is injective,
and free modules are flat), AF(p) has to be injective from commutativity of the diagram. [

Here is a nice application of Theorem 5.10 and the nonvanishing of A*¥(R™) for k < n
(but not k > n).

Corollary 5.11. If o: R™ — R"™ is a linear map, where m and n are positive integers,
then surjectivity of ¢ implies m > n and injectivity of p implies m < n.

Proof. First suppose ¢ is onto. Taking nth exterior powers, A"(p) : A"(R™) — A™(R") is
onto by Theorem 5.4. Since A™(R") # 0 we get A"(R™) # 0, so n < m.

Now suppose ¢ is one-to-one. Taking mth exterior powers, A" (¢): A™(R™) — A™(R")
is one-to-one by Theorem 5.10, so the nonvanishing of A" (R™) implies A" (R") # 0, so
m < n. O

The proof of Corollary 5.11 is short, but if we unravel it we see that the injectivity part
of Corollary 5.11 is a deeper result than the surjectivity, because exterior powers of linear
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maps don’t preserve injectivity in general (Example 5.5). There will be another interesting
application of Theorem 5.10 in Section 7 (Theorem 7.8).

Corollary 5.12. If M is a nonzero free module and {my,...,ms} is a finite linearly inde-
pendent subset then for any k < s the (Z) elementary wedge products

(5.3) mi, A Amy, where 1 <y < -+ <ip <s
are linearly independent in A*(M).

Proof. We have an embedding R® < M by > 7 | rie; — » ;_, rim;. Since R® and M are
free, the kth exterior power of this linear map is an embedding A*(R?®) < A*(M) that sends
the basis

e N+ Nei,
of A*(R?), where 1 < iy < --- < i} < s, to the elementary wedge products in (5.3), so they
are linearly independent in A*(M). O

Remark 5.13. In a vector space, any linearly independent subset extends to a basis. The
corresponding result in R" is generally false. In fact Z? already provides counterexamples:
the vector (2,2) is linearly independent by itself but can’t belong to a basis because a basis
vector in Z? must have relatively prime coordinates. Since any linearly independent subset
of R™ has at most n terms in it, by Corollary 5.11, it is natural to ask if every maximal
linearly independent subset of R™ has n vectors in it (which need not be a basis). This is
true in Z2, e.g., (2,2) is part of the linearly independent subset {(2,2), (1,0)}.

However, it is not true in general that every maximal linearly independent subset of R"
has n vectors in it. There are rings R such that R? contains a vector v such that {v} is
linearly independent (meaning it’s torsion-free) but there is no linearly independent subset
{v,w} in R?. An example, due to David Speyer, is the following: let R be the ring of
functions C? — {(0,0)} — C that coincide with a polynomial function at all but finitely
many points. (The finitely many exceptional points can vary.) Letting z and w be the
coordinate functions on C2, in R? the vector (z,w) is linearly independent and is not part
of any larger linearly independent subset.

6. DETERMINANTS

Now we put exterior powers to work in the development of the determinant, whose
properties have up until now played no role except for a 2 x 2 determinant in Example 5.5.

Let M be a free R-module of rank d > 1. The top exterior power A%(M) is a free R-
module of rank 1, so any linear map AY(M) — A%(M) is scaling by an element of R. For
a linear map ¢: M — M, the induced linear map A%(¢): AY(M) — A4(M) is scaling by
what element of R?

Theorem 6.1. If M is a free R-module of rank d > 1 and ¢: M — M is a linear map, its
top exterior power A% (¢): AY(M) — AY(M) is multiplication by det ¢ € R.

Proof. We want to show A%(p)(w) = (det ¢)w for all w € A4(M). It suffices to check this
when w is a basis of A%(M). Let ey,...,eq be a basis for M, so e; A --- A eq is a basis for
A4(M). We will show

Ap)(er A+ Neg) = (detp)(eg A--- Aeg).

By definition,
N (@)(er A=+ Nea) = pler) A=+ Ap(eq).
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Let ¢(e;) = Zle a;je;. Then (a;;) is the matrix representation for ¢ in the ordered basis
el,...,eq and

d d d d
/\d(cp)(el VANRIERWAN ed) = Zailei VANRIERAY Zaidei = Z Qi 1€, N+ A Z Qi ydCiys
i=1 =1 11=1 ig=1
where we introduce different labels for the summation indices because we are about to
combine terms using multilinearity:
d
/\d(QO)(el/\"'/\ed): Z Qjq1 " Ajyad€ip N N\ €4y
i1,eig=1

In this sum, terms with equal indices can be dropped (the wedge product vanishes) so all
we are left with is a sum over d-tuples of distinct indices. Since d distinct integers from 1
to d must be 1,2,...,d in some rearrangement, we can write i1 = o(1),...,iq = o(d) as o
runs over Sy:

d
AN(@)er A Neq) = oy Ga@al€a(y A A eo(a))-

0ESy
By (3.2), this becomes
d
N(g)(er Ao Nea) = Y (signo)ag(yy~ao(aaler A+ Aea).
0c€Sy

Thus A%(p) acts on the 1-element basis e; A --- A eg of A%(M) as multiplication by the
number we recognize as det((a;;)") = det(a;;) = det(p), so it acts on every element of
A%(M) as scaling by det(y). O

Since we did not use determinants before, we could define the determinant of a linear
operator ¢ on a (nonzero) finite free module M to be the scalar by which ¢ acts on the top
exterior power of M. Then the proof of Theorem 6.1 shows det ¢ can be computed from any
matrix representation of ¢ by the usual formula, and it shows this formula is independent
of the choice of matrix representation for ¢ since our construction of exterior powers was
coordinate-free. Since A*(idys) = id Ak(p)» the determinant of the identity map is 1. Here
is a slick proof that the determinant is multiplicative:

Corollary 6.2. If M is a nonzero finite free R-module and ¢ and v are linear maps
M — M, then det(¢ o p) = det () det(ip).

Proof. Let M have rank d > 1. By Theorem 5.1, A%(p 0 ) = A%(1)) o A%(g). Both sides are
linear maps A%(M) — A4(M) and A4(M) is free of rank 1. The left side is multiplication by
det(¢) o ¢). The right side is multiplication by det(y) followed by multiplication by det (1)),
which is multiplication by det(t)) det(p). Thus, by checking both sides on a one-element
basis of A4(M), we obtain det (1) o ¢) = det(v)) det(). O

Continuing a purely logical development (not assuming prior knowledge of determinants,
that is), at this point we could introduce the characteristic polynomial and prove the Cayley-
Hamilton theorem. One of the corollaries of the Cayley-Hamilton theorem is that GL4(R) =
{A € My(R) : det A € R*}. That is used in the next result, which characterizes bases in
R? using AY(R).
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Corollary 6.3. Let M be a free R-module of rank d > 1. For xy,...,xq € M, {z1,...,24}
is a basis of M if and only if x1 A --- A xq is a basis of AY(M).

Proof. We know by Theorem 4.2 that if {z1,...,24} is a basis of M then 1 A--- Axqis a
basis of A?(M). We now want to go the other way: if 21 A --- A x4 is a basis of AY(M) we
show {x1,...,z4} is a basis of M.

Since M is free of rank d it has some basis, say {e1,...,eq}. Write the z;’s in terms of
this basis: x; = > | a;je;, where a;; € R. That means the linear map A: M — M given
by A(e;) = x; for all j has matrix representation (a;;) in the basis {e1,...,eq}. Therefore

TN ANxg=Aer A NAeqg= N (A)(e1 A---ANeg) = (det A)(eg A--- Aeg).

Since z1 A -+ Axg and e A --- A eq are both bases of A%(M) (the first by hypothesis and
the second by Theorem 4.2), the scalar by which they differ must be a unit: det A € R*.
Therefore A € GLg(R), so the x;’s must be a basis of R? because A(e;) = x; and the e;’s
are a basis. O

While the top exterior power of a linear operator on a finite free module is multiplication
by its determinant, the lower-order exterior powers of a linear map between finite free
modules have matrix representations whose entries are determinants. Let ¢: M — N be
linear, with M and N finite free of positive ranks m and n, respectively. Take k < m and
k < n since otherwise A¥(M) or A¥(N) is 0. Pick bases ey, ..., e, for M and fi,..., f, for
N. The corresponding basis of A¥(M) is all ej, A -+ A ej, where

<< <Jrsm,

Similarly, the corresponding basis for A*(N) is all f;; A---A fi, where 1 < iy < -+ < i < n.
The matrix for AF(y) relative to these bases of A¥(M) and A¥(N) is therefore naturally
indexed by pairs of increasing k-tuples.

Theorem 6.4. With notation as above, let ] denotes the n x m matriz for ¢ relative to
the choice of bases for M and N. Relative to the corresponding bases on A*(M) and A¥(N),
the matriz entry for A*¥(@) in row position (i1, ... i) and column position (ji,...,Jx) is
the determinant of the k x k matriz built from rows iy, ..., 1 and columns ji, ...,k of [¢].

Proof. The matrix entry in question is the coefficient of f;; A--- A f;, in the expansion of
AE()(ejy A Nej) = @(ej) A Aples,). Details are left to the reader. O

In short, this says the kth exterior power of a linear map ¢ has matrix entries that are
k x k determinants of submatrices of the matrix of .

Example 6.5. In Example 5.3 we computed the second exterior power of the linear map
R? — R3 given by the 3 x 3 matrix L in (5.1). The result is a matrix of size (g) X (;’) =3x3
matrix whose rows and columns are associated to basis pairs e; A e; and e; A ejr, where the
ordering of the basis was e; A ea, e1 Aeg, and es A es. For instance, the upper right entry in
the matrix for /\2(L) is in its first row and third column, so it is the e; A es-coefficient of
AZ(L)(e2 A e3). This matrix entry has row position (1,2) (index for the first basis vector)
and column position (2,3) (index for the third basis vector). The 2 x 2 submatrix of L
using rows 1 and 2 and columns 2 and 3 is (# ), whose determinant is 2, which matches

the upper right entry in the matrix at the end of Example 5.3.
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7. EXTERIOR POWERS AND LINEAR INDEPENDENCE

This section discusses the connection between elementary wedge products and linear
independence in a free module. We will start off with vector spaces, which are easier to
handle and provide a geometric perspective on exterior powers that sounds different from
all this business about alternating multilinear maps.

If we are given d vectors in R? for d > 1, then there are two ways to determine if they
are linearly independent by using an d x d matrix with those vectors as its columns:

(1) Row reduce the matrix and see if you get the identity matrix.
(2) Compute the determinant of the matrix and see if you get a nonzero value.

These methods can be generalized to decide if k vectors in R? are linearly dependent when
1 <k < d by using a d x k matrix having the k vectors as its columns:

(1) Row reduce the matrix and see if a k x k submatrix is the identity.
(2) Compute the determinants of all k x k submatrices and see if any of them is not 0.

While the first way (row reduction) involves a set of steps that always keeps you going in
the right direction, the second way involves one determinant computation after the other,
and that will take longer to complete (particularly if all the determinants turn out to be
0!). Using exterior powers, we can carry out all these determinant computations at once.
That is the algorithmic content of the next theorem for finite-dimensional vector spaces, as
we’ll see after its proof.

Theorem 7.1. Let V' be a nonzero real vector space. For k > 1, the vectors vi,...,v; in
V are linearly independent if and only if vy A --- Ay # 0 in A¥(V).

Proof. We can assume k < dimg(V'), since k > dimg (V') then {v1,..., v} can’t be linearly
dependent and A*(V) = 0.
The case k = 1 is trivial, so take k > 2. First assume {vy, ..., vy} is a linearly independent

set. This set extends to a basis of V' (we are working over a field!), so v1 A --- A vy is part
of a basis of A¥(V) by Theorem 4.2. In particular, v1 A --- Avg # 0 in A¥(V).

Now suppose {v1,...,vx} is linearly dependent, so one v; is a linear combination of the
others. Whether or not v; A - -+ A vy, is nonzero in A¥(V) is independent of the order of the
factors, since permuting the terms only changes the elementary wedge product by a sign,
SO we may suppose vy is a linear combination of the rest:

V = C1U1 + +** + Cr—1Vk—1.

Then in A¥(V),

k—1
VIAN ANVt AV =V1 A+ ANVUp_1 A <Zczvz>
i=1

Expanding the right side gives a sum of k£ — 1 wedge products, each containing a repeated
vector, so every term vanishes. ]

Taking k = 2, v and w in V are linearly independent if and only if v Aw # 0 in A%(V). In
Appendix A, we’ll see that the linear maps A: V' — V preserving wedge products, by which
we mean Av A Aw = v Aw for all v and w in V, are extremely limited when dimV' > 1. So
the linear maps preserving wedge products are not nearly as interesting as the linear maps
preserving bilinear forms (which lead to orthogonal or symplectic groups).
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There is nothing important in Theorem 7.1 about working over R: its proof works for
vector spaces over all fields. And in Theorem 7.1, V' can be an infinite-dimensional vector
space since we never required finite-dimensionality in the proof. At one point we invoked
Theorem 4.2, which was proved for all free modules, not just free modules with a finite
basis.

Remark 7.2. Theorem 7.1 provides an intuition about what exterior powers mean: the
kth exterior power of a vector space is what we get if we want a vector space built from
k-tuples of vectors where the linearly dependent sets of k£ vectors are set equal to 0. The
fact that linear dependence of k vectors in R% can be detected by a vanishing property of a
product (the elementary wedge product of the k vectors) is a counterpart to the vanishing
of the dot product of two vectors in R? for detecting their orthogonality.

When the vector space in Theorem 7.1 is finite dimensional, we can interpret the con-
clusion of the theorem in terms of determinants of k£ x k submatrices. Let d = dimg(V),
so k < d. Identity V with R? by picking a basis. Let A € Mgyxx(R) be the matrix whose

columns are vy, ..., v;. Writing v; = 25:1 a;je; using the standard basis eg, ..., eq of R<,
a14y T alik
(7.1) V1IN ANV = E N N AR AN =
1<ip < <ip <d Qkiy -0 Gy,

Since the k-fold elementary wedge products of the standard basis in this sum form a basis
of AF(R?), vy A --- Ay, is nonzero precisely when at least one of the coefficients in the sum
is nonzero. Therefore vy, ..., vy is linearly independent in R if and only if at least one of
the k x k submatrices of A has a nonzero determinant; this is the numerical criterion for
linear independence of k vectors in R? that was mentioned earlier.

Linear independence of the columns of A is the same thing as injectivity of A as a linear
map R* — RY, so we can also say (for k& < d) that a matrix in Mgyx(R) is injective as a
linear transformation R* — R? if and only if at least one of the k x k submatrices of A has
a nonzero determinant. This all works for vector spaces over a general field, not just R.

Corollary 7.3. Let V' is a nonzero vector space. Fork > 1 and linear independent vy, . .., vk
m'V, an elementv € V is a linear combination of vy, ..., v if and only if vy \---ANvgAv =0
in AFHL(V).

Proof. Because the v;’s are linearly independent, v is a linear combination of them if and
only if {v1,...,vg, v} is linearly dependent, and that is equivalent to their wedge product
vanishing by Theorem 7.1 (as a theorem for vector spaces over all fields). ([l

Example 7.4. In R3, does the vector v = (4, —1,1) lie in the span of v; = (2,1,3) and
vy = (1,2,4)7 Since v; and vy are linearly independent, v is in their span if and only if
v1 Avg Av vanishes in A3(R3). Let eq, ez, e3 be the standard basis of R3. Then we compute
v1 A\ vy = (261 + eo + 383) AN (61 + 2e9 + 463)
= 4(61 VAN 62) + 8(61 VAN 63) —e1 Neg + 4(62 VAN 63)
- 3(61 VAN 63) - 6(62 AN 63)
= 3(61 VAN 62) + 5(61 A 63) — 2(62 VAN 63)
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SO
vy Avg Av = (3(er ANeg) +5(e1 Aesg) —2(ea Aes)) A (der — ea + e3)

(e1 Nea Neg) —5(ex ANes Aez) —8(ea Aeg Aeq)

(e1 Nea Neg) +5(ex ANea Aes) —8(er Nea Aes)

=3
=3
0

Since this vanishes, (4, —1,1) is in the span of (2,1,3) and (1,2,4).

This method does not explicitly represent (4, —1,1) as a linear combination in the span
of (2,1,3) and (1,2,4). (Here is one: (4,—1,1) =3(2,1,3) —2(1,2,4).) On the other hand,
if we are only concerned with an existence question (is it in the span, not how is it in the
span) then this procedure works just as the computation of a determinant does to detect
invertibility of a matrix without providing a formula for the inverse matrix.

Theorem 7.5. Let V' be a nonzero vector space and 1 < k < dim(V). Two k-element
linearly independent subsets wi, ..., wy and wi,...,w) span the same subspace of V' if and
only if wi A--- Awy and wi A --- Awj, are nonzero scalar multiples in AR(V). Explicitly, if
wj = Zle a;jw;, where a;; are scalars, then wi A - -+ A wy, = det(az;)wi A--- Awy,.

Proof. The k-fold elementary wedge products wy A--- Awy, and w) A--- Awj, are not zero in
AF(V) by Theorem 7.1, so if they are scalar multiples of each other then the scaling factor
is nonzero.

First assume the w;’s and w}’s span the same subspace W. Write the elements of one set

in terms of the other, say
k

— .. /
w; = E QAijW;
i=1
for scalars a;;. Then

k k
wy A ANwyg = (Zaﬂw;) JANRERAN (Zaikué) ,
i=1 i=1

and the right side can be expanded by alternating multilinearity into a scalar multiple of
wj A--- Awp: an elementary wedge product with a repeated wj is 0, and an elementary
wedge product of wi,...,w) in some order +w} A --- A wj. Concretely, wi A --- A wy =
det(a;j)wi A--- A wj, by the same reasoning as in (7.1) when d = k.

Conversely, if wiA- - -Awy, = cw]A- - -Awj, for a scalar ¢ (necessarily nonzero), then we want
to show wy, ..., w; and wi, ..., w) span the same subspace of V. Since w1 AwiA---Awy, =0
in A*+1(V) due to the repeated w1, also

wy Acwy A+ Awy, =0,

so wi Awy A--- Awp, = 0 since ¢ # 0. Therefore {wy,w],...,w,} is linearly dependent
in V' by Theorem 7.1. Since {w],...,w)} is linearly independent, w; must be a linear
combination of wf,...,w,. The same argument shows each w; € W is in the span of
w], ..., w). Therefore the span of the w;’s is contained in the span of the w;’s, so the spans
are equal by comparing dimensions. O

Corollary 7.6. For 1 < k < dim(V'), we can embed the k-dimensional subspaces W of
V into A¥(V) as linear subspaces by associating to each basis wy, ..., wy, of W the linear
subspace of A¥(V') spanned by w1 A - - - A wy.
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Proof. By Theorem 7.1, the elementary wedge product wy A --- A wy is not 0 in AF(V),
and the scalar multiples of this elementary wedge product are independent of the choice of
basis for W by the “only if” direction of Theorem 7.5. Thus it is well-defined to map the
k-dimensional subspaces of W to the 1-dimensional spaces of Ak(V) by sending the span
of a linearly independent set {wq,...,wx} to the scalar multiples of wy A -+ A wg. This
mapping is injective by the “if” direction of Theorem 7.5. g

Remark 7.7. The collection of all k-dimensional subspaces of a vector space V is denoted
G (V) and is called a Grassmannian after Hermann Grassmann, who first developed exterior
algebra several decades before it was appreciated by anybody else. The special case k =1
is called a projective space: P(V) = G1(V) is the set of one-dimensional subspaces of
V. For each k < dimV, Corollary 7.6 says there is an embedding G%(V) < P(A*(V)) =
G1(AF(V)), that turns k-dimensional subspaces of V into 1-dimensional subspaces of A¥(V/).
This embedding is called the Plicker embedding. The image of the Pliicker embedding is
typically not all of P(AF(V)) since elements of A*(V) are typically not elementary wedge
products. The image of the Pliicker embedding is a subset of P(A¥(V)) cut out by several
quadratic relations on the coordinates (the Pliicker relations).

There is a generalization of Theorem 7.1 to describe linear independence in a free R-
module M rather than in a vector space. Given myq, ..., my in M, their linear independence
is equivalent to a property of miA- - -Amy in Ak(M ), but the property is not the nonvanishing
of this elementary wedge product:

Theorem 7.8. Let M be a nonzero free R-module. For k > 1, elements mq,...,my in M
are linearly independent in M if and only if my A --- A my, in A¥(M) is torsion-free: for
re R, r(mi A---Amy) =0 only when r = 0.

When R is a field, we recover Theorem 7.1. What makes Theorem 7.8 more subtle than
Theorem 7.1 is that a linearly independent set in a free module usually does not extend to
a basis, so we can’t blindly adapt the proof of Theorem 7.1 to the case of free modules.

Proof. The case k =1 is trivial by the definition of a linearly independent set in a module,
so we can take k > 2.

Assume my, ..., mg is a linearly independent set in M. By Corollary 5.12, the elementary
wedge product mi A --- A my is a linearly independent one-element subset in AF(M), so
m1 A --- Amy has no R-torsion.

If the m;’s are linearly dependent, say rymj + - -- + rgmyg = 0 with 7; € R not all 0, we
may re-index terms fand assume r; # 0. Then

0= (rimy+ - +remg) Amao A--- Amg =ri(mi Ama A--- Amy),
so m1 Amsg A -+ A my has R-torsion. O
Corollary 7.9. Ford > 1, a system of d equations in d unknowns
a1121 + -+ ajgrg =0
a21T1 + -+ agqgrg =0

aq1r1 + -+ aggrqg =0

in a commutative ring R has a nonzero solution x1,...,xq € R if and only if det(ai;) is a
zero divisor in R.
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Proof. Rewrite this corollary in terms of matrices: letting A = (a;;) € M4(R), it says the
equation Av = 0 has a nonzero solution v € R? if and only if det A is a zero divisor in R.

We consider the negated property, that the only solution of Av = 0 is v = 0. This is
equivalent to the columns of A being linearly independent. The columns are Aeq, ..., Aeg,
and their elementary wedge product is

Aey A--- N Aeg = (det A)eg A --- Aeg € AYRY).

Since e1 A --- Aeg is a basis of AY(R?) as an R-module, (det A)e; A --- A eq is torsion-free if
and only if the only solution of rdet A = 0 is » = 0, which means det A is not a zero divisor.
Thus Av = 0 has a nonzero solution if and only if det A is a zero divisor. 0

In this proof, a matrix A € My(R) has linearly independent columns if and only if det A
is not a zero-divisor. Then since det A = det AT, A has linearly independent columns if and
only if A has linearly independent rows.

For d > 1, Theorem 7.8 characterizes linear independence of k vectors v1, ..., v in R%:
it is the same as vy A - - - A v}, being torsion-free in A*¥(R?). Here is a matrix interpretation
of this condition.

Corollary 7.10. A matriz A € Mgy (R), viewed as a linear map RF — R?, is injective if
and only if (i) k < d and (it) the determinants of all the k X k submatrices of A have no
common nonzero annihilator in R.

Proof. Injectivity of A as a linear map R¥ — R? is the same thing as linear independence
of the columns of A. Let A = (a;;), with columns v1,..., v, in R?, so linear independence
of these columns requires k < d by Corollary 5.11, in which case linear independence is
equivalent to v3 A --- A vy being torsion-free in AF(R?).

Write v; = Zle aije; in terms of the standard basis ey, ..., eq of R By (7.1),

a1y Al

(7.2) ViAo ANV = E Colei AN Negy.
ISi<<in<d g - ag,

Since k < d, the k-fold wedge products of ej,...,eq in (7.2) are a basis of A¥(RY), so
v1 A--- Ay, is torsion-free in A¥(R?) precisely when the coefficients on the right side of (7.2)
are not all killed by a common nonzero element of R. These coefficients are the determinants
of the k x k submatrices of A. O

When R is a field, the only element of R with a nonzero annihilator is 0, so we recover
the injectivity criterion for d x k matrices over fields when k < d: some k x k submatrix
has a nonzero determinant.

Example 7.11. Let
2 2
1 5] € M3X2(Z/6Z)

1 2
Its 2 x 2 submatrices have determinants 8, —3,2, which equal 2,3,2 in Z/6Z. Although
none of these determinants is a unit in Z/6Z, which would be an easy way to see injectivity,
A is still injective because 2 and 3 have no common nonzero annihilator in Z/6Z (that is,
2r = 0 and 3r = 0 only for » = 0). In the terminology of linear independence, we showed
the two columns of A are linearly independent in (Z/6Z)3. (This does not mean neither

A=
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column is a scalar multiple of the other, but it means the stronger assertion that no linear
combination of the columns is 0 except for the trivial combination with both coefficients
equal to 0.)

We can also check this in A?((Z/6Z)3): the two columns of A are 2e; + ez + ez and
2e1 + bey + 2e3, and

(2e1 + €2 + e3) A (2e1 + Hea + 2e3) = 2e1 A eg +2e1 Aeg + 3ex A es,

which is torsion-free since 2r = 0 and 3r = 0 in Z/6Z only for r = 0.

That the coefficients in the elementary wedge product match the determinants of the
2 x 2 submatrices illustrates that the rules about elementary wedge product computations
really do encode everything about determinants of submatrices.

I learned the following neat use of Corollary 7.9 from [2, pp. 6-7].

Theorem 7.12. Let M be an R-module admitting a linear injection R* < M and a linear
surjection R* — M, where d > 1. Then M = R%.

Proof. The hypotheses say M has a d-element linearly independent subset and a d-element
spanning set. Call the former e, ..., e4 and the latter x1,..., x4, so we can write

d
M =Rxi1+ - -+ Rxy, ei:Zaijmj.
=1

The z;’s span M. We want to show they are linearly independent, so they form a basis and
M is free of rank d.
The expression of the e;’s in terms of the z;’s can be written as the vector-matrix equation

€1 T
(7.3) =) | ]
€q Tq

where we treat (a;;) € Mg(R) as a matrix acting on the d-tuples in M?.

We show by contradiction that A := det(a;;) is not a zero divisor in R. If A is a zero
divisor then the columns of (a;;) are linearly dependent by Corollary 7.9. A square matrix
and its transpose have the same determinant, so the rows of (a;;) are also linearly dependent.
That means there are cq,...,cq € R not all 0 such that

(Cl7 cee ,Cd)(ai]‘) = (0, ces ,0)
Using this, we multiply both sides of (7.3) on the left by (c1,...,cq) to get

el
(c1,...,ca) | + | =0.
€d
That says cie1 + - - - + cqeq = 0, which contradicts linear independence of the e;’s. So A is
not a zero divisor.

Suppose now that a1x1 + - - - + agrg = 0. We want to show every a; is 0. Multiply both
sides of (7.3) on the left by the cofactor matrix for (a;;) (that’s the matrix you multiply by
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to get the scalar diagonal matrix with the determinant A along the main diagonal):
e1 T
cof(azj) | + | =A
€d Zd

Now multiply both sides of this equation on the left by (aq,...,aq):

€1
(a1,...,aq)cof(a;j) | + | = Alarz1 + - -+ + aqgzrq) = 0.
€d
The product (aq, ..., aq) cof(a;;) is a (row) vector, say (b1, ...,bq). Then biej+- - -+bgeq = 0,
so every b; is 0 by linear independence of the e;’s. Therefore (a1, ..., aq) cof(a;;) = (0,...,0).
Multiply both sides of this on the right by (a;j) to get (a1, ...,aq4)A = (0,...,0),s0 Aa; =0
for all ¢. Since A is not a zero divisor, every a; is 0 and we are done. O

Corollary 7.13. If an R-module M is generated by d elements, then each linearly inde-
pendent subset of M has size at most d.

Proof. Since M has a generating set of size d, there is a linear surjection R* — M. Assume
M has a linearly independent subset of size k, so there is a linear injection R* < M. We
want to prove k < d.

We argue by contradiction. If & > d, then there is a linear injection R — R*. Composing
that with the linear injection R¥ < M gives us a linear injection R? < M. By Theorem
7.12, M = R%, so there is a linear injection R* — R?, but this is impossible when k > d.
Thus k£ < d. ]

8. THE WEDGE PRODUCT

By concatenating elementary wedge products, we introduce a multiplication operation
between different exterior powers of a module.

Lemma 8.1. If f: M x --- x M XNjp---x Ny is multilinear and is alternating in the M ’s,
———

k times

for k > 1, then there is a unique multilinear map f: Ak(M) X Ny x---x Ny — N such that

fmi A~ Amg,ng, ... ,ng) = f(ma,...,mg,ni, ..., ng).

Proof. Uniqueness of ffollows from multilinearity. To prove existence of f, fix a choice of
ny € Ni,...,ng € Ny. Define fy,, . n,: MF 5 N by

fn1,...,n¢(m1a o 7mk‘) = f(mla ceey M, My .. 7n€)'
Since f is multilinear, fy, .. n, is multilinear. Since f is alternating in the m;’s, fn, . . n, is
an alternating map. Therefore there is a unique linear map fy,,.. n,: Ak(M ) — N such that

fm,-n,ne(ml A A mk) = fm’m’né(ml, .. ,mk) = f(ml, cee, Mg, N, .. .,ng).

on elementary wedge products. N
Define f: A¥(M) x Ny x --- x Ny = N by f(w,n1,...,n¢) = fn,...n,(w). Since each

fn1,....n, 1s linear, f is linear in its first component. To check f is linear in one of its other
coordinates, we carry it out for n; (all the rest are similar). We want to verify that

f(wvnl—i_n/l:n%"':n@) :f(w,nl,nQ,...,ng)—l—f(w,n’l,nQ,...,ng)
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and B B

flw,rni,ne,...,ng) = rf(w,ni,na,...,ng).
Both sides of both equations are additive in w, so it suffices to check the identity when
w=my A--- Amy is an elementary wedge product. In that case the two equations turn
into linearity of f in its Ni-component, and that is just a special case of the multilinearity

of f. O

Theorem 8.2. Let M be an R-module. For positive integers k and £, there is a unique
R-bilinear map AF(M) x A(M) — A*(M) satisfying the rule

(my A Amg,my A~ Amp) = my A~ Amp Amy A~ Amy
on pairs of elementary wedge products.

Proof. Since the elementary wedge products span each exterior power module, and a bilinear
map is determined by its values on pairs coming from spanning sets, there is at most one
bilinear map with the prescribed behavior. As usual in this game, what needs proof is the
existence of such a map.

Start by backing up and considering the function f: M* x M* — A*+¢(M) by

/ / / /
flmay,.o.omg,my, ... ,my) =mg A Amgp Amiy A Amy.

This is multilinear and alternating in the first k-coordinates, so by Lemma 8.1 (with
Ni,..., Ny being M) there is a multilinear map f: A¥(M) x M* — AFT¢(M) such that

f(ml/\---/\mk,mll,...,mz) =my A Amgp Amy A Amp.
and it is alternating in its last £ coordinates. Therefore, again by Lemma 8.1 (with the N;’s
being the single module A¥(M)) there is a bilinear map B: AF(M) x A(M) — A*4(M)
such that

B(w,my A---my) = f(w,m],...,mp),

SO

B(my A« Amg,my A---mp) = f(my A Amg,m, ..., mp)
=my A Amgp Ami A Amj.

We have produced a bilinear map on the kth and fth exterior powers with the desired value
on pairs of elementary wedge products. ([l

The operation constructed in Theorem 8.2, sending AF(M) x A*(M) to AF4(M), is
denoted A and is called the wedge product. We place the operation in between the elements
it acts on, just like other multiplication functions in mathematics. So for any w € AF(M)
and n € AY(M) we have an element w A n € A* (M), and this operation is bilinear in w
and 7. The formula in Theorem 8.2 on two elementary wedge products looks like this:

(ma A Amg) A(my A Amp) =myg A--mp Amiy A+ Amy.

Notice we have given a new meaning to the notation A and to the terminology “wedge prod-
uct,” which we have until now used in a purely formal way always in the phrase “elementary
wedge product.” This new operational meaning of the wedge product is consistent with the
old formal one, e.g. the (new) wedge product operation A: AL (M) x ALY (M) — A%(M) sends
(m,m’) to m Am’ (old notation). This is very much like the definition of R[T] as formal
finite sums Y, a;T" where, after the ring operations are defined, the symbol 7" is recognized
as the i-fold product of the element T
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We have defined a wedge product A*(M) x A*(M) — A*T¢(M) when k and ¢ are positive.
What if one of them is 0?7 Recall (by definition) A°(M) = R. Theorem 8.2 extends to the
case k = 0 or £ = 0 if we let the maps A°(M) x AY(M) — A*(M) and A¥(M) x A°(M) —
A°(M) be scalar multiplication: r A =rn and w A1 = rw.

Now we can think about the old notation mj A --- A my in an operational way: it is
the result of applying the wedge product operation k times with elements from the module
AY(M) = M. Since we are now able to speak about a wedge product wy A - - - Awy, where the
w;’s lie in exterior power modules A¥ (M), the elementary wedge products my A - - - A my,
where the factors are in M, are merely special cases of wedge products.

Actually, to speak of wy A - - A w, unambiguously we need A to be associative! So let’s
check that.

Theorem 8.3. The wedge product is associative: for a,b,c >0, if w € A*(M), n € A°(M),
and £ € A(M), then (WA ) ANE=wA (nAE) in ASTOTE(M).

Proof. This is easy if a, b, or ¢ is zero (then one of w, n, and ¢ is in R, and wedging with R
is just scalar multiplication), so we can assume a, b, and ¢ are all positive.

Let f and g be the functions from A%(M) x A’(M) x A¢(M) to A*T0+¢(M) given by both
choices of parentheses:

flw,m &) =(wAn) A glw,n &) =wA(nAE).

(Note wAn € A“TP(M) and nAE € AYF¢(M).) Since the wedge product on two exterior power
modules is bilinear, f and g are both trilinear functions. Therefore to show f = g it suffices
to verify equality on triples of elementary wedge products, since they are spanning sets of
A%(M), A’ (M), and A¢(M). On such elements the equality is obvious by the definition of
the wedge product operation, so we are done. ]

The following theorem puts associativity of the wedge product to work.

Theorem 8.4. Let M be an R-module. If AY(M) is finitely generated for some i > 1, then
AI(M) is finitely generated for all j > i.

The important point here is that we are not assuming M is finitely generated, only
that some exterior power is finitely generated. Because exterior powers are not defined
recursively, this theorem is not a tautology.’

Proof. Tt suffices to show that if A?(M) is finitely generated then A'T!(M) is finitely gener-
ated. Our argument is a simplification of [3, Lemma 2.1].

The module A?(M) has a finite spanning set, which we can take to be a set of elementary
wedge products. Let x1,...,2, € M be the terms appearing in those elementary wedge
products, so A'(M) is spanned by the i-fold wedges of x1, ..., zp.

We will show A“(M) is spanned by the (i + 1)-fold wedges of z1,...,x,. It suffices
to show the span of these wedges contains all the elementary wedge products in A“1(M).
Choose (i + 1)-fold elementary wedge product, say

YL A AY A Y = (Y1 A AYi) A i

5The theorem doesn’t go backwards down to M, i.e., if some A*(M) is finitely generated this does not
imply M is finitely generated. For example, A*(Q/Z) = 0 as a Z-module, but Q/Z is not finitely generated
as a Z-module.
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Since y1 A -+ Ay, is in AY(M), it is an R-linear combination of i-fold wedges of z1, ..., z,.
Therefore y; A--- Ay; Ay;q1 is an R-linear combination of expressions

(xj1 AREENA xji) NYiy1 = Tjy N (xj2 N Nxgg N Yit1)s

where the equation uses associativity of the wedge product. Since xj, A--- Axj, Ayt is in
A'(M), it is an R-linear combination of i-fold wedges of z1, ..., z). d

Theorem 8.5. If M is spanned as an R-module by x1,...,xq ford > 1, then for 1 <k <d
every element of A¥(M) is a sum

WiINANZ1IF+Fwr Axo+ -+ wg N\ xyg
for some w; € A*¥=1(M).
We don’t consider k > d in this theorem since A¥(M) = 0 for such k£ by Theorem 4.1.

Proof. The result is clear when k = 1 since A°(M) = R by definition, so we can assume
k > 2. From the beginning of Section 4, A*(M) is spanned as an R-module by the k-fold
elementary wedge products x;; A --- A x;, where 1 < i3 < --- <4 < d. Using the wedge
product multiplication A*~Y(M) x M — A¥(M), we can write

Tig N Nxyy, =N N5,

where 7 = z;, A--- Ay, € AF71(M). Therefore every element of A*¥(M) is an R-linear
combination 71(m A 1) + - 4+ 74(ng A z4), where r; € R and n; € A*1(M). Since
ri(ni A x;) = (rim;) A x; we can set w; = r;m; and we're done. O

Here is an analogue of Theorem 4.8 for linear maps.

Theorem 8.6. Let ¢: M — N be a linear map of R-modules. If N () =0 for somei > 1,
then N (@) =0 for all j > 1.

Theorem 4.8 is the special case when N = M and ¢ = idys (why?).

Proof. Tt suffices to show A™!(p) = 0.
Since A*(y) = 0 for any my,...,m; in M we have

0= A()(m1 A--- Amg) = @(mi) A--- A p(m;)
in AY(N). For any my,...,m;y1 in M, in A“"1(N) we have
AT @) (ma A== Amg Amigr) = o(ma) A== Ap(mg) A p(mig)
= (p(m1) A Ap(mi)) A p(mivr)

=0 A p(mit1)
=0.
Such terms span the image of A“1(), so AT (p) = 0. 0

In an elementary wedge product mj A --- A my, where the factors are in M = A'(M),
transposing two of them introduces a sign change. What is the sign-change rule for trans-
posing factors in a wedge product w1 A---Awg? By associativity, we just need to understand
how a single wedge product w A 1 changes when the factors are reversed.

Theorem 8.7. For w € A*(M) and n € A“(M), where k, £ >0, wAn = (—1)*nAw.
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Proof. This is trivial if K = 0 or £ = 0 (in which case the wedge product is simply scaling
and (—1)* = 1), so we can take k and ¢ positive.

Both sides of the desired equation are bilinear functions of w and 7, so to verify equality
for all w and 7 it suffices to do so on spanning sets of the modules. Thus we can take
w=miA---Amy and n =m) A--- Amy, so we want to show

(8.1) MmN Amp Amiy A Amp = (=DM mi A AmhAmy A Amy).

Starting with the expression on the left, we successively move m/,mj, ..., m to the front.
First move m/ past each of the m;’s, which is a total of k& swaps, so

MmN Amp AmyA - Amp = (=1)FPmi Amy Ao Amg Amby A - Amb.

Now move mf, past every m;, introducing another set of k sign changes:

2k

my A Amg Amy A Amp = (=D)"Fmi AmbAmy A Amg Ams A - Amy.

Repeat until mj, has been moved past every m;. In all, there are k¢ swaps, so the overall
sign at the end is (—1)*. O

Theorem 8.8. For odd k and w € A¥(M), w Aw = 0.

Proof. There is a quick proof using Theorem 8.7 when 2 € R*: wAw = (=1)*(w Aw) =
—(wAw), 80 2(wAw)=0,s0 wAw=0.
To handle the general case when 2 may not be a unit, write

w = E Ciy,oyinyMiy N s Ay, = E Crwr,
1

U1 5eenlk

where I = (i1,...,i) is a multi-index of k integers and w; = w;, ;) is an abbreviation
for m;; A--- A'm;,. Then, by the bilinearity of the wedge product,
(8.2) w/\w:ZCImI/\ZCJwJ:ZCICJwI/\wJ,

I J 1,0

where I and J run over the same set of multi-indices. Note each w; A wy is an elementary
wedge product with 2k factors.

The multi-indices I and J could be equal. In that case w; A wy = 0 since it is a 2k-fold
elementary wedge product with repeated factors. When I # J the double sum in (8.2)
contains

C]CJw[/\wJ—}—CJC]wJ/\WI:C]CJ(wI/\WJ—i-CUJ/\w[).

Since wy and wy are in A¥(M), wj Awr = (—1)k2(w1 ANwy) = —(wrAwy), so crey(wr Awy +
WJ/\W[) = 0. O

What about Theorem 8.8 when k is even? If w = mq A --- Amy, is an elementary wedge
product in A¥(M) then w A w vanishes since it is an elementary wedge product with a
repeated factor from M. But it is not generally true that w A w = 0 for all w € AF(M).
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Example 8.9. Let M be finite free with a linearly independent subset e1, ..., eq, where k
iseven. Set w=e; A---Aeg + epp1 A Aeg € AF(M). In A?*(M) we have

k terms
WAW=€1 A AepAepsi A Aeok+ Gt A AeanAer A A ey
=e A NegNegr1 AN---Nea+e1 ANegrr A+ Negg Aea A--- A ey since k is even
=er N NegNegp1 N~ Neggt+er Nea Aegpypr A~ Negg Aeg N Neg

=er N NegNegy1 N~ Negg+er N Neg Negpp N Negg
=2e1 AN ANeg Negy1 A+ A egg.

By Corollary 5.12 and Theorem 7.8, e; A+ - Aeg Aepp1 A--- Aegy is torsion-free in A2F (M),
so when 2 # 0 in R we have w A w # 0. Elementary wedge products always “square” to 0,
so this w is not an elementary wedge product when 2 # 0 in R.

To get practice computing in an exterior power module, we look at the equation vAw =0
in A¥T1(V), where V is a vector space and w € AF(V).

Theorem 8.10. Let V be a vector space. For k > 0 and nonzero w € AF(V),
dim({veV:ivAw=0}) <k,
with equality if and only if w is an elementary wedge product.

Proof. The result is obvious if £k = 0, so we can suppose k > 1. Let vq,...,vq be linearly
independent vectors in V' that each wedge w to 0. We want to show d < k. Since V might
be infinite-dimensional, we first create a suitable finite-dimensional subspace W in which
we can work. (If you want to assume V is finite-dimensional, set W = V" and skip the rest
of this paragraph.) Let W be the span of vy,...,vs and the nonzero vectors appearing in
some fixed representation of w as a finite sum of elementary wedge products in A*(V). Then
W is finite-dimensional. There’s a natural embedding W < V and we get an embedding
AYW) < AY(V) in a natural way for all £ by Corollary 5.9. If we view each v; in W and w
in A¥(W) then the condition v; A w = 0 in A¥T1(V) implies v; A w = 0 in AF+1(W).

Set n = dim W, so obviously d < n. If £ > n then obviously d < k, so we can suppose
kE<n-—1.

Extend {v1,...,vq} to a basis {vy,...,v,} of W. Using this basis we can write w in
AF(W) as a finite sum of linearly independent elementary wedge products:
W = Z Ciq,.. i Viy ARRIAN (%

1<y < <ip<n
and some coefficient is not 0. Fix i between 1 and d, and compute v; Aw using this formula:
O=v; ANw
= Z Cip,onyipVi NV N N5,
1<ip<+<ip<n

= E Cip,igVi N Vi N oo Ny,
1<i) <--<ip<n
i1, ip 7L
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This equation is taking place in A¥*1(WW), where the (k + 1)-fold wedges v; A vy, A -+ A vy,
for i & {i1,...,ix} are linearly independent. Therefore the coefficients here are all 0:

1 Q {il, cey Zk} = Ciq,...i = 0.
Here ¢ was any number from 1 to d, so

Ciq,...,ix 75 0= {1, ... ,d} C {il, ... ,ik}.

There is at least one nonzero coefficient, so we must have {1,...,d} C {i1,...,ix} for some
k-tuple of indices. Counting the two sets, d < k.
If d = k then {1,...,k} = {i1,...,ir}, which allows just one nonzero term and w =

c1,..k01 A -+ Avg, which is an elementary wedge product. Conversely, if w is a nonzero
elementary wedge product in A¥(V) then {v € V : wAv = 0} has dimension k by Corollary
7.3 and associativity of the wedge product. ([l

Theorem 8.11. Let V be a vector space and k > 1. For nonzero v € V and w € AF(V),
vAw =0 if and only if w = v An for some n € AF=1(V).

Proof. By associativity, if w = v An then vAw=vA(vAn) = (vAv)An=0. The point of
the theorem is that the converse direction holds: if v Aw = 0 then we can write w =v A n
for some 7.

As in the proof of the previous theorem, we can reduce to the finite-dimensional case
(details left to the reader), so we’ll just take V' to be a finite-dimensional vector space. Set
n=dimV > 1. Since w € A*¥(V), if k > n then w = 0 and we can trivially write w = v A 0.
So we may suppose k < n. If k = 0 then w € A°(V) is a scalar and wedging with w is scalar
multiplication, so the conditions v # 0 and v A w = 0 imply w = 0. Thus again w = v A 0.

Now suppose 1 < k < n. Extend v to a basis of V, say vy,...,v, wherev=wv;. If k =n
the condition v A w = 0 is automatic since A"*1(V) = 0. And it is also automatic that w
is “divisible” by v if k = n: A™(V') has basis vi A -+ A vy, so w = ¢(vy A -+ A vy,) for some
scalar ¢. Then w =v An where n =cvg A -+ A vy.

We now assume 1 < k < n —1 (so n > 2). Using the basis of A¥(V) coming from our
chosen basis of V' that includes v as the first member v,

(83) w = Z Cip,oipVip N oo - Ny,

1<i1 << <n

with scalar coefficients. Since v; = v, v Av; =0 so

(8.4) VAW = Z Cirring U AV N AU,
2<i) < <ip<n

The elementary wedge products on the right are part of a basis of A¥T1(V), so from vAw = 0
we see all the coefficients in (8.4) vanish. Thus in (8.3) the only nonzero terms are among
those with 7; = 1, so we can pull out v; = v:

w=vA E Clyig,...inVig N =0+ N Vg, .
1<io < <ip<n

Let n be the large sum here, so w =v A n. ([l
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9. THE KUNNETH FORMULA AND MODULES OVER A PID

In this section we describe an important formula expressing an exterior power of a direct
sum M @ N in terms of exterior powers of M and N. Here’s that formula.
Theorem 9.1. Let M and N be R-modules. For k > 0, there is an R-module isomorphism

k

(9.1) A(M o N) = PN (M) @5 AFH(N)).
=0

The isomorphism in this theorem is called the Kiinneth formula (for exterior powers). It
formally resembles the binomial theorem. When M and NN are free R-modules of respective
ranks a and b, where a+b > k, all the exterior powers in the Kiinneth formula are free with

rank given by a binomial coefficient (see Theorem 4.2), and computing the ranks for both

sides tells us (azb) = Zf:o (9 (kii), which is called the Vandermonde convolution formula

for binomial coeflicients.
Example 9.2. When k is 2 and 3, the Kiinneth formula says (since A°(M) = A°(N) = R)
(9.2) A*(M @ N) = A*(M) @ (M @ N) @ A*(N),

A*(M & N) = A*(M) & (A*(M) @r N) & (M @g A*(N)) & A*(N).

To appreciate the Kunneth formula (9.1), we’ll apply it before proving it. For the appli-
cation we have in mind, we need to extend (9.1) to direct sums of more than two modules.

Corollary 9.3. For k > 0 and R-modules M, ..., My there is an R-module isomorphism
MMeo-oM)= @ AY(M)or-- ©r A (M),
i14tig=k
where the direct sum runs over (-tuples of nonnegative integers with sum k.

Proof. We induct on £. The case £ = 1 is trivial (both sides are A¥(M;)), and the case ¢ = 2
s (9.1). If ¢ > 3 and the corollary is proved for every direct sum of £ — 1 R-modules, then

for a direct sum of £ R-modules My, ..., M, we have (using induction in the third step)
A M@ - @ My) = A (M1 @ - © Mey) © My)
k
= PN B ®Mey) @r AP (M) by (9.1)
i=0
~ AT(My) ®p - ®p A (My_q) | @p AFH(My)

=0 \i1+-- -Hz 1=t
A (M) ®p -+ @p A1 (My_1) @p A*(My) with iy =k — 4.0
11+ +Zg k

The next theorem is an application of the Kiinneth formula to the structure of finitely
generated torsion modules over a PID. For a PID R and nonzero finitely generated torsion
R-module M, the classification of finitely generated modules over a PID tells us that

(9.3) M~ R/(a1)® - & R/(ay) where (a1) C (a2) C -+ C (ay)
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for ai,...,a, in R that are not 0 or units. In terms of divisibility, a; | --- | a2 | a1.® Each
of the modules R/(ay), ..., R/(as) is killed from multiplication by a; since ay, ..., a, divide

ai, and R/(ay) is only killed by multiples of a1, so ’AnnR(M) = (a1) ‘ For j > 1, the next

theorem gives a formula for the ideal (a;) as the annihilator ideal of an exterior power of
M. (Similar results are in [4, Sect. 8] and [5, Prop. 4.20, Chap. XIII].)

Theorem 9.4. For a PID R and nonzero finitely generated torsion R-module M decomposed
into cyclic torsion modules as in (9.3), | Anng(A(M)) = (a;) | for j =1,..., 0.7

Since M in (9.3) has a f-element spanning set, A7(M) = 0 for j > ¢ by Theorem 4.1. We
have AJ(M) # 0 for j < ¢ since Anng((0)) = R while Anng(A/(M)) = (a;) # R. Thus the
number / of cyclic summands for M in (9.3) is the largest j > 1 such that A7(M) # 0. (To
make that true if M = (0) too, use the largest j > 0: A°((0)) = R, AJ((0)) =0 for j > 0.)

Proof. By (9.3) and Corollary 9.3,

(9.4) N = D A R/(0) @r - ©r AR/ (ar).
iy tetip=j

The exterior powers of a cyclic torsion module R/(a) (for a # 0) are quite limited. Since
R/(a) has a 1-element spanning set as an R-module, AJ(R/(a)) = 0 for j > 1 by Theorem
4.1. Therefore the term in the direct sum (9.4) associated to (i1, ...,4,) is nonzero if and
only i1,...,4, are at most 1: some are 0 and some are 1. That requires j =41 +---+ iy < L.

Since A°(R/(a)) = R, A'Y(R/(a)) = R/(a), and tensoring R-modules with R has no effect
up to isomorphism, if j < ¢ and the tensor product in (9.4) associated to (iy,..., %) is
nonzero then that tensor product uses j cyclic modules among R/(a1),...,R/(as). What
could such an j-fold tensor product look like?

Since R/I ®r R/J = R/(I + J) as R-modules, extending that to more than two cyclic

modules shows the summand in (9.4) where i1,...,i; = 1 (later ¢’s are 0) is isomorphic to
(9.5) Rf(a) ©r B/(az) ©r -+ ©r B/(aj) = B/ (a,....a;) = B/ (a;)
froma; | --- | az | a1. For other j-fold tensor products among R/(a1), ..., R/(as), we need to

use some R/(a;) where ¢ > j (why?). This a; divides a;, so each j-fold tensor product among
R/(a1),...,R/(ag) is isomorphic to some R/(b) where b | a;. Since a;j(R/(b)) = 0 when
b | aj, a; kills each summand in (9.4) and thus a; kills A7(M). Hence (a;) C Anng(A7(M)).
The j-fold tensor product in (9.5) is a summand in (9.4) and is killed precisely by the
multiples of a;, so Anng(A(M)) = (aj). O

In case the notation in the previous proof was a bit hard to parse in places, here is an
example of the main ideas with ¢ = 3.

Example 9.5. Suppose M = R/(a1) ® R/(a2) ® R/(a3) with a3 | az | a1, or equivalently
(a1) C (ag) C (a3z). Then Anng(A'(M)) = Anng(M) = (a1). We'll show Anng(A%(M)) =
(a2) and Anng(A3(M)) = (a3).

Since AY(R/(a)) =0 for j > 1 and A'(R/(a)) = R/(a), the Kiinneth formula for A%(M)
says this module is isomorphic to a direct sum of three nonzero tensor products:

A*(M) = (R/(a1) ®r R/(az)) & (R/(a1) ®r R/(a3)) & (R/(a2) ®r R/(a3)).

6Pay attention to the order of divisibility of the a;, which may be reversed from the typical ordering.
7If we indexed the terms in (9.3) to have a1 | az | -+ | ae then Anng(AY(M)) = (ags+1—;), which is clunky.
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Using R/I g R/J = R/(I +J),
AQ(M) = R/(al,ag) & R/(al, CL3) D R/(ag, ag).

From the relations ag | as | a1, A2(M) = R/(as) ® R/(a3) ® R/(a3) and this has annihilator
ideal (a2) because ag | ag. Thus Anng(A%(M)) = (as).

The Kiinneth formula for A3(M) says this module is isomorphic to the single nonzero
tensor product R/(a1) ®g R/(a2) ®r R/(az) = R/(a1,a2,a3). Since a3 | az | a1, the ideal
(a1, a2,a3) equals (a3), so A3(M) =2 R/(az). Thus Anng(A3(M)) = (a3). That concludes
this example.

Now that we’ve seen an interesting use of Theorem 9.1 (the Kiinneth formula), let’s
prove the theorem. The details in the proof below are rather long (it is all we do for the
rest of this section), so we will prove the case k = 2 first, where many of the ideas for
general k can be seen but with less burdensome notation. Another proof could show the
module @?:0 A (M) ®@p A¥=(N) and an alternating multilinear map to it from (M @ N)*
fits the universal mapping property of A¥(M @ N), so the isomorphism in Theorem 9.1 is
then immediate from the isomorphism of two objects satisfying the same universal mapping
property. Another approach to proving Theorem 9.1 is indicated at the very end of Section
10.

Proof. At k = 0 both sides are R and at k = 1 both sides are isomorphic to M @& N, so we
can suppose k > 2.

Step 1: The case k = 2. The right side of the isomorphism for k = 2 was presented in
simplified form in (9.2). Referring to that, we want to build inverse R-linear maps

(9.6) f:AN2(M @ N)— A*(M)a (Mg N)® A*(N)
and
(9.7) g: A*(M)® (M ®r N) @ A*(N) — A*(M @ N).

The motivation for the way we’ll define f and g is based on the expansion of elementary
wedge products in A?(M @ N) using bilinearity and alternatingness (is that a word?):

(m1,n1) A (m2, ng) = ((m1,0)+(0,n1)) A ((m2,0)+(0,n2))
= (m1,0) A (mQ, 0)+(m1,0) A (0, n2)+(0,TL1) A (mQ,O)—i—(O,nl) A (O,ng)

(9.8) = (m1,0) A (mg, 0)+(m1, 0) A (0, TLQ) — (mz, O) A\ (0, n1)+(0, nl) A (O, ng)

In (9.8), the first term resembles my A mo (element of A%2(M)), the last term resembles
n1Angy (element of A%2(N)), and the middle two terms look like formal products of something
in M and something in /N, which is what elements of M ®r N are. With that in mind,
in order to define f in (9.6), we start with an alternating bilinear function (M @ N)? —
A2(M) @ (M ®g N) ® A?(N) having values resembling the right side of (9.8).

Let (M & N)? — A2(M) @ (M ®g N) ® A%(N) by the rule

(9.9) ((ml,nl), (mg,ng)) — (m1 Amo,m1 @ ng —mo Qni,ni A ng),

where the three components on the right are all based on (9.8). This function on (M & N)?
is bilinear: it is linear in (mq,n1) when (mg, ns) is fixed and vice versa. It is also alternating:
if (m1,mn1) = (M2, n2) then the value in (9.9) is 0. Therefore we get a linear map f in (9.6)
where on elementary wedge products values are described by (9.9):

(9.10) f((ml,nl) A (mg,ng)) = (m1 Amo,m1 @ng —ma @Ni, N1 N ng).
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To build g in (9.7) we will define three linear maps from A?(M), M ®g N, and A%(N) to
A%(M @ N) and then add their values out of a direct sum. Define

MxM—A(M®N), MxN-—=A(M®N), NxN-—A*(MqN)
by the rules
(m1,m2) — (m1,0) A (me,0), (m,n)— (m,0)A(0,n), (ni,n2)+— (0,n1)A(0,n2).
All three maps are bilinear and the first and third are alternating, so we get linear maps
A2(M) - A>(M@®N), M®pN — A*(M@®N), A*(N)—A*(MaN)
that on elementary wedge products or elementary tensors have the effects
my Amg — (m1,0) A (mg,0), m®n— (m,0)A(0,n), nyAng+— (0,n1) A (0,n2).

Package these together out of a direct sum to define g in (9.7): on two elementary wedge
products and an elementary tensor (which as a triple span the direct sum),

(9.11) g(my Ama,m @ n,n1 Ang) = (m1,0) A (me,0) + (m,0) A (0,n) + (0,71) A (0, n2).

This is linear since the map on each component in A2(M) & (M ®g N) @ A?(N) is linear.

It remains to check that the maps in (9.6) and (9.7) are inverses. Because of spanning
sets built from elementary wedge products and elementary tensors, it suffices to check the
linear maps f and ¢ fix the spanning sets. Applying g to both sides of (9.10),

g(f((m1,n1) A (m2,n2))) = g(my A ma,my @ ng —ma @ ni,ny Ang)
= (mq,0) A (mg,0)+(m1,0) A (0,n2)—(ma,0) A (0,11)+(0,n1) A (0,n2)
= (m1,0) A (ma,ng2) + (0,n1) A (ma, n2)
= (m1,n1) A (ma,n2),
and applying f to both sides of (9.11),
flg(mi Amag,m @ n,ny Ang)) = f((ma,0) A (m2,0))+f((m,0) A (0,n))+ f((0,n1) A (0, n2))
= (m1 A'mso,0,0) + (0,m ®n,0) + (0,0,n1 A ng) by (9.10)
= (m1 Amg,m ®n,ny Ang).

That proves f and g in (9.6) and (9.7) are inverses, so the case k = 2 is settled!
Now we turn to the general case of the theorem. We will construct inverse R-linear maps

k
(9.12) f: AF(M @ N) — @A (M) @p A"/ (N)),
1=0
and
k
(9.13) g: @PN(M) @r A¥I(N)) = A (M @ N).
=0

Before we get into the details, let’s think informally about what is going on. All we are
doing is rewriting elementary wedge products in A¥(M @ N) to put (m,0) terms in front of
(0,m) terms, and if such a wedge product has i terms (m,0) and k — ¢ terms (0,n) then it
should behave like a “formal product” of something in A*(M) and something in A¥=¢(V).
Since “formal products” in modules means “tensor product”, we should formalize the idea
of a wedge product of (m,0)’s and (0,n)’s as an elementary tensor in A'(M) ®@g AF~¢(N).
Adding such things up over all ¢ amounts to taking a direct sum as ¢ runs from 0 to k. If you
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keep this basic intuition in mind then it can help you wade through the tedious bookkeeping
that is coming up.

Since it is simpler to construct g first, that is our next step.

Step 2: Build g.

To map out of a direct sum, we’ll make a linear map g;: A*(M)®@gA*"H(N) — A¥(M@N)
for 0 <4 < k and then define g on the direct sum to be the sum of g; on the ith component
of the direct sum:

(9.14) g(wo, w1, - .., wk) = go(wo) + - -+ + gr(wk).

The standard inclusions M — M&N and N — M@&N, where m — (m,0) and n — (0,n),
lead to linear maps A'(M) — AY(M @ N) and A¥={(N) — A¥={(M @ N) on exterior powers
(Theorem 5.1). These can be described on elementary wedge products as

mi A Am; —> (ml,O)/\---/\(mi,O)
and
Ny A Ang—; — (Oanl) ARERRA (O’nk—i)’
where i > 0 for the first map and i < k for the second map. (If i = 0 then the first map is
the identity R — R and if 4 = k then the second map is the 'identity R — R.) Tensor these
two linear maps AY(M) — AY(M @ N) and A*~/(N) — A*~{(M @ N) to get a linear map
(9.15) A(M) @r A¥{(N) = A{(M @ N) @r A*¥ /(M @ N).

When 4 = 0 this is a linear map A*(N) — A¥(M @ N), and when i = k this is a linear map
AF(M) — A*(M @ N), which are the kth exterior powers of the standard inclusion maps of
M and N into M @ N.

The wedge product AY(M ® N) x A¥={(M @ N) — A¥(M @ N) in Theorem 8.2 is R-
bilinear, so it induces an R-linear map A'(M @& N) @z A*¥{(M © N) — AF(M @ N). The
composition of this R-linear map with the R-linear map in (9.15) gives us an R-linear map

A(M) @ AFH{(N) = A (M & N) @ AF5(M & N) — A*(M @ N)

and this composition is the definition of g;. Tracing through this definition, the effect of g;
on an elementary tensor of elementary wedge products is

gi(my A== Amy) @ (ny A=+ Ang—;)) = (m1,0) A+ A (mi, 0) A(0,n1) A+ A (0, ng—;)
for0 <i<k. Ifi=0o0ri=kthen go: A¥(N) = A¥(M@®N) and g: A¥(M) — AF(M @ N)
are the kth exterior powers of the standard inclusions of N and M into M & N:

go(mi A= Ang)=(0,n)A---A0,ng), ge(miA---Amg)=(mq,0) A---A(my,0).

Step 3: Build f for the general case.

We will create a linear map f: A¥(M @& N) — @fzo AY(M)®@g A*=¥(N) that is an inverse
to g: @fZOAi(M) ®r AF{(N) — A¥(M @ N). The map f has components fo,..., fi:
f(w) = (fi(w)) for linear maps f;: A¥(M & N) — AY(M) @p AF7H(N).

The way we figure out a definition of fi: A¥(M @& N) — AY(M) @ A¥~*(N) on an
elementary wedge product
(9.16) w=(my,ny) A A (mg,ng)

in A¥(M @ N), is to write (m;,n;) as (m;,0) + (0,n;) and then expand w into a sum of 2*
elementary wedge products that each involve terms of the form (m,0) and (0,n). (The case
k = 2 is shown in (9.8).) We want f;(w) to be modeled by the sum of the elementary wedge
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products in the expansion of w that have i factors of the form (m, 0) followed by k—i factors
of the form (0,n) (rearranging to put each (0,n) after each (m,0) can introduce signs, as
shown with one term in (9.8)). We’ll make f;(w) a sum of (];) terms in AY(M) @g AF~I(N)
by turning (my,0)A--- (m;, 0) A (0, nix1) A---A(0,ng) into (my A---Am;) @ (nip1 A-- - Ang),
with the edge cases ¢ = 0 and i = k treated separately.

We can’t really define a linear mapping on A*(M @ N) by saying where it sends elementary
wedge products, due to the massive redundancies in writing elements of A*(M @ N) as a sum
of elementary wedge products. To define a linear map A¥(M @ N) — AY(M) @ A*7(N),
we will start by defining a k-multilinear map (M @®N)¥ — A*(M)®rA*~*(N) and check it is
alternating. Then it automatically leads to a linear map A*(M @ N) — AY(M)®r A*7H(N)
by the universal mapping property of exterior powers.

Break up {1,2,...,k} into a disjoint union 77U 7" where |T| =i and |T’| = k — . This
can be done in (l:) ways. Write elements of 1" in increasing order as j; < jo < ... < j; and
elements of 7" in increasing order as ji < j5 < ... < j;_,;. Using the notation from the
right side of (9.16), define

mé\“ = (mjlvo)/\' ’ '/\(mji,(]) € AZ(MEBN)7 n’_/l\" = (Oanji)/\' ’ '/\(Oanj]’c_i) € Ak_l(M@N)

Define ep 7 = %1 to be the sign of the permutation sending the ordered set {1,2,...,k} to
the set T' put in increasing order followed by 7" put in increasing order. (For example, if
k=4,T={13}, and T = {2,4}, then ey v = sign G%gi) = —1.) Symbolically, we could
say e v = sgn (?Tlf) where T and T” are each written out in increasing order. If i = 0 or
i =k then T or T" is empty and the other is {1,...,k}; here we define epp = 1.

How w in (9.16) looks when expanded out into a sum of 2* elementary wedge products is

(9.17) w= Z Z e mp A

For each i, the inner sum in (9.17) over all 7" with |T| = ¢ is a sum of k-fold elementary
wedge products with i parts of the form (m,0) and k — i parts of the form (0,7n) The ith
inner sum will lead to f;(w) by mapping the ith inner sum to A*(M)®zrA*~*(N). To achieve
that, in the definitions of m/. and n/, above replace (m,0) with m and (0,n) with n: define
gi: (M@ N)¥ — A(M) @ A¥={(N) by

(918) @i((m1>n1))"'7(mk7nk)) = Z ET, T 'MT & N,y
Tc{1,...,k}
|T|=i
where T'= {j1 < ... <j;} and T" = {j] <---j,_;} in increasing order and

(9.19) mr = mj, A Amy, EAZ'(]W)7 nrr i=n /\.../\njllcfi GAkii(N).

J1
Because mp and ngr are each multilinear in the pieces that make them up, ¢; is a k-
multilinear mapping (it is important here that 7" and 7" have union {1,2,...,k} and are
disjoint). For example, say k =4, T' = {1,3}, and 7" = {2,4}. We have ep v = —1, and if
(m1,n1) = (my,n}) + (m{,nY), then

(mf +mf) Ams) @ (n2 Any)

my Amg) @ (ng Ang) — (m] Ams) @ (ng Any)

—m7 @ npr = —

(
(
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and these two terms are what we get by using (mf,n}) and (m{,n}) separately in place
of (m1,n1) in —m7p ® nyv. The expression ep »mp ® ny in general is additive in (mq,n1)
because for each T either 1 € T or 1 € T’ but not both, so either my contains m; as
a wedge factor or nys contains n; as a wedge factor but not both. Thus, if (mi,n1) =
(my,n}) + (mf,nY) then either my contains m} +m7 or nys contains n} +n{ but not both,
so mg @ nys breaks up into a sum of two terms (not 4 mixed terms). The sign ep 7 is
carried along through the computation without changing. Thus ¢; is R-multilinear.

We will now show ¢; is an alternating mapping: if (mq,n.) = (mg,ng) for distinct
indices o and ( in {1,...,k} then the total sum in (9.18) is 0. In fact many individual
terms in the sum are 0 and the other terms can be paired together and are negatives.

Case 1: o and ( are in T'. Here mp = 0 (an elementary wedge product with two equal
parts), so mp @ nyr = 0.

Case 2: a and 3 are in T”. Here ny = 0, so mr @ nyr = 0.

Case 3: one of @ and 3 is in T" and the other is in 7”. Let’s consider together ep 7 mrQ@ny

and €7 & Fr MF&ng, where T denotes T with o or B swapped out and the other index swapped

in (and likewise for T' and T"). Since mq = mg and ny = ng, My @ ngr = Mz @ ng,. But
the signs er 7 and 7 v are opposite since the permutations defining them dlffer by the
transposition (af). Thus the sum e 7 mp @ ngr + € 71 Mg @ N is 0.

Having shown ¢;: (M @ N)¥ — A*(M) @ A*7(N) to be an alternating k-multilinear
mapping, we automatically get a linear mapping fi: A¥(M © N) — A*(M) @ A¥H(N)
where f;((mi,m1) A -+ A (mg,ng)) equals the right side of (9.18):

(9.20) fi((ml, nl) VANRERIVAN (mk, nk)) = Z ET T MT Q Ny,

TC{17 bl }
|T|=1

Define f: A¥(M @& N) — @f:o A(M) @r A*=H(N) by f(w) = (fi(w)) for w in A¥(M @ N).

Step 4: Show fog and go f are identity maps.

We want to show f(g(wo,...,wr)) = (wo,...,wy) for all w; € AY(M) ®r A¥"*(N) and
g(f(w)) = w for all w € A¥(M @ N).

fglwo, ... ,wr)) = (wo,...,wy) for all w; in AY(M) ®@g A¥~*(N). In this equation both
sides are k-multilinear, so it suffices to check it when all but one of wy, . .., ws is 0. For ¢ from
0 to k, suppose w; = 0 for j # i: we want to show f(g(...,0,w;,0,...)) =(...,0,w;,0,...)
where all coordinates but the ith one are 0. Moreover, both sides of this new identity are
additive in wj, so it suffices to check this new identity when

wi = (MmN Am) @ (Nig1 A+ Ang)

because each element of A*(M)®p AF~*(N) is a sum of these particular types of elementary
tensors. A ‘
By the definition of g as a sum of values of g; on AJ(M) ®@g AF~J(N),

g("'aoawu 7"‘ Zg] +gl Wi _gl((ml/\/\ml)®(nl+1/\/\nk‘))7
J#i

and from the end of Step 2, this g;-value is w’ := (mq,0)A---A(m;, 0)A(0, nip1) A~ - -A(0, ng).
Thus

flg(...,0,w;,0,...) = f(W) = (fo(),..., fu(w)).
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The value of f;(w’) is given by (9.20) when ny = --- =n; = 0 and m;11 = --- = my, = 0.
When forming mp and np from that k-tuple, one of them is 0 (because some elementary
wedge factor in myp or ngr is 0), so mp @ nyr = 0, except when T = {1,...,i} and T’ =
{i+1,...,k}. Thenepp» =1, mp =my A--- Am;, and npr = nip1 A -+ Ang, so
fi(w’) =mr Qnp = (ml/\---/\mi)®(ni+1 /\---/\nk) = w;.
g(f(w)) = w for all w € A¥(M @ N). In this equation both sides are additive in w, so it
suffices to check this result on w that belong to a subset of A¥(M @ N) that spans the module

by adding and subtracting. We can use for this purpose the special k-fold elementary wedge
products consisting of terms (m, 0) followed by terms (0, n), say

w = (ml,o)/\"‘/\(mi,o)/\(O,ni+1)/\"'/\(o,nk)

for some i. Because each elementary wedge factor in w is a term in M & N with 0 in one
coordinate for each pair, the sum in (9.20) has all but one term definitely equal to 0, so

fz(w) = (m1/\---/\mi)®(ni+1A---/\nk)
and
filw) =0
for j # 4. Thus f(w) = (...,0, fi(w),0,...) is concentrated in the ith term of the direct
sum of all AJ(M) ®g A¥=7(N). Therefore

9(fw)) = g(.--,0, fi(w),0,...) = gi(fi(w)) = gi((m1 A -+ Ami) @ (igr A= A ng))
and this g;-value is (m1,0) A--- A (m4,0) A (0,n41) A--- A (0,ng) by the end of Step 2. We
have returned to w, so g(f(w)) = w. O

10. THE EXTERIOR ALGEBRA

Since the wedge product operation A from Section 8 moves elements of an exterior power
into a higher-degree exterior power, we can view A as multiplication in a noncommutative
ring by taking the direct sum of all the exterior powers of a module.

Definition 10.1. For an R-module M, its exterior algebra is the direct sum

AM)=EPANM) =RoMa Mo Me---,
E>0
provided with the multiplication rule given by the wedge product from Theorem 8.2, ex-
tended distributively to the whole direct sum.

Each A¥(M) is only an R-module, but their direct sum A(M) is an R-algebra: it has a
multiplication that commutes with scaling by R and has identity (1,0,0,...). Notice R is
a subring of A(M), embedded as r +— (r,0,0,...).

When AF(M) is viewed in the exterior algebra A(M), it is called a homogeneous part
and its elements are said to be the homogeneous terms of degree k in A(M). For instance,
when mg, m1, ma, ms, and my are in M the sum mg + m1 A ma + mg A my in A(M)
has homogeneous parts mg and m; A mg + m3 A my. This is the same terminology used
for homogeneous multivariable polynomials, e.g., X? — XY + Y3 has homogeneous parts
X2 — XY (of degree 2) and Y3 (of degree 3).

The wedge product on the exterior algebra A(M) is bilinear, associative, and distributive,
but not commutative (unless —1 = 1 in R). The replacement for commutativity in Theorem
8.7 does not generalize to a rule between all elements of A(M). However, if w € A*(M) and
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k is even then w commutes with every element of A(M), so more generally the submodule
Dr. cven A¥(M) lies in the center of A(M).

A typical element of A(M) is a sequence (w)r>0 with wy = 0 for £ > 0, and we write
it as a formal sum ), ., wy while keeping the direct sum aspect in mind. In this notation,
the wedge product of two elements of A(M) is

Zwk/\ZWZZ Z we Ane |

k>0 >0 p>0 \ k+l=p

where the inner sum on the right is actual addition in AP(M) and the outer sum is purely
formal (corresponding to the direct sum decomposition defining A(M)). This extension
of the wedge product from operations A¥(M) x AY(M) — AF+4(M) on different exterior
power modules to a single operation A(M) x A(M) — A(M) is analogous to the way the
multiplication rule (a7%)(bT7) = abT**7 on monomials, which is associative, can be extended
to the usual multiplication between any two polynomials in R[T] = @D,~, RT*. When M
is a finitely generated R-module with n generators, every A*(M) is finitely generated as an
R-module and A¥(M) = 0 for k > n so A(M) = @)_,A*(M) is finitely generated as an
R-module. Because AF (M) is spanned as an R-module by the elementary wedge products,
and an elementary wedge product is a wedge product of elements of M, A(M) is generated
as an R-algebra (not as an R-module!) by M.

Theorem 10.2. When M is a finite free R-module of rank d > 0, its exterior algebra is a
free R-module of rank 2.

Proof. By Theorem 4.2, each exterior power module A¥(M) is free of rank (z) for0<k<d
and A¥(M) = 0 for k > d, so their direct sum A(M) is free with rank

dra .

> <k> =2 O
k=0

Concretely, when M is free with basis eq, ..., e4, we can think of A(M) as an R-algebra
generated by the e;’s subject to the relations e? = 0 and e;e; = —eje; for @ # j. The
construction of A(M) did not use a basis, but this explicit description when there is a basis
is helpful when doing computations.
Example 10.3. Let V be a real vector space of dimension 3 with basis e, ez, e3. Then
A(V) =R, A} (V) =V = Re; @ Rea ®Res, A2(V) = R(e1 Aea) DR(e1 Aes) @ Riea Aeg),
and A3(V) = R(e1 A eg Aes). The exterior algebra A(V) is the direct sum of these vector
spaces and we can count the dimension as 1 +3+3+ 1 =8.

To get practice computing in an exterior algebra, we ask which elements of the exterior
algebra of a vector space wedge a given vector to 0.

Theorem 10.4. Let V' be a vector space over the field K. For nonzerov € V andw € A(V),
vAw =0 1if and only if w =v An for somen € A(V).

Proof. The reduction to the case of finite-dimensional V' proceeds as in the reduction step
of the proof of Theorem 8.11. By associativity, if w = v An then v Aw =v A (vAn) =
(v Av) An = 0. The point of the theorem is that the converse direction holds. First we
reduce to the finite-dimensional case. Let W be the span of v and all the nonzero elementary
wedge products in an expression for w. Since W — V., A¥(W) < AF(V), so A(W) — A(V).
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From these embeddings, it suffices to prove the theorem with V replaced by W, so we may
assume V is finite-dimensional.
Write w = S°1_,wi where wy, € A¥(V) is the degree k part of w. (If you think about

direct sums as sequences, w = (wo, . ..,wy).) Then
n
VAW = Z VAN Wg.
k=0

Since v A wy, € A¥1(V), the terms in the sum are in different homogeneous parts of A(V),
so the vanishing of v A w implies v A wp, = 0 for each k. By Theorem 8.11, wy = 0 and
for k > 1 we have wj, = v A ny_; for some np_1 € A*1(V). Thus w = v A where
n= k=1 -1 € AV). O

While we created the exterior algebra A(M) as a direct sum of R-modules with a snazzy
multiplicative structure, it can be characterized on its own terms among R-algebras by
a universal mapping property. Since each AF(M) is spanned as an R-module by the ele-
mentary wedge products mij A - -+ A my, A(M) is generated as an R-algebra (using wedge
multiplication) by M. Moreover, m A m = 0 in A(M) for all m € M. We now turn this
into a universal mapping property.

Theorem 10.5. Let A be any R-algebra and suppose there is an R-linear map L: M — A
such that L(m)? = 0 for all m € M. Then there is a unique extension of L to an R-algebra

map L: A(M) — A. That is, there is a unique R-algebra map L making the diagram

A(M)

M——-A
L

commute.

This theorem is saying that any R-linear map from M to an R-algebra A such that the
image elements square to 0 can always be extended uniquely to an R-algebra map from
A(M) to A. Such a universal property determines A(M) up to R-algebra isomorphism by
the usual argument.

Proof. Since M generates A(M) as an R-algebra, there is at most one R-algebra map
A(M) — A whose values on M are given by L. The whole problem is to construct such a
map.

For any m and m’ in M, L(m)? = 0, L(m/)?> = 0, and L(m + m')?> = 0. Expanding
(L(m) + L(m'))? and removing the squared terms leaves

0= L(m)L(m') + L(m')L(m),

which shows L(m)L(m’) = —L(m’)L(m). Therefore any product of L-values on M can be
permuted at the cost of an overall sign change. This implies L(my)L(mg)--- L(my) = 0 if
two m;’s are equal, since we can permute the terms to bring them together and then use
the vanishing of L(m;)?. This will be used later.

If there is going to be an R-algebra map f: A(M) — A extending L, then on an elemen-
tary wedge product we must have

flma A Amg) = f(ma) -+ f(mg) = L(my) - L(myg).



46 KEITH CONRAD

since A is the multiplication in A(M). To show there is such a map, we start on the level
of the A¥(M)’s. For k > 0, let M* — A by (mq,...,mg) = L(mq)---L(myg). This is
multilinear since L is R-linear. It is alternating because L(my)---L(my) = 0 when two
m;’s are equal. Hence we obtain an R-linear map fi,: A¥(M) — A satisfying

fe(mi A~ Amy) = L(ma) -+ - L(mg)

for all elementary wedge products mj A --- A mg. Define f: A(M) — A by letting it be
fr on AF(M) and extending to the direct sum A(M) = @, A*¥(M) by additivity. This
function f is R-linear and it is left to the reader to show f is multiplicative. O

Notice the individual A*(M)’s don’t appear in the statement of Theorem 10.5. This
theorem describes an intrinsic feature of the full exterior algebra as an R-algebra.

It turns out that the exterior algebra A(M ), unlike the individual exterior power modules
AF(M), behaves very nicely for direct sums: A(M @ N) =2 A(M) @ A(N) as R-algebras.
This can be proved without knowing first how exterior powers behave on direct sums. Then
by looking at the degree-k pieces on both sides of that isomorphism of R-algebras, we get
the Kiinneth formula (9.1) for A¥(M @ N).

APPENDIX A. LINEAR MAPS PRESERVING WEDGE PRODUCTS

Let V' be a vector space and A: V — V be a linear map such that Av A Aw = v Aw
for all v and w in V. When dim V' = 1 this is not interesting, since all wedge products on
a one-dimensional space are 0. When dimV = 2, Av A Aw = (det A)(v A w), so taking v
and w to be linearly independent implies det A has to be 1, and conversely all linear maps
A:V — V where det A = 1 satisfy Av A Aw = (det A)(vAw) =vAw for all v and w in V.
What happens when dim V' > 3?8

Lemma A.1. If dimV > 3, v and w are linearly independent in V, and A: V — V is
linear with Av A Aw = v A w, then Av and Aw are in the span of v and w.

Proof. By the symmetry in v and w, it suffices to show Awv is in the span of v and w.

Step 1: If u, v, w are linearly independent in V' and there is an € V such that u Ax and
v A w linearly dependent, then u A x = 0.

We will show z is a scalar multiple of u, which makes u A x = 0.

Since v and w are linearly independent in V', v Aw # 0, so linear dependence of u A x and
v A w implies u A z = ¢(v A w) for some scalar c¢. Extend the linearly independent subset

{u,v,w} to a basis of the span of w,v,w,z. Call this basis {ei,...,eq}, where d = 3 or 4,
e1 = u, ea = v, and e3 = w. Write z in the basis {e;} as Z;l:1 aje;j. Then
d
uNz=e Nz = Zaj(el/\ej).
i=2

Also u Az = c(v Aw) = c(ez Aes), so

d
(A1) Zaj(el Nej) = c(ea Nes).
j=2

80ur discussion of this question was inspired by https://math.stackexchange . com/questions/4723915/.
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The wedge products {e; Ae;}icj in A%2(V) are linearly independent, so (A.1) tells us a; = 0
when j = 2,...,d (and ¢ = 0). Thus x = aje; = aju, which is a scalar multiple of u, so
uNzx=0.

Step 2: If v and w are linearly independent in V', and A: V — V is linear with AvA Aw =
v A w, then Av is in the span of v and w.

Suppose Av is not in the span of v and w. Then {v,w, Av} is linearly independent, so
the condition Av A Aw = v A w implies Av A Aw = 0 by Step 1. Then v A w = 0, which
contradicts the linear independence of v and w. Thus Awv lies in the span of v and w. [

Theorem A.2. When dimV > 3, the only linear maps A: V — V satisfying Av A Aw =
vAw for all v and w in V are A = +idy .

Proof. If A = +idy, then it’s obvious that Av A Aw = v A w for all v and w in V.

Now assume Av A Aw = v Aw for all v and w in V. To prove A = idy we break up the
argument into three steps.

Step 1: For each nonzero v € V there is a scalar a, such that Av = a,v.

Since dim V' > 3, there are w and w’ in V' such that {v,w,w’} is linearly independent.

The condition Av A Aw = v A w implies Av is in the span of v and w by Lemma A.1,
while the condition Av A Aw’ = v A w’ implies Awv is in the span of v and w’. Thus

Av=av+bw, Av=dv+buw

for some scalars a,b,da’, and b¥'. The linear independence of {v,w,w'} implies a = o’ and
b=10b =0, so Av = av. The coefficient a may depend on v, so write a as a,.

Step 2: All the scalars a, are equal.

Pick nonzero v and w in V, so Av = a,v and Aw = a,w. We want to show a, = a,.

If v and w are linearly dependent, say w = cv, then Aw = cA(v) = ca,v = a,w, SO
Uy = Qy.

If v and w are linearly independent, then

A+ W) = yyw(V 4+ W) = Gypwt + aprpw  and  A(v 4+ w) = Av + Aw = ayv + aw.

By linear independence of v and w we have ayiy = Gy and Gyip = Gy, SO Uy = Gy

Step 3: A = %idy.

By Step 2, there is a common scalar a such that Av = av for all nonzero v € V, so
A = aidy. Pick two linearly independent v and w in V', so the condition Av A Aw = v Aw
implies a?(v A w) = v A w. Since v A w is nonzero, a? = 1, so a = £1. Thus A = aidy =
+idy . O
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