SIMULTANEOUSLY ALIGNED BASES

KEITH CONRAD

Let R be a PID, n be a positive integer, and M be a finite free R-module of rank n.
By the structure theorem for modules over a PID, for any submodule M’ of M also having
rank n (to be called a full submodule of M) we can find a basis eq, ..., e, of M and nonzero
ai,...,a, in R such that ajeq,...,aye, is a basis of M’. We call such a pair of bases of M
and M’ aligned.

Pick two full submodules of M, say M’ and M”. If there is a basis eq,...,e, of M and

two sets of nonzero af,...,al, and af,...,al in R such that
n n n
_ r / "_ "
M = Re;, M = Raze;, M" = Raj'e;
i=1 i=1 i=1

then we’ll say M’ and M"” admit simultaneously aligned bases. Do such bases always exist?
Of course if R is a field then they do because the only full submodule of M is M, so the
situation is trivial.

The following example shows simultaneously aligned bases need not exist in R? if R is
not a field.

Example 1. Let R be a PID that is not a field, so R contains prime elements. Let m be
prime in R. Inside R? set

0 ) n(E)-{() o)
2) M”_R<g>+3<;>_{<§> :yEOmodw,mvEymode}.

First we determine an aligned basis for M’ and for M" as submodules of R?. The first
one is easy: M' = R((l)) + Rm? ((1)), SO wWe can use {(é), ((1))} as a basis of R? and {(é),ﬂ'Q ((1))}
as a basis of M’. For M", we rewrite it as

wn(2)ea(l)-ne(l) ).

SO we can use {((1)), (;)} as a basis of R? and {n? ((1)), (;)} as a basis of M”. Using these
aligned bases we see that R?/M’ and R?/M" are both isomorphic to R/(7?).

Suppose there is some basis {ej,ea} of R? and nonzero ai,as,bi,by in R such that
{aie1,a2e2} is a basis of M’ and {bje1,baea} is a basis of M”. We are going to get a
contradiction. Since R?/M’ = R/(a1) x R/(as) and R?2/M" = R/(b1) x R/(b2), from the
known structure of R?/M’ and R?/M" we have

(3) (ara) = (%), (b1ba) = (7*).
Write e; = (;i) and ey = (Z;), so being a basis of R? is equivalent to
(4) T1y2 — Tay1 € R*.

Granting (3), to have {aje1,azes} be a basis of M’ and {bie1,baea} be a basis of M” is
equivalent to having aje; and ases lying in M’ and bye; and bees lying in M”.
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al1xri ax2
a1yl a2y2
(4), y1 and g2 can’t both be divisible by m, so one of a; or as is divisible by 72. Therefore

by (3), {(a1), (a2)} = {(1),(w?)}. So far the roles of e; and ey have been symmetric, so
without loss of generality we can take

(a1) = (1), (a2) = (7%).

Therefore y; = 0 mod 72, so y2 # 0 mod 7 (because y; and ys are relatively prime).

Zizi) and boey = (Zzzj) in M"” implies b1y1,boyo = 0 mod 7, so by =
0 mod 7. It also implies, by (2), that wbix; = byy; mod 72 and whozs = boys mod 72.
Since y; is a multiple of 72 and by is a multiple of 7, these congruences mod 72 become
7wbiz1 = 0 mod 72 and 0 = byys mod 72. Since ys is not a multiple of 7, by = 0 mod 72, so
from (3) we have (b1) = (1) and (bg) = (72). Therefore 7bjz1 = 0 mod 72 = x1 = 0 mod 7.
But z1 and y; can’t both be multiples of 7 since they are relatively prime, so we have a
contradiction.

Having a1e; = ( ) and agey = ( ) in M’ is equivalent to a1y, asys = 0 mod 72. By

Having b1e; = (

We now seek a criterion on pairs of full submodules that determines when they have
simultaneously aligned bases. When M is a finite free R-module and M’ is a full submodule
with aligned bases {ej,- - ,e,} for M and {aje1,- - ,ane,} for M’, the linear operator
A: M — M where A(e;) = aje; has image M’ and det A = ay---a, # 0. Conversely, if
A: M — M is a linear operator with nonzero determinant, then A(M) is a full submodule
of M with (det A) = (c1...ck) as ideals, where M/A(M) has the cyclic decomposition
R/(c1) x -+ x R/(ck). Therefore the full submodules of M are the same thing as images of
linear operators A: M — M with nonzero determinant, and det A is determined up to unit
multiple by the structure of M/A(M) as an R-module. Writing a full submodule M’ of M
as A(M) for some linear operator A on M, how much does M’ determine A?

Lemma 2. If Ay and As are two linear operators on M with nonzero determinant, then
A1 (M) = Ag(M) if and only if A1 = AU for some U € GL(M).

Proof. Let eq,...,e, be a basis of M. If Aj(M) = Aa(M) then A;(e;) = Aa(fi) for some
fi€e M. Let U: M — M be the linear map satisfying U(e;) = f; for all i. Then A;(e;) =
As(U(ei)) = AU (e;), so by linearity Aq(m) = AU (m) for all m € M, and thus A1 = AxU.
From A{(M) = Ay(M) we get M/A1(M) = M/As(M), so det A} and det Ay are equal
up to unit multiple. Then the condition det A; = (det A3)(det U) implies detU € R*, so
U e GL(M).

Conversely, if Ay = AU with U € GL(M) then A;(M) = A2(U(M)) = Az(M). O

By this lemma, if we write a full submodule of M as A(M) for some A € End(M), then
A is determined by A(M) up to right multiplication by an element of GL(M).

Pick two full submodules of M, say A(M) and B(M), with simultaneously aligned bases:
there is a basis eq, ..., e, of M and two sets of n nonzero a1, ...,a, and by,...,b, in R such
that

M = éRei, A(M) = éRaiei, B(M) = észez
i=1 i=1 i=1

Let D: M — M and D’: M — M be the linear maps defined by D(e;) = a;e; and D'(e;) =
bje;. Written as matrices with respect to the basis ei,...,e,, both D and D’ become
diagonal matrices, so D and D’ are diagonalizable operators on M. Easily A(M) = D(M)
and B(M) = D'(M), so D = AU and D’ = BV for some U and V in GL(M). Obviously
D and D’ commute, so AU and BV commute. We now show the converse is true too.
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Theorem 3. Choose A and B in End(M) with det A # 0 and det B # 0. Suppose there
are U and V' in GL(M) such that AU and BV commute and are diagonalizable. Then the
submodules A(M) and B(M) of M have simultaneously aligned bases.

Proof. Set A’ = AU and B’ = BV, so A (M) = A(M) and B'(M) = B(M). Since A’
is diagonalizable, there is a basis eq,...,e, of M and nonzero ai,...,a, in R such that
A'(e;) = aje; for all i. Then

n n n
M =P Re;, A'(M)=EDRA (e;) = @ Rase;.
i=1 i=1 i=1
Let A1,..., A; be the distinct values among a, ..., a, and set M; = {v € M : A'(v) = \jv}
(this is the \;-eigenspace of A"). Each e; is in some M;, so M = M+ Mo+ - -+Mj,. Elements
from different M;’s are linearly independent (same as proof in vector spaces that eigenvectors

for different eigenvalues of a linear operator are linearly independent). Therefore

M=M @ - O M;.

For v € Mj, A/(B'v) = B'(A'v) = B'(A\jv) = \j(B'v), so B'(M;) C M; for all j. Let d;
be the rank of M;. Since Mj is a finite free R-module, the structure theorem for modules
over a PID says there is a basis ey, ..., eq;; of M; and nonzero cyj,...,cq;; in R such that

Mj — Relj QD Redﬁ, B,(Mj) = RC1jelj DD RCdjjedjj'

Then
k ko dj
v =, - DB e,
j=1 j=1 =1
k k dj
B(M) = B'(M) = B B'(M;) = DD e,
j=1 j=1 £=1
and
k k kodj
AQM) = A'(M) = P A M) = P AM; = DD Rers.
j=1 j=1 j=1 £=1
We have found simultaneously aligned bases for A(M) and B(M) in M. O

Let’s consider now any finite number of full submodules, not just two. The definition of
simultaneously aligned bases for more than two full submodules of a finite free R-module is
clear: a basis for the whole module that can be scaled to a basis of each of the submodules.

Example 4. If we view the ring of integers of a number field as a Z-module, any finite
set of nonzero ideals in it has simultaneously aligned Z-bases. This is proved in [1], where
Example 1 also appears for the case R =Z and 7 = 3.

Corollary 5. Forr > 2 and Ay,..., A, in End(M) with nonzero determinants, the sub-
modules A1(M), ..., A.(M) of M have simultaneously aligned bases if and only if there are
Ui, ..., Uy in GL(M) such that A Uy, ..., AU, are diagonalizable and pairwise commuting.

In particular, if Ay,..., A, are diagonalizable and pairwise commuting in End(M) with
nonzero determinants then the submodules Ay(M),..., A.(M) of M have simultaneously
aligned bases.

Proof. If there are simultaneously aligned bases for A;(M),..., A.(M), then the same ar-
gument as before leads to Uy, ..., U, in GL(M) such that AUy, ..., A, U, are diagonalizable
and pairwise commuting.
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Conversely, suppose there are Uy, ..., U, in GL(M) such that A U, ..., A,U, are diag-
onalizable and pairwise commuting operators on M. Set A} = A1Uy,..., Al = A,U,. We
want to show the submodules A;(M),... A.(M) have simultaneously aligned bases in M.
Since A}(M) = A1(M),...,AL(M) = A.(M), we can replace Ay,..., A, with A,...  AL:
to show A} (M),..., Al (M) have simultaneously aligned bases when A, ..., A} are diago-
nalizable and pairwise commuting, we will proceed by the same inductive argument that
is used to show a set of commuting diagonalizable operators on a finite-dimensional vector
space are simultaneously diagonalizable.

Since A} is diagonalizable, there is a basis e1,...,e, of M and nonzero ay,...,a, in R
such that A (e;) = a;e; for all i, so

n n n
M = P Re;, Aj (M) = P RA|(e;) = P Raies.
i=1 i=1 i=1
Let Ay, ..., A\x be the distinct values among a,...,a,. Then as before,
M=M®-- & My,

where M; = {v € M : Aj(v) = A\jv} (and M; # {0}). As before, each M; is preserved
by A}, ..., Al and the restrictions of these operators® to M; are pairwise commuting with
nonzero determinant. Once we show the restrictions of A5, ..., A} to M; are each diago-
nalizable, then by induction on the number of operators there are simultaneously aligned
bases for A5(M;), ..., A,.(M;) as submodules of M; (that is, each M; has a basis that can
be scaled termwise to provide a basis of those submodules). All elements of M; are eigen-
vectors for A}, so by stringing together bases of My, ..., M} to give a basis of M we have
a simultaneously aligned basis for A}(M),...,AL(M) in M, and then we’d be done (since
AII(M):Al(M)’7A;"(M):AT(M)) O
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1We have no reason to expect Aa, ..., A, preserve the M;’s.
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