RINGS OF INTEGERS WITHOUT A POWER BASIS

KEITH CONRAD

Let K be a number field, with degree n and ring of integers O. If O = Z[a] for some
a € Ok, then {1,a,...,a" 1} is a Z-basis of O. We call such a basis a power basis.

When K is a quadratic field or a cyclotomic field, O admits a power basis, and the use
of these two fields as examples in algebraic number theory can lead to the impression that
rings of integers always have a power basis. This is false. While it is always true that

Ok =Ze1 @ --- D Ze,

for some ey, ..., e,, often we can not choose the e;’s to be powers of a single number. We will
describe the first known cubic field K where O g has no power basis, then describe an infinite
set of Galois cubic fields whose ring of integers has no power basis, and then describe an
infinite set of quadratic extensions of imaginary quadratic fields without a relative integral
power basis.

1. DEDEKIND’S CUBIC FIELD

The following example is due to Dedekind. He showed how he found it in 1871 [1,
pp. 1490-1492] (pp. 13-14 in the English translation). In later work, such as [2, pp. 30-36],
it was introduced without explanation.

Theorem 1.1. Let K = Q(6) where 6% — 6% —20 —8 = 0.1 Then 0 := 4/0 is in O,
Ox =Z+ 720+ 76, and for all a in Oxg — Z we have 2| Ok : Z[a]], so Og # Z|a].
Proof. The field K is cubic since the polynomial is irreducible over Q. By algebra,

8 2 1

3 2 _ —
6° — 40 —29—8—0:>ﬁ+9f2+5—1—0

-y e
0 0 0 ’
so 0 is a root of T3 + T2 + 2T — 8 and thus ¢’ € Ok. From the cubic relations of 6 and ¢’
over Q, we have @/ =4/0 = (0> —0)/2 —1 and 6 = 4/’ = (0"> + ') /2 + 1. Therefore
(1.1) 0?=2+0+20, 0%=—-2+20-¢,

s0 Z + Z0 + Z6' is a subring of Ox. Using (1.1) and the values Tr(f) = 1 and Tr(¢’) = —1,
where Tr = Trg q,

Tr(l) Tr(0) Te(¢) 3 1 -1
disc(Z + Z60 + Z0') = det | Tr(9) Tr(6?) Tr(00')| =det| 1 5 12 | =503
Tr(0) Tr(06') Tr(0"?) -1 12 -3

which is a negative prime, and hence squarefree, so O = Z + Z60 + Z0'.

1Some references define K using a root of T + T2 — 2T + 8, which is the minimal polynomial for —6.
That mixture of positive and negative coefficients makes it harder to remember this polynomial, so don’t
use it. Dedekind didn’t use it either.
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For all a in O — Z, K = Q(a), so [Ok : Z]a]] is finite: when a finite free Z-module
contains another finite-free Z-module of the same rank, the index [Og : Z[«]] is finite. To
show this index is even, write @ = a + b + cf’ for integers a, b, and c. Either b or ¢ is
not 0 (otherwise o € Z). The index [Ok : Z[a]] can be computed from the matrix A that
expresses 1, o, a? as Z-linear combinations of 1,6, 6’

1 1
a|=A0| = [0k :Za]] =]|det A
a? 4

by Theorem 5.19 in https://kconrad.math.uconn.edu/blurbs/linmultialg/modules
overPID.pdf.
To compute det A, we may assume a = 0 since Z[a] = Z[a — a]. Then

a? = (b0 + cb')?
= b%6% 4 2bc(00') + 20"
=b%(2+ 60 +20") +8bc + c*(—2+20 — 0') by(1.1)
= (2b% 4 8bc — 2¢2) + (b* 4+ 2¢)0 + (2b* — )¢,

SO

1 1 0 0 1

a | = 0 b c 0

o? 202 + 8bc — 2¢2 b +2c2 2% — 2 o'
and the determinant of the matrix modulo 2 is —bc? — cb? = —be(c + b), which is even for
all integers b and c¢. Thus [Og : Z[a]] is even for all & in O — Z. O

Corollary 1.2. As a runs over Ox — Z, the ged of the integers disc(Z[a]) is 4 - 503.

Proof. We have disc(Z[a]) = disc(Ok)[Ok : Z]a]]? = —503[0f : Z[a])? and [Of : Z[a]] is
even by Theorem 1.1, so disc(Z[«]) is divisible by 4 -503. The ged of all disc(Z[«]) is 4 - 503
since the discriminant is —4 - 503 when o = 6:

Z[0) =Z+ 70 + Z6* = Z + Z6 + 720
since 62 = 2+ 0 + 20', so [Ok : Z[f]] = 2 and thus disc(Z[0]) = —503[Ox : Z[0]]* =
—503 - 4. U
2. MANY CUBIC (GALOIS EXTENSIONS WITHOUT A POWER BASIS

We now describe infinitely many Galois cubic extensions of Q whose ring of integers has
no power basis. The method is based on the following theorem about cubic fields.

Theorem 2.1. In a cubic field F' where the prime 2 splits completely, O # Z[a] for all
a€ Op — 7.

Proof. Suppose Op = Z[a] for some o« € Op — Z. Let f(T) be the minimal polynomial of
a over Q, so f(T) is an irreducible cubic in Z[T']. Then
Op = Zlo] = Z[T]/f(T).

Since we are assuming Op = Z[a], the way each prime p decomposes in Or matches the
way f(T) mod p decomposes. Therefore 2 splitting completely in F' implies f(T") splits com-
pletely in (Z/2Z)[T]: f(T) mod 2 is a product of three distinct monic linear polynomials.
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But (Z/2Z)[T] only has two such polynomials, 7" and 7"+ 1. We have a contradiction, so
Of # Zla] for all a € O — Z. O

Now fix a prime p = 1 mod 3. Since the group Gal(Q({y)/Q) = (Z/pZ)* is cyclic,
there is a unique cubic subfield F, in Q((p) and Gal(F),/Q) is isomorphic to the quotient of
(Z/pZ)* by its subgroup of cubes. A prime number that is unramified in an abelian Galois
extension F'/Q splits completely in F if and only if its Frobenius element in Gal(F/Q) is
trivial, so 2 splits completely in F,, if and only if 2 mod p is a cube. (This reasoning about
when 2 splits completely in F), goes through for every unramified prime in F},, which means
all primes other than p, as p is the only prime ramifying in the larger field Q({p).)

The primes p for which F), fits the hypothesis of Theorem 2.1 are those p = 1 mod 3 such
that 2(°~1/3 = 1 mod p. These are the primes that split completely in the splitting field of
T3 —2 over Q, and by the Chebotarev density theorem there are infinitely many such p and
their density among all primes is 1/6. The first few such p are 31, 43, 109, and 127. For
each of these p, Theorem 2.1 tells us the ring of integers of I, does not have a power basis.

Remark 2.2. That the ring of integers of Dedekind’s cubic field Q(6) from Theorem 1.1
lacks a power basis can be proved using Theorem 2.1: 2 splits completely in that field.
However, showing 2 splits completely in Q(€) requires techniques other than those we used
to show 2 splits completely in F,, when p = 1 mod 3 and 2 mod p is a cube, since Dedekind’s
cubic field is not in a cyclotomic field (for example, Q(6) is not Galois over Q).

For a cubic field F, it turns out that 2 splits completely in F' if and only if [Op : Z[a]]
is even for all @« € Op — Z. Having that index always be even implies O # Z[a] for all
a € O — Z since the index can’t be 1. In 1882, Kronecker [7, p. 119] said that back in
1858 he had found an example of a subfield K of Q((13) where O has no power basis over
Z. 1t is the quartic subfield K, and it turns out that 3 | [Ox : Z[«]] for all & € Ok such
that K = Q(«).

A generalization of a number field K satisfying 2 | [Ox : Z[a]] for all & € Ok such that
K = Q(a) is K satisfying p | [Ox : Z[a]] for some prime p and all & € Ok such that
K = Q(a). Call such p a common indez divisor for K. The existence of such p is sufficient
for Ox not to have a power basis.? Dedekind [2, Sect. 4] (and later Hensel [5, p. 138])
showed a prime p is a common index divisor for a number field K if and only if there is
d > 1 such that the number of different prime ideal factors of pOx with residue field degree
d is greater than the number of monic irreducibles of degree d in Fp[T].3 Using d =1, p
is a common index divisor for a number field K if p < [K : Q] since there are p monic
irreducibles of degree 1 in F,[T"] while a prime splitting completely in K has [K : Q] prime
ideal factors in O . In particular, if K is a cubic field in which 2 splits completely, then
[Ok : Z[a]] is even for all & € O such that K = Q(«). (A prime p that is a common
index divisor for K must be less than [K : Q] by a theorem of von Zylinski [10].4) See [3]
for a proof that there are infinitely many cubic fields without a power basis for which this
even-index condition does not apply.

When p = 1 mod 3, O, may or may not have a power basis. The next theorem gives a
Z-basis for it in all cases.

2This criterion is not necessary: for K = Q(¥/175), Ox has no power basis but [0k : Z[V/175]] = 5
and [Ox : Z[¥/245]] = 7. This is explained in Example 4.15 in https://kconrad.math.uconn.edu/blurbs/
gradnumthy/different.pdf.

3See Theorem 5.2 in https://kconrad.math.uconn.edu/blurbs/gradnumthy/dedekind-index—thm.pdf

4See Theorem 5.3 in https://kconrad.math.uconn.edu/blurbs/gradnumthy/dedekind-index-thm. pdf.
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Theorem 2.3. For each prime p = 1 mod 3, let r € (Z/pZ)* have order 3. Then Of, =
Zno + Zny + Zny, where

no = Trqe,)/r, (&) = Z Lom = Z b = Z 3

t(P=1)/3=1 mod p t(P=1)/3=r mod p t(P=1)/3=r2 mod p

The numbers 7; are examples of (cyclotomic) periods [9, pp. 16-17].

Proof. For ¢ € (Z/pZ)*, ¢?~1)/3 is a cube root of unity and therefore is in {1,7,72}. For
suitable ¢ each of the three values is achieved. Let 0. € Gal(Q((p)/Q) send (, to (5. Then

o) =oc| >, G)= > G= 2 2

t(P=1)/3=pi mod p t(P=1)/3=ri mod p t(P=1)/3=c(P—1)/3ri mod p

so o, permutes {ng,7n1,72} the same way multiplication by ¢®~1/3 permutes {1,r,72}.
Therefore 19, 71, and 72 are Q-conjugates, and since F), is the unique cubic subfield of
Q(¢p) each of 1o, n1,n2 generates F), as a field extension of Q.

The standard basis of Q((,) over Q is {1,(p,..., 5_2}, and this is also a basis for
Z[(p] over Z. It is more convenient to multiply through by (, and use instead B =
{Gs Gps - -+ 571} as a basis of Q((p) over Q or Z[(,] over Z, since this is a basis of Galois

conjugates (a normal basis over Q). For example, 79, 71,72 are sums of different numbers
in B, so 19,1, and 72 are linearly independent over Q and thus form a Q-basis of Fj,.
Each z € Op, has the form x = agno + a1m + azne for ag, a1, az € Q. On the left side,
since z is an algebraic integer in Q((p) it is a Z-linear combination of the numbers in B.
Expanding the right side in terms of B, the coefficients are ag, a1, and ag, so comparing
coefficients of the numbers in B on both sides shows ag, a1, and ay are all integers. (]

To measure how far Z[n] is from the full ring of integers O, we'd like to compute the
index [OF, : Z[no]]. This can be expressed in terms of discriminants: if f(7") € Z[T7] is the
minimal polynomial of 79 over Q then

(2.1) disc(f(T)) = [OF, : Z[no))? disc(OF, ).
What are these discriminants?
Theorem 2.4. For p=1mod 3, disc(Op,) = p*.

Proof. The discriminant of O, is the 3 X 3 determinant

Te(nd)  Tr(nom) Tr(nome)
Tr(mno) Tr(nd)  Tr(mnz)|,
Tr(namo) Tr(nem)  Tr(n3)

where Tr = Trp /q. Since 7o, 71,72 are Q-conjugates, as are nom1, 1072, and 7172, we have

Tr(nd)  Tr(nom) Tr(nom)
disc(Op,) = |Tr(nom)  Tr(ng)  Tr(nom)
Tr(nom) Tr(nom) Tr(nd)

(2.2) = a® — 3ab® + 2b°,
where a = Tr(n3) and b = Tr(nom).



RINGS OF INTEGERS WITHOUT A POWER BASIS 5

The trace of no is Tr(no) = 1o + m +nm2 = X =1 ¢t = —1. To compute Tr(ng), we

compute
2 b
D DD DR
a(P—1)/3=1 p(p—1)/3—1
= 2 2 g
a(P—1)/3=1 p(p—1)/3—1
SO M-
p(P—1)/3—=1 q(p—1)/3—=1
-1
= T + Z o1+46(10)
b(P—1)/3=1 bt —1
p —
(2.3) =3 tamtamn+ecmn,
where

= {b#0,—1:P D3 =1 (14 p)@ D3 =1},
=|{b#0,-1: bp1>/3—1(1+b)<p1 =},
CQ—\{b#O —1: 0PV =1 (14 )P~Y/3 =42},

(Recall 7 and r? are the elements of order 3 in (Z /pZ)*.)
Taking the trace of both sides of (2.3) gives

Tr(ng) = (p— 1) + (co + 1 + c2) Tr(mo) =p — 1 — (co + ¢1 + c2).

The sum of the ¢;’s is the number of solutions to b®~1/3 =1 in Z/pZ except for b= —1, so
1 2
(2.4) Tr(nd) =p—1— (3 - 1) g(p - 1)+ 1.
Writing

Tr(ng) = 03 + i + 15
= (no + m +12)* = 2(nom1 + mn2 + nota)
= (Trmo)* — 2 Tr(nom)
(2.5) =1-2Tr(nom),

we compare (2.4) and (2.5) to see that Tr(nom) = —(p —1)/3.
Feeding the formulas for Tr(n2) and Tr(non;) into the discriminant formula (2.2) gives

disc(Op,) = (g(p— 1)+ 1)3 —-3 <§(p— 1)+ 1) <p;1>2 -2 <p;1>3 =p> O

Remark 2.5. The discriminant of F), can be calculated using ramification rather than a
basis: the extension Q((,)/Q is ramified only at p, so if K is an intermediate field then it
is ramified only at p too. Since Q((,)/Q is totally ramified at p, K is totally ramified at p
as well. If a number field is totally ramified at a prime p and has degree n not divisible by
p then it can be shown that its discriminant is divisible by p"~! but not p™. Therefore if
[K : Q] = d, disc(K) = +p?~1. The sign of disc(K) is (—1)"2(5) [9, Lemma 2.2], and when
p = 1 mod 3 the cubic field F), has ro = 0 since a Galois cubic with a real embedding has

re = 0, so disc(F,) = p>~1 = p%
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The first few primes p = 1 mod 3 are
7. 13, 19, 31, 37, 43, 61, 67, 73, 79, 97.

For every prime p = 1 mod 3 we can write 4p = A?+27B? and such an equation determines
A and B up to sign [6, p. 119]. The table below gives the positive A and B for the above p.
p | 7 13 19 31 37 43 61 67 73 79 97
@B L) G0 7 G (L) 32 (L3 63) (73 (751 (19,1)

Numerically, for each of the above p a calculation of f(T°) as (T'—no)(T —mn ) (T —n2) shows
the discriminant of f(7T) is (pB)?. By (2.1) and Theorem 2.4, the formula disc(f(T)) =
(pB)? is equivalent to [OF, : Z[n]] = |B|, so by the above table Z[no] has index 2 in Op,
when p is 31 and 43, the index is 3 when p is 61, 67, and 73, and the index is 1 (i.e.,
OFr, = Z[no]) for the other p in the table. For a more rigorous discussion of the formula
disc(f(T)) = (pB)?, see [4]. Claude Quitte observed numerically for the above p an index
formula using A: [Op, : Z[no — m]] = |A|.

The formula disc(f(T)) = (pB)? leads to a formula for f(T). In terms of its roots 7;,

J(T) = (T = no)(T = m)(T — n2)
=T° — (no +m +12)T° + (o + nonz +mn)T — nomne
=T3 —Tr(no)T* + Tr(nom)T — nomine

—1
=T — (-1)T° - p73 T — nommn

-1
=T+ T% - pTT — ToM172-
We want to write the constant term of f(7') in terms of p. The general formula

disc (7% + T? + aT +b) = —4a® + a* + 18ab — 27b* — 4b

with a = —(p — 1)/3 and b = —nomi 12 is

4 4 1, (2 ) 1 p? 6(27b—1) (276 —1)?
—p = Z_6b)p—2T®+2— — = (4p—9— -
o7P T3P +<9 >p T T\ D 2

2 2
P 27— 1
=— |4p— (3 .
27 ( P < T
Setting 4p = A? + 2782, this discriminant is

2 2 2 2

D 2 2 27b -1 D 9 27b -1 2
—= | A" +27TB" — == |A" - B)°.
27( +27 (3+ » o7 3+ ) + (pB)

Therefore

270 -1

disc(f(T)) = (pB)? <= 3 + =+A.

Since p = 1 mod 3 we have 3 + (27b — 1)/p = —1 mod 3, so if we choose the sign on A to
make A = 1 mod 3 then 3 4+ (27b — 1)/p = —A. Rewrite this as b = (1 — p(A + 3))/27, so
the minimal polynomial of 7y over Q is

1 1-p(A+3)

_ 73 2 P~
(2.6) f(y=17"4+T 3 T+ 97

with 4p = A% +27B? and A =1 mod 3.
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Example 2.6. The first p = 1 mod 3 for which F), fits the hypothesis of Theorem 2.1
(meaning 2 mod p is a cube) is p = 31, for which 4p = 124 = (4)? + 27(2)2. Therefore the
cubic subfield of Q((31) is Q(n9) where, by (2.6), 19 has minimal polynomial

31-1 1-31(4+3)

T3+ 7% - T
+ 3 + 27

The field Q(no) is a cyclic cubic extension of Q in which 2 splits completely and its ring of
integers has no power basis.

=T34+7T2 10T — 8.

Example 2.7. The second p fitting the hypothesis of Theorem 2.1 is p = 43, for which
4p =172 = (—8)2 +27(2)? (we use —8 so that A = —8 = 1 mod 3). Thus the cubic subfield
of Q({u3) is Q(no) where 7o has minimal polynomial

43-1_ 1-43(-8+3)

T3+ 7% — T
+ 3 + 27

and this cubic field has the properties indicated at the end of the previous example.

=T34+ T2 14T + 8

The minimal polynomial of ng —n; over Q is (T'— (no —n1)) (T — (n1 —n2) ) (T — (n2 —no))-
Expanding this out, we get

(2.7) T2 + (nom + nomz +mnz —ng — 0 — m3)T + (0 — m)(m — n2) (12 — Mo).

The coefficient of T is 3 Tr(ngm) — (Trng)? = —3(p — 1)/3 — (—=1)?> = —p and the constant
term is \/disc(f(7)) = £p|BJ|. The sign of the constant term in (2.7) is sensitive to the
choice of ¢, and nontrivial cube root of unity 7 mod p in the definition of the n;, e.g.,
changing r can change 7; into 7 but 19 — 11 and 719 — 12 are not Q-conjugates. In fact
no — 12 has minimal polynomial 7% — pT F p|B| with constant term of opposite sign to the
minimal polynomial of g — 7;. When the definition of the 7; uses ¢, = e2™/? and r is the
numerically least nontrivial cube root of unity mod p in {1,...,p — 1} then for all p < 100
such that p = 1 mod 3 the constant term of (2.7) turns out to be p|B| except when p = 61.

The only p < 500 for which p = 1 mod 3 and the class number of F}, is greater than 1
are 163, 277, 313, 349, and 397. For these p the class group of F}, is Z/27Z x Z/27Z except
for p = 313, when it is Z/7Z.

3. POWER BASES IN RELATIVE QUADRATIC EXTENSIONS

For number fields E and F' where F' C E, a power basis of O over O is called a relative
integral power basis. If O is a PID, then O is a free O p-module, so O has an Opg-basis,
but there might not be a power basis over Op. We’ll meet some examples of this when E/F
is a quadratic extension, and necessarily F' # Q since the ring of integers of a quadratic
field is always of the form Z[w] for some w.

Here is a property of a quadratic extension E/F when Og has a power basis over Op.

Theorem 3.1. If [E : F] = 2 and O = Opla] for some «, then Og/Op = O as Op-
modules.

Proof. If O = Op + Opa for some nonzero a in O, then O = Op ® Opa, so Og/OF =
Ora =2 Op as Op-modules. ]

Here are quadratic extensions of imaginary quadratic fields with no relative integral power
basis. It is based on an answer to https://math.stackexchange.com/questions/4620044.
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Example 3.2. Let d be an even squarefree integer and ¢ be a prime not dividing d such
that ¢ = 1 mod 4. Set F = Q(/—¢) and E = F(v/d) = Q(v/—¢,V/d). It can be shown that
Op = Op ® pvd/2 where p = (2,14 /—¢) is a nonprincipal ideal.” Then Op/OF = p as
Op-modules and p 2 Op since an ideal in Op that is isomorphic to O as an Op-module
must be a principal ideal.® So O is not of the form Or[a] by Theorem 3.1.

In that example, O is not a PID (it has the nonprincipal ideal p). The next theorem
shows that it was necessary for O not to be a PID.

Theorem 3.3. If [E: F] =2 and O is a PID, then O = Op|a] for some a.

Proof. Since Of is a PID, Op has an Op-basis {e;, ea}. In terms of this basis, we can write
1= ajel + ageg

for some a1 and ag in Op. That equation implies a common factor of a; and as in Op is a
unit in O, and thus is a unit in Op, so a1 and as are relatively prime in Op. Since Op is
a PID,

aiby + asby =1
for some by and by in Op. Then

() ()= ()

for some o € Op and that 2 x 2 matrix has determinant 1, so 1 and « have the same
Op-span as e; and ey. Hence

OE:OF—FOFQZOF[Q]. O
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