REPRESENTATIONS OF Aff(F,) AND Heis(F,)

KEITH CONRAD

For each prime power ¢, we will construct all irreducible representations over C of the
groups Aff(F,) and Heis(F;). To find all of them, there are three parts:

e build as many irreducible representations as the number of conjugacy classes,

e show a representation is irreducible by checking its character has inner product 1
with itself (1-dimensional representations are automatically irreducible),

e show irreducible representations are nonisomorphic by checking their characters are
different.

1. REPRESENTATIONS OF Aff(F,)
Let F be a field. In Aff(F), the group law is

66 D=0 ") 63 =00 )

Two subgroups of Aff(F) are

(6 9)2r)- {6 e}

which are isomorphic to F* and F' as groups. Matrices in Aff(F') decompose into a product
of elements in these subgroups as

61)-6DG6 1)

The product in the other order doesn’t work in the same way:

a 0\ /1 b\ _ (a ab
0 1/J\0o 1) \0o 1)°
Conjugation in Aff(F) is

o G666 )

By (1.1), Aff(F) has trivial center unless F' = F5, in which case Aff(F) is abelian.!
Here are the conjugacy classes in Aff(F):

(6 )
(6 ) er)

lUse # = y = 1 to see a matrix in the center of Aff(F) has a = 1. If F # Fa, so F'* # {1}, then use
y =0 and z # 1 to see a matrix in the center of Aff(F') has b = 0.
1

e the identity matrix

e the set
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e for each a € F with a # 0 and a # 1, the set

o 1)oer)

So in Aff(F,) there are a total of 14+ 14 (¢ —2) = g conjugacy classes and thus there are ¢
irreducible representations of Aff(F,) over C.
One-dimensional representations: Since the upper left entry in Aff(F,;) behaves

multiplicatively in the group law, for each homomorphism x: F7 — C* we get a one-
dimensional representation Aff(F,) — C* by

(3 11)> — x(a).

Since F is cyclic of order ¢ — 1, there are ¢ — 1 such x, so we get ¢ — 1 one-dimensional
representations of Aff(F).

Remaining irreducible representation: From the count of conjugacy classes there is
one more irreducible representation of Aff(F,). Letting d denote its degree, from ¢—1+d? =
| Aff(Fy)| = q(qg — 1) we get d = ¢ — 1, so we seek a (¢ — 1)-dimensional representation.

Consider the complex vector space V' of functions f: Fy — C. This is g-dimensional. Let

each g € Aff(F,) act on V as a linear change of variables using g ': (py(g9)f)(z) = f(g 'z).

We need g~! rather than g in the formula to get py(gh) = py(g)pv (h). Explicitly,
1 b
(s =1 (o= 1).

The constant functions in V form a one-dimensional subspace on which Aff(F,) acts trivially.
Another Aff(F,)-stable subspace of V' is

W=<qfeV: Zf(z:):O

zeF,

and py = pw @ 1, where pyy is the restriction of py to W. The dimension of W is g — 1.

To show W is irreducible, we compute its character from that of V: xy = xw + 1. A
basis of V' is the ¢ delta-functions 6;: F; — C for t € F,, where 0;(z) is 0 for = # t and
6¢(t) = 1. Since py (& Y)0: = daz+b, the matrix for py (¢ %) with respect to the delta-basis of
V is a permutation matrix that describes how ¢t — at + b permutes F,. Thus

b 1, ifa#1,
XV(S 1>:|{tqu:at+b:tinFqH: q, ifa=1andb=0,
0, ifa=1andb=#0.
Therefore
0, if a # 1,
“ 0 a b —-1= 1 ifa=1land b=0
XWlog 1) =XV o 1 =4¢—1, mTa=1landb=0,
-1, ifa=1and b #0.
The inner product of xy with itself is

L ZXW(Q)XW(Q) = #((q — 1?4 (g—1)(-1)?) = (¢=1)°+(a-1) —1,
g

qlg—1) Cqlg—1) qlg—1)
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so W is irreducible. It is a new irreducible representation since it’s not 1-dimensional, except
if ¢ = 2, in which case py is nontrivial while the single one-dimensional representation
constructed earlier (¢ — 1 =1 if ¢ = 2) is trivial (note Aff(F3) = Fy).

2. REPRESENTATIONS OF Heis(Fy)

For a field F, the group law in the Heisenberg group Heis(F') is

1 a b 1 d ¥V 1 a+d b4V +ad
(2.1) 01 ¢||0 1 d)=]0 1 c+d
0 0 1 0 0 1 0 0 1
with inverse formula
1 a b\ ' 1 —a —b+ac
01 c =10 1 —c
0 0 1 0 O 1
Three subgroups of Heis(F') are
1 a O 1 0 b 1 00
01 0):ae€e 01 0):beF,, 0 1 c|:ceF,,
0 01 0 01 0 01

which are each isomorphic as groups to the additive group of F. Note the subset

ra,c € F

OO =
O = Q
— o O

is not a subgroup of Heis(F') since it’s not closed under multiplication.

Each matrix in Heis(F) is a product of matrices in the three subgroups above:
1 a b 100 1 0 b 1 a O
(2.2) 01 ¢]=]01 ¢ 010 01 0
0 01 001 0 01 0 0 1
If we multiply these three matrices in the reverse order,
1 a O 1 0 b 1 00 1 a b+ac
010 010 01 c¢c|=101 c
0 01 0 01 0 01 0 0 1
Conjugation in Heis(F') is described by the formula
1 z vy 1 a b 1z y\ " 1 a b—az+cx
(2.3) 01 =2 01 ¢ 01 =z =10 1 c
0 0 1 0 0 1 0 0 1 0 0 1
In particular, the center of Heis(F') is
1 0 b
(2.4) 01 0):beF
0 01

Using the conjugation formula (2.3), we get the conjugacy classes in Heis(F):
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e for each b € F', the single matrix

= o o

1
0
0

S = O

e for each pair (a,c) € F? — {(0,0)}, the set

}
a
1 :be F
0

=0 <

1
0
0
When F' = F, there are q + (¢> — 1) = ¢* + ¢ — 1 conjugacy classes in Heis(Fy), so this
group has ¢ + g — 1 irreducible representations over C.

One-dimensional representations: Fix a nontrivial homomorphism ¢: F, — C*.
e27rirTrFq/Fp (a)’

An example is ¥(a) = where F, has characteristic p and Trg_jp,: Fg = Fp
is the trace map. (If ¢ = p then ¢: F, = C* by ¢(a) = e?™@/P ) Since the a and ¢ terms
of a matrix in Heis(F,) each combine additively under multiplication in Heis(Fy), for each

x,7y) € F2 there is a 1-dimensional representation 1), ,: Heis(F,) — C* given by
q 7 q

1 a b
(2.5) Yy [0 1 ¢ ]| =4¢(za+ye).
0 01

Check as an exercise that from ¢: F, — C* being nontrivial, if ¢, , = 1y ;v then (z,y) =
(,y/) in F2, s0 {thgy : (z,y) € F2} is ¢* irreducible representations of degree 1. (Hint:
first show that if  # 0 or y # 0 then 1, , is nontrivial, i.e., is not identically 1.)

Remaining irreducible representations: The number of remaining irreducible repre-
sentations is (¢ +¢—1) —¢*? = ¢—1. Their degrees {d;} satisfy ¢+ d? = | Heis(F,)| = ¢,
so > d? = ¢ — ¢* = (¢ — 1)¢®>. We will find g — 1 irreducible representations of degree q.

Let V, as before, be the g-dimensional vector space of functions f: F, — C. We will
define three actions of F; on V, and composing them in a suitable order will give an action
of the group Heis(F,) on V. Fix a nontrivial homomorphism +: F, — C*. For a,b,c € F,
define the linear maps o4,: V =V, : V — V, and ¢.: V — V by

(0af)(@) = f(z+a), (nf)(z)=v(0)f(x), (pef)(x)="1(cz)f(2).
For t € Fy, note 7 multiplies each function in V' by the number ¢ (t) while ¢; multiplies
each function in V' by the function ¢ (tx).
Check 04 004 = 0g1a/, v 0 Ty = Tpap, and @ © o = .1 as functions V. — V, so
a+ 0g, b= T, ¢ = . are actions of Fy on V by linear maps. Check 7, commutes with
both o, and ., while o, and . commute with each other up to scaling by a root of unity:

(2.6) 0qOTy =ThO0q, PcOTh=ThO P, 0qOPe=1(aC)Pc0 04 = Tae© Pe© Tg.
Using (2.6), the 3-fold composites o, o 7, © . compose as follows:
(Ua Ty O (Pc) % (Ua’ O Ty O 900’) = 0q0TpO (‘Pc OO'a/) O Ty © Per
04070 (T_gre 0 0 0 ) 0 Ty 0 P
= 0aO9Tp—a'c©0aq O Ty O PcO P
= Ua o Ua’ o Tb—a’c o Tb/ o SOC o SDCI

= Og+a’ © To+b'—a’c © Pe+c' -
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This is almost like the way matrices in Heis(F,;) multiply in (2.1), and it would match
matrix multiplication if 744y _q/c Were Ty . Matrices in Heis(F,) decompose in (2.2)
using reverse alphabetical order, which suggests looking at ¢.om,00, instead. By calculations
as above,
(‘pc oTy Oaa) o (‘pc’ O Ty © Ua/) = PcOTpO (Ua O‘Pc’) O Ty O 0gy

= Pc0Th0 (Tae © Per ©04) O Ty 0 Ty

= PcOThtac ©Pc OTy ©0q © Oy

= PcO P O Thige O T ©Tg O T

= Pctc © Totb +ac’ © Oata’-

This is exactly how matrices in Heis(F,) multiply, so we can define a g-dimensional repre-
sentation py, of Heis(F,) on V' by

g= = py(g) = @0 Ty 0 0g.

S O =
O = Q
0 o

As a formula, for f € V

(g (9) 1) (@) = (pemvoaf)(2) = Y(cx)(noaf)(x) = P(cx)(b) f(z + a) = P(cx + ) f(x + a).
Let’s compute the character of p,. Using the basis {d; : t € Fy} of V', we have

1 a b .
_ _ ) (e(t —a)+b), ifz=t-—a,
o= (01 :»(pw(g)&)(x)—w<cx+b>5t<x+a>—{07 M,

S0)
py(9)0¢ = Y(c(t — a) + b)d—a-
e If a # 0, then the matrix of py(g) with respect to the delta-basis has 0’s on the
main diagonal, so (Tr py)(g) = 0.
e If a = 0, then the matrix of py(g) with respect to the delta-basis has diagonal
entries ¥ (ct +b), so (Tr py)(g) = > osep, ¥(ct +b). If ¢ # 0 then this sum equals
>_zew, ¥(x), which is 0 since 1 is nontrivial, and if ¢ = 0 then this sum is g3 (b).

Thus the character xy, of py, is

1 b .
(2 7) X 0 (11 cl| = qw(b), ifa=c= ()7
. ¥ 00 1 0, otherwise,

so for each nontrivial homomorphism v : F; — C*, the inner product of x with itself is

3ZX¢ 9)xu(9) 3Zq¢ )qi(b) 21—1

beF, ?yer,

There are ¢ — 1 nontrivial homomorphisms 1: F, — C*, and to each is a ¢g-dimensional
irreducible representation py, of Heis(F,). To prove py’s for different nontrivial ¢ are non-
isomorphic, we show their characters x, are distinct. This is a consequence of the formula

1 0 b

(2.8) X¢ | 001 0) =qu(b),
00 1
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which is a special case of (2.7). It shows we can recover each nontrivial ¢ from the character

Xy of the g-dimensional representation p, of Heis(Fg). (Alternatively, check for different

nontrivial homomorphisms v1,¢2: F; — C* that the inner product of the characters of

py, and py, is 0, so for different nontrivial ¢’s the representations p, are nonisomorphic.)

The center of Heis(F,), by (2.4), is

1 0 b

Zy = 01 0):beF,,p=F,,
0 01

so (2.8) tells us that each ¢g-dimensional irreducible character x,, of Heis(Fy) is determined
by its restriction to Z,, since x, on Z, is enough information to determine ¢ on F,, which
is all we need to compute x,, on Heis(Fy) in (2.7). In terms of representations rather than
characters, the definition of p, shows that py on Z, is described by

1 0 b
P 010 :Tbif'—>¢(b)f
0 01

for all functions f € V, so py restricted to Z; is enough information to recover ¢ on F,.
Each ¢-dimensional irreducible representation p, of Heis(F,) is nontrivial on Z;. The
other irreducible representations of Heis(F,) are 1-dimensional, and they are trivial on Z,
by (2.5).2 Thus the irreducible representations of Heis(F,) that are nontrivial on Z, are
in bijection with the nontrivial characters of Z, by p, + ; this is an analogue of the
Stone-von Neumann theorem in mathematical physics about representations of Heis(R).?
More on the irreducible representations of Aff(F,) and Heis(F,) is in [1, Chap. 16-18].
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