THE CONDUCTOR IDEAL OF AN ORDER

KEITH CONRAD

1. INTRODUCTION

Let O be an order in the number field K. When O # Og, O is Noetherian and one-
dimensional, but is not integrally closed. There is at least one nonzero prime ideal in
O that’s not invertible and some nonzero ideal in O does not have a unique prime ideal
factorization, since otherwise O would turn out to be be integrally closed. We will define
a special ideal in O, called its conductor, that is closely related to the noninvertible prime
ideals in O. The nonzero ideals in O that are relatively prime to the conductor are invertible
in O and have unique factorization into prime ideals in O.

Definition 1.1. The conductor of an order O in the number field K is
c=c9o={x e K:20xg C 0}.
This is a subset of O since 1 € Ok, so
c={2€0kg:20gk CO}={2€0:20K C O},
and the last formula for ¢ shows us that ¢ is the annihilator of Ox /O as an O-module:
¢ = Anng(Ox/0).

Example 1.2. Let K = Q(i) and O = Z[2i] = Z + Z2i. For x = a+ 2bi in O, where a and
b are integers, we have xZ[i] C O if and only if zi € O, which is equivalent to a being even.
Therefore ¢ = {2m + 2ni : m,n € Z}.

Writing the condition z € ¢ as O C %O when x # 0, the conductor is the set of all
common denominators when we write the algebraic integers of K as ratios from O, together
with 0. Since K is the fraction field of O and O is a finitely generated O-module (because
it is a finitely generated Z-module) there are such common denominators, so ¢ # {0}.
Explicitly, since the index m =[O : O] is finite, mOxg C O, so m € .

The conductor is an ideal in O. Since O C Ok, we have 1 € ¢ if and only if O = Og. So
¢ is a proper ideal in O when O is a nonmaximal order. The conductor of O is also an ideal
in Og: ifx € cand a € Ok then axOg C zO C O, so ax € ¢. A nonzero ideal of one ring
that is also an ideal of a larger ring might seem a bit peculiar. (The principal ideals (3) in
Z[i] and Z[2i] are written the same way but are not the same; the first contains 3 and the
second does not.) The property of ¢ being an ideal in both O and O leads to the following
characterization of it.

Theorem 1.3. An ideal in Ok lies in O if and only if it is contained in ¢, so ¢ is the largest
ideal of Ok that is contained in O.

Proof. If a is an ideal in O that lies in O then aOg = a C O, so a C ¢. Conversely, an
ideal in Ok that is contained in ¢ is contained in O since ¢ C O. O
1
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Remark 1.4. While every ideal of Ok that lies in O is inside ¢, not all ideals of O that lie
in ¢ are ideals of Ox. When O = Z[2i] = Z + Z2i, the ideal 20 = Z2+ Z4i of O is contained
in ¢ = Z2 + Z2i but 20 is not an ideal in Z[i] since it contains 2 but not 2i.

2. EXAMPLES

Example 2.1. Let K be a quadratic field. Then O has a Z-basis {1,w} (e.g, w = Vd or
(14+/d)/2 where d is squarefree with K = Q(v/d)). The orders in K are the rings Z + Zcw
for ¢ > 1 (one of each index ¢ in Og). Set O = Z + Zcw.

Since cOg = Zc + Zcw C O, the conductor ¢ of O contains ¢ and thus cOxg C ¢. We
will prove the reverse containment, so ¢ = cOx. For x € ¢ we can write * = a + bcw
with a,b € Z, so a = x — c¢(bw) € ¢. Thus aw € O = Z + Zcw, so ¢ | a, which means
x € c(Z+ Zw)=cOg, so ¢ C cOk.

The conductor cOg is a principal ideal in O but it is not principal as an ideal in O
for ¢ > 1: the index [O : cOk] is ¢, while for each nonzero a € cOg the index [O : aO] is
| Ng/q ()|, which is a multiple of N /q(c) = c? and ¢ > c.

That O has conductor cOg and index ¢ in Ox shows the conductor and index of a
quadratic order determine each other (among the orders in a fixed quadratic field). For this
reason, it is standard to label the conductor as ¢ rather than cOg. This is special to the
quadratic case. That is, for orders in quadratic fields the label “conductor” and “index” (in
Ok ) mean the same thing. For example, the order of conductor 2 in Q(7) is Z[2i] and the

order of conductor 2 in Q(v/5) is Z[21+2—‘/5] = Z[V/5].

Example 2.2. Let K be a number field, a be a nonzero ideal in O and set O = Z + a, so
aC O COg. Letting aNZ = aZ, we will show ¢ = dZ + a where d is a certain factor of a.

Since a C O we have a C ¢ by Theorem 1.3. By the ring isomorphism O/a = (Z+a)/a &
Z/aZ, each ideal in O containing a is dZ + a where d | a. Therefore ¢ = dZ + a where
d | a. What is this d? Since a NZ = aZ and d | a, d is the smallest positive integer in c.
The condition d € ¢ is the same as dOx C O, and such integers d are the multiples of the
exponent of O /O (the exponent of a finite abelian group is the least integer annihilating
the whole group). So as d we can use the exponent of O /O:

O=Z+a= ¢9 =dZ+ a, where d = exponent of Og /0.

As a special case, consider a = cOg with ¢ € ZT and take K # Q, son = [K : Q] > 2.
We will show the order O = Z + cOk has conductor cOg. (This generalizes Example 2.1
since for quadratic K, Z+cOg is a subring of index ¢ in Og.) To determine the exponent of
Ok /0, write O = ;.| Ze;, where e; = 1 (there is always some Z-basis of O containing
1.) Then O = Z & @B, Zce;, so Ok /0 2 @I ,Z/cZ = (Z/cZ)"~!, which as an abelian
group has exponent ¢ (since n > 2), so

O=Z+cO0g = ¢9g=cZ+cOrg =cOg.

For ¢ > 2, the principal ideal cOg of Ok is not principal as an ideal in O = Z + cOg
by the same reasoning used in Example 2.1: this ideal has index ¢ in O but each nonzero
principal ideal of O that is contained in cOg has index in O that’s at least ¢ > c.

The index formula [Z + cOk : cOk] = c tells us that when ¢ = p is prime, pOg is a prime
ideal in Z + pOk.
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Remark 2.3. When ¢ > 2, the ideal cOx of O has another interesting property as an ideal
in O =Z+ cOg: its minimal generating set as an ideal of O has size n, where n = [K : Q],
That is a big contrast with O if n > 3 since all ideals in O have at most 2 generators.

To show a := cOx has n generators as an ideal in O, we have a = Z" as an additive
group, and a Z-basis of a is also a generating set of a as an ideal in O, so a has an n-element
generating set as an ideal in O.

To show a has no generating set as an ideal in O of size less than n, we’ll look at a/a?
as an O/a-module. Every generating set of a as an ideal in O reduces to a generating set of
a/a? as an O/a-module, so we'll be done by showing a/a? can’t be generated by less than
n elements as an O/a-module.

What is a®? The definition of a product of ideals in a ring doesn’t make direct reference
to the ambient ring, so since a = cOx is an ideal in both Ox and O we will compute a?
more easily by viewing it as a principal ideal in Ox: a? = c?Og. Then as an abelian group,

a/a2 = COK/CQOK >~ Ok /cOk = (Z/cL)",
so |a/a?| = ¢ If a/a® has an r-element generating set as an O/a-module, then there’s
a surjective O/a-linear map (0/a)" — a/a?, so |[(9/a)"| > |a/a®| = ¢*. Since aNZ =
Ok NZ=cZ,0/a=(Z+a)/a=Z/cZ as rings, so |(Z/cZ)"| > ¢". Thus r > n.
We saw in Example 2.2 that orders of the form Z + cOx with ¢ € Z™ have conductors

that are principal ideals in O . To find an order whose conductor ideal is nonprincipal in
Ok, we look at cubic orders.
Example 2.4. Let K = Q(+/7). The ring of integers is Ox = Z[/7] and (3) = p>3, where
p=(3,1—-7). Set O =7+ p>

Since p2 NZ = 3Z, O/p? = Z/3Z, so [O : p?] = 3, which means p? is a prime ideal in O.
(It looks a bit strange to say p? is a prime ideal, but we’re in the ring O, where p isn’t even
a subset.) Since [Ok : p?] = N(p)? =9, [0k : O] = 3, a prime, so Ok /O has exponent 3.
By Example 2.2, the conductor of O is ¢ = 3Z + p? = p2. This is not a principal ideal in
Z[V/7] since it has norm 9 and no element of Z[v/7] has norm +9:

Ny q(a+bV7+cV49) = a® + T6° + 49¢° — 3 - Tabe,

so if a 4+ by/7 + ¢¥/49 has norm +9 we reduce mod 7 to get a® = +9 mod 7, which has no
solution.

Example 2.5. Let K = Q(v/19). The ring of integers is
1+ 19+ ¢19°
) .

(2.1) Ok =Z+ZV19+Z

We will compute the conductor ¢ for the order Z[v/19).
This order has not been constructed as Z + a, so we can’t appeal to Example 2.2 to
compute ¢. Instead we will compute ¢ using the definition of the conductor. For z =

a+by/19 + c/19° in Z[V/19], to have = € ¢ means 20 C Z[v/19], which is equivalent to
ze; € Z[V/19], where ey, e, e3 is a Z-basis of O. Using the visible Z-basis of Ok in (2.1)
leads to the conditions a, b, ¢, and (a + b+ ¢)/3 € Z. Writing a + b+ ¢ = 3d,

z=a(l— V10°) + b(V10 — V10°) +d-3¥19",
S0

(2.2) ¢ = Z(1— V19°) + Z(¥Y19 — V19°) + Z - 3V/19°.
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Expressing the Z-spanning set for ¢ in (2.2) in terms of the Z-basis of O,

1- 19 2 1 -3 1
Y19 Y190 =1 2 -3 V19
3919 03 0/ \(1+¥I9+ ¢19°)/3

The matrix has determinant 9, so [Ok : ¢ = 9: the ideal ¢ in Ox has norm 9.
We show by contradiction that ¢ is not principal in Og. If ¢ = aOg for some a € «c,
9= [0k : a0k] = | Ng/q()|. Writing a = a + bv/19 4 ¢V/19 with integers a,b, and c,

Ng/q(a) = a® + 196> + 19*¢* — 3 19abc,

which reduces mod 19 to a®. Since +9 mod 19 is not a cube, we have a contradiction.

We described ¢ as an abelian group in (2.2). Let’s describe it instead as an ideal in O
using two generators (every ideal in O needs at most two generators). We will find all the
ideals in Ok of norm 9 and then identify which one is .

Write () for the principal ideal aOg (not aZ[¥/19]). We will show

(2.3) (3) = p3phs, (24 V19) = papZ, (—1+ V19) = papap},

where p3 and p5 are distinct prime ideals with norm 3. If p is a prime ideal factor of (3) in
O then O /p is a field of characteristic 3, so v/19 = 1 = —2 mod p (proof: check the cubes
are congruent). Thus p | (24 v/19) and p | (=1 + v/19). This implies (3) | (2 + V/19) if (3)
were squarefree, but that’s false since (2 + v/19)/3 is not an algebraic integer, so the ideal
(3) can’t be squarefree. Therefore the prime ideal factorization of (3) has to look like p2p}
or p3. To decide which is correct we use ideal norms. In O, an ideal (a+ v/19) with a € Z
has norm |a3 + 19], so (2 + v/19) has norm 27 = 33 and (-1 + v/19) has norm 18 = 2 - 32.
Since the ideals (3) and (2 + /19) have norm 27 and are distinct, we can’t have (3) = p3,
so (3) = p2p4 Since each prime factor of (3) divides (2 + v/19) and (-1 + v/19), we have
(24 V19) = p3py’ and (=1 + V/19) = papsps.

From the Z-spanning set for ¢ in (2.2) plus some algebra, ¢ contains 3 and —1 + /19, so
(3, =1+ V/19) C ¢. Since (3,—1+ v/19) = ged((3), (=1 + v/19)) = p3p5, which has norm 9,
and we computed earlier that ¢ has norm 9,

(2.4) ¢ = (3,—1+ V19) = pap}.

From 30k C ¢ C Z[v/19] C Ok with each containment being strict (why?), the index of ¢
in Z[v/19] is 3, so ¢ is a prime ideal in Z[+v/19]. That does not contradict the factorization
in (2.4) since p3 and pj are not ideals in (or subsets of) Z[v/19].

3. IDEALS RELATIVELY PRIME TO THE CONDUCTOR

A non-maximal order O doesn’t have unique factorization of ideals, so we need to be
careful about the use of divisibility terminology for ideals in O. We say two (nonzero) ideals
b and b’ in O are relatively prime' when b+ b’ = (1) = O. This condition implies the only
common ideal factor of b and b’ is O, but not conversely if O # Og. For 8 € O, we say 3
and b are relatively prime when the ideals SO and b are relatively prime. Ideals in O that
are relatively prime to the conductor of O turn out to have many properties of ideals in O

LAlso called co-maximal.
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Theorem 3.1. If a nonzero ideal b of O is relatively prime to the conductor, then {x € K :
xb Cb}=0.

Proof. Trivially O C {z € K : b C b}. To get the reverse inclusion, pick x € K such that
xb C b. Since b =2 Z"™ as a Z-module, z is integral over Z, so x € Og. Why is x € O7 Since
b+c¢c=0, we can write b+ c =1 for some b € b and c € ¢. Then x = x-1 = xb + zc.
We have zb € b by the assumption on  and xc € O since ¢ € ¢ and x € O. Therefore
z e 0. O

The converse of Theorem 3.1 has counterexamples in every nonmaximal order O. For
each nonzero principal ideal b = SO contained in the conductor ¢, {x € K : 2b C b} = O
since b is invertible (all nonzero principal ideals in O are invertible), but b is not relatively
prime to the conductor: b4+ c¢=c¢ # O.

Lemma 3.2. Let b be a fractional O-ideal.
(1) If b is invertible as a fractional O-ideal then its inverse must be

E::{xEK:mbCO}.
(2) If6 G O then O G b. That is, some = & O satisfies zb C O.

Proof. 1) Suppose b has an inverse as a fractional O-ideal, say bb’ = O. Then b’ C b.
Multiplying both sides by b, we get O C bb C O, so bb = O. Multiplying both sides by b,
b=1""

2) Choose a maximal ideal p D b. Then b D p, so it suffices to show O G p, which is
proved in the same way as in the case of O itself, as that argument only depends on O
being a Noetherian one-dimensional domain, which is true of O too. U

Remark 3.3. In a nonmaximal order O, a nonzero ideal b in both O and O is not invertible
as a fractional O-ideal: if it were then
{reK:2bCb} =0,
but since b s invertible as a fractional O g-ideal,
{re K:2bCb}=0k.
This is a contradiction since O # Og.

Theorem 3.4. For a nonzero prime ideal p of O, the following are equivalent:
(1) p is invertible as a fractional O-ideal,
(2) {zxeK:zpCp}=0.

Proof. (1) = (2): This is true of all ideals in O, not just primes.

(2) = (1): We prove the contrapositive. By Lemma 3.2, there is y ¢ O such that yp C O.
Then

PC(O+y0)pCp+ypcO,
50 (O+yO)p is either p or O. If p is not invertible, (O+yO)p = p. Therefore {x € K : zp C p}
contains y, which is not in O. O

Example 3.5. In Theorem 3.4, (2) does not imply (1) in general when p is replaced by
a nonprime ideal. In the order O = Z + 20k = Z + Z2V/2 + Z2V/4 of K = Q(\‘?ﬁ), the
Z-lattice b = Z8+Z2+/2+Z2+/4 is an ideal in O that is not a prime ideal since O/b = Z/8Z.
Check as an exercise that {z € K : b C b} = O and bb = 20k G O, so Lemma 3.2 tells us
b is not invertible as a fractional O-ideal.
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Theorem 3.6. An ideal in O that is relatively prime to the conductor is a product of in-
vertible prime ideals. In particular, every ideal in O that is relatively prime to the conductor
is invertible.

The first part of the theorem applies to the ideal O itself using an empty product of
invertible prime ideals.

Proof. If b is a prime ideal relatively prime to the conductor then it is invertible by Theorems
3.1 and 3.4. Now assume b is relatively prime to the conductor and is not prime, and b # O.
Let p D b for a maximal ideal p. Then p+ ¢ D b+ ¢ = O, so p is relatively prime to the
conductor, hence p is invertible. Let b’ = p~'b, so b’ C O and pb’ = b. Since b # p,
b’ # O. Since pb’ C b’ and the inclusion is strict (if b’ = pb’ then for all ¥ > 0 we have
b’ = pkb’ C p¥, which is a contradiction for large k since [O : p¥] gets large with & while
[0 : 1] is finite), b’ has smaller index in O than b. Since &’ Dband b+¢=0, b +¢= 0,
so by induction on the index b’ is a product of invertible prime ideals. Therefore b = pb’ is
such a product. ]

Being relatively prime to the conductor is sufficient to imply invertibility, but it is not
necessary. Nonzero principal ideals contained in the conductor are trivially invertible but
are not relatively prime to the conductor (if O # Or).

Corollary 3.7. If b is an ideal in O that is relatively prime to the conductor, let
O=by Dby D---Dbp_1 Dby =0

provide a Jordan-Hélder filtration of O/b (that is, each b;/b;11 is a simple O-module).
Writing b;/b;+1 = O/p; for a nonzero prime ideal p;, b = pop1---Po_1.

Proof. By Theorem 3.6 there is a factorization b = qoqy - - - qx_1 where the g;’s are invertible
prime ideals. This leads to a Jordan-Holder filtration for O/b using by = O and b, =
qo---qi—1 for 1 < i < k. Then b;/b] | = b]/bjq; = O/q; since b} is invertible. Comparing
this Jordan-Hoélder filtration of O/b to the filtration with the b;’s, the uniqueness in the
Jordan-Hélder theorem for O-modules? says ¢ = k and q; = p; after reindexing. 0

Here is the main theorem connecting ideals in O with ideals in O. We get a one-to-one
correspondence as long as we stay relatively prime to the conductor.

Theorem 3.8. Let O be an order in K with conductor c.

(1) For each Ok -ideal a that is relatively prime to ¢, aNO is an O-ideal relatively prime
to ¢ and the natural ring homomorphism O/(aNO) — O /a is an isomorphism.

(2) For each O-ideal b that is relatively prime to ¢, bOg is an O -ideal relatively prime
to ¢ and the natural ring homomorphism O/b — Ok /bOk is an isomorphism.

(3) The nonzero ideals relatively prime to ¢ in Ok and in O are in bijection by a — anN®
and b — bOg and these bijections are multiplicative: (aNO)(a’ NO) =ad’ N O and
(60K)(b'Ok) = bb'Ok.

a [JOK OK
ano b Q]

2See Theorem 8.9 in https://kconrad.math.uconn.edu/blurbs/gradnumthy/idealfactor.pdf.
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Proof. (1) When a+ ¢ = Ok,
O=0gNO0=(a+c)NOCanO+cCO,

so aN O+ ¢ = 0. The natural ring homomorphism O — Og/a has kernel a N O and it is
surjective since the equation O = a + ¢ shows O /a is represented by ¢ C O.
(2) When b+ ¢ =0 we have 1 € b+ ¢, so bOg + ¢ = O and

bCbOxNO=(b0xgkNO)O Cb(b+r¢)Cb,

so bOx N O = b. The natural ring homomorphism O — O /bOk has kernel bOx NO = b
and it is surjective since the equation O = bOgx + ¢ shows O /bOf is represented by
cCO.

(3) If a is an ideal in Ok such that a 4+ ¢ = Ok, we saw in (1) that aNn O+ ¢ = O, so

a=a0=a(@anNO0+c¢)Ca(@anO0)+acC Og(an0)+ (aN0)0k C a.

Therefore (a N O)Ox = a. If b is an ideal in O such that b + ¢ = O, we saw in (2) that
bOg +¢= 0k and bOx N O = b.

To show these maps are multiplicative, we only need to check one of them since the
correspondence is a bijection, and the identity (bOx)(b'Ok) = bb'O is obvious. O

Corollary 3.9. The nonzero prime ideals B in O and p in O that are relatively prime to
the conductor ¢ of O are in bijection by P — PN O and p — pOg.

Proof. When 3 in O is relatively prime to ¢ and p in O is relatively prime to ¢, Theorem
3.8 says the rings O /B and O/(P N O) are isomorphic, as are the rings O/p and O /pO-.
So one is a domain if and only if the other one is. O

Corollary 3.10. If 3 € O and the principal ideal BOx is relatively prime to the conductor
of O then SO NO = GO.

Proof. The indices [0 : fOx N O] and [Ok : BOk] are equal by Theorem 3.8 and [Of : fOk]
and [0 : BO] are equal since each is | Ng,q(8)|. Therefore [0 : B0k N O] = [O : BO], so the
inclusions SO C fOx N O C O imply [BOx N O : BO] =1, so BOx NO = BO. O

Corollary 3.11. The ideals in O that are relatively prime to the conductor have unique
factorization into prime ideals relatively prime to the conductor. All but finitely many prime
ideals in O are relatively prime to the conductor.

Proof. Let ¢ be the conductor of O. The bijection b — bOg from ideals in O relatively
prime to ¢ to ideals in Ok relatively prime to ¢ is multiplicative by Theorem 3.8 and is a
bijection between the primes in both sets by Corollary 3.9, so unique factorization of ideals
in O relatively prime to ¢ implies unique factorization of ideals in O relatively prime to c.

For each prime ideal p in O, p + ¢ is either p or O. We have p not relatively prime to ¢ if
and only if p+ ¢ = p, which is the same as ¢ C p. Since O/c is finite, there are finitely many
prime ideals in O containing ¢ and these are the only primes no relatively prime to ¢. (Or,
since O is a Noetherian domain, ¢ D p; - - - p, for some nonzero primes p;, and every prime
p D ¢ is some p;.) O

If we take away the condition of being relatively prime to the conductor, Theorem 3.8
and Corollaries 3.9, 3.10, and 3.11 all break down.
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Theorem 3.8: Let K # Q and O be a nonmaximal order in K, with conductor ¢. Then
¢NO = csince ¢ C O and cOg = ¢ since ¢ is an ideal in Ok . The natural ring homomorphism
O/c — Ok /¢ is injective but it is not surjective since O is smaller than Og.

For the particular order O = Z + cOx where ¢ > 1, with conductor ¢ = cOg, the ideal
b = cO in O satisfies bOx N O = cOx NO = cOf 2 b.

Let p be a prime that ramifies in K and take O = Z + pOg, with conductor pOg. Pick
a prime ideal p in Ok lying over p with e(p|p) > 2 and set a; = p’ for 1 < i < e(p|p),
so p € a;. Since [0 : pOg] = p, from pOx C ;N O & O we get a; N O = pOg. There
are e(p|p) > 2 ideals a; and they all meet O in the same ideal. For 1 < i < e(plp) — 1,
(a;N0)Ox = pOx G a;, and this holds at i = e(p|p) too unless p is totally ramified in K.

Corollary 3.9: For K # Q, p ramifying in K, and p lying over p in O with e(p|p) > 2,
the ideals a; = p’ in O for 2 < i < e(p[p) are not prime but in O = Z + pOg the ideals
a;NO = pOg are all the same prime. (If a is prime then aNO must be prime since O/(aNO)
embeds into the domain O /a.)

Suppose K # Q and p is inert in K. (Some K have no inert primes, but every quadratic
field has infinitely many inert primes, so we don’t lack for lots of examples of this.) Set
O = Z + pOg. The ideal b = pO is not prime in O since it is not maximal: pO G pOx S O.
But bOg = pOk is prime in Ok since p is inert in K.

Corollary 3.10: Let K # Q and O = Z + cOg for ¢ > 1, with conductor ¢cOg. Then
c €0, but cOxk NO = cOx # cO. (In fact, cOk is not even a principal ideal in O by
Example 2.2.)

Corollary 3.11: For K # Q, set O = Z 4+ cOg with ¢ > 1. For a prime factor p of ¢, the
ideal pO in O is not a product of prime ideals in O.

Returning to Theorem 3.8, rather than just remove the relative primality to the conductor
let’s replace it with the weaker condition of being an invertible fractional ideal. Is the
theorem true then? No: in a nonmaximal order O, the conductor ¢ is invertible in O but
¢N O = ¢ is not invertible in O (Remark 3.3). If we add the assumption (not automatic!)
that aNO is invertible in O, is O/(aNO) = O /a by the natural map? And if we assume b is
invertible in O, is O/b = Ok /bOk? For a counterexample to the second question, suppose
K # Q contains an inert prime p. The order O = Z + pOg contains the ideal b = p0O,
which is not maximal since O 2 pOx 2 pO, and that means O/b = O/p0O is not a field but
Ok /b0 = Ok /pOk is a field since p is inert in K. (The rings O/pO and Ok /pOx have
the same size, but the natural map between them is neither injective nor surjective.) Let’s
go back to the first question: is O/(aN0) = Og/a when aN O is invertible in O7 By what
we’ve seen so far you should think there is a counterexample for some non-maximal O, but
there isn’t:

Theorem 3.12. Let O be an order in K and a be an ideal in O such that a N O is
invertible as a fractional O-ideal. Then the natural ring homomorphism O/(aN©) — Ok /a
s an isomorphism.

The proof of Theorem 3.12 will use localization and is at the end of Section 6.
We now turn to some positive illustrations of Theorem 3.8 and its corollaries.

Example 3.13. We examine the ideals in Z[2i] that are relatively prime to its conductor
¢ = 2Z[i]. The ideals in Z[i] relatively prime to ¢ are «Z[i] where N(«a) is odd, since
¢ = (1 +4)? and (1 +4) is the unique prime over 2 in Z[i]. Writing o = a + bi, one of
a or b is even and the other is odd. Since oZ[i] = iaZ[i], we can choose the generator «
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to have b even, so a € Z[2i]. Then oZ[i] N Z[2i] = aZ]2i] by Corollary 3.10. From this
and the bijection in Theorem 3.8, every ideal in Z[2i] relatively prime to ¢ is a principal
ideal «Z[2i] where N(«) is odd. Therefore the elements of Z[2i] with odd norm have unique
factorization, although Z|[2:] is not a UFD (consider 8 = (2+24)(2 —2i) = 2-2-2 in Z[2i]).

Example 3.14. What ideals in Z[/—3] are relatively prime to the conductor ¢ = 2Z[(3]?
Since Z[v=3] = Z[-1+/-3] = Z[2¢3] = {a + b 2{3 : a,b € Z}, the ring Z[(3] is a PID in
which ¢ is the only prime ideal over 2, so aZ[(3] is relatively prime to ¢ if and only if N(«) is
odd. Every ideal in Z[(3] with odd norm has a generator in Z[/—3] (multiply a generator
of the ideal by (3 or (3 = —1 — (3 if necessary to make the coefficient of (3 even). Using
Corollary 3.10, the ideals in Z[\/—3] relatively prime to ¢ are principal with a generator of
odd norm. The elements of Z[/—3] with odd norm have unique factorization.

The ring Z[v/—3] was introduced into number theory by Euler in his first proof of Fermat’s
last theorem for exponent 3. The proof relies on factorizations in Z[v/—3], which is not a
UFD. However, the numbers in Z[/—3] that appear in Euler’s proof have odd norm, so
his use of unique factorization in Z[\/—3] is legitimate even though the whole ring Z[v/—3]
doesn’t have unique factorization. (Conceptually it is easier to carry out Euler’s proof in
the larger ring Z[(3], which is a UFD.)

Let’s look at prime ideals in orders Z + cOp, where K # Q and ¢ > 1. Its conductor is
cOk. For primes p not dividing ¢, there is a bijection between the prime ideals over p in
Ok and in Z + cOx by p — pN(Z+ cOk). What happens when p divides ¢?

Theorem 3.15. Let O = Z + cOg, where ¢ > 1. For each prime p dividing c, the ideal
pZ + cOk in O has index p in O and is the unique prime ideal over p in O.

Proof. Set p = pZ + cOk and b = pO = pZ + pcOgk. Both are ideals in O and neither
contains 1 so they are proper. (Here we use p | ¢.) Thering O/p = (Z+cOk)/(pZ+cO) is
represented by {1,2,...,p—1}, so it has size p and must be isomorphic to Z/pZ. Therefore
p is a maximal ideal in O and it trivially lies over p. (If p did not divide ¢ then p would
equal O.) If q is a prime ideal in O lying over p then q D pO = b. Since

p? = (pZ + cOK)(PZ + cO) = p*Z + pcOk + 2Ok = p*Z + pcOk C b,
we get p2 C g, 50 p C q, so q = p (all nonzero primes in O are maximal). O

Let pOx have the prime factors pq,...,ps in Ox. When p divides ¢, the diagram of
primes over p in O and Z + cOg is g-to-1, as illustrated in Figure 1.

Ok p1 Py

| N
Z + cOg pZ + cOg

|

. )

FIGURE 1. Primes lying over p in Og and Z + cOg when p | c.

Figures 2 and 3 compare primes in Z[i] and the orders Z[2i] = Z + 2Z[i] and Z[65i] =
Z+65Z[i]. (Note (2+3i) means different things in Z[i] and Z|[2i], since the ideals it generates
in the two rings are not equal.) In Figure 2 the map p — p N Z[27] is a bijection between



10 KEITH CONRAD

the primes in Z[i] and Z[2i] because of the quirk that there is only one prime over 2 in Z[i].
We see more visibly in Figure 3 how the bijection between primes relatively prime to the
conductor might not extend to primes containing the conductor.

Z[i] (1+i) (3) (1+2)  (1—=2i) (7) (11) (2+3i) (2 — 3i)
Z[2i] 2Z[]] (3) (14+2)  (1—2i) (7) (11) (2430 (2 — 3i)
| | | NS | ~N S

Z 2 3 5 711 13

FIGURE 2. Primes lying over primes in Z[i] and Z[2i].

Zil (1 +4) (3) (1+20) (1-2) (24 3i) (2 30)
| | | ™~ / ™~ /

Z[65] (1+14) (3) 5Z + 65Z][i] 13Z + 65Z[i]
| | | | |
z 2 (3) 5 13

FIGURE 3. Primes lying over primes in Z[i] and Z[657].

Remark 3.16. Theorem 3.15 is about orders Z + cOg (for ¢ > 1) and its conclusion can
fail in other orders. Consider O = Z[a], where a® —a? —2a -8 = 0. In K = Q(a), O
has index 2 in the ring of integers O = Z + Za + Z(a? + «)/2, so the conductor ¢ of
O contains 2. The prime ideals of O containing 2 are the lifts to O of the prime ideals of
0/20 = Fy[T]/(T% — T2 — 2T — 8) = Fy[T]/(T3(T — 1)) = Fo[T)/(T?) x Fa[T}/(T — 1),
so these prime ideals in O are (2,a) and (2,a — 1).> Since a € ¢ we have (2,a) C ¢, so
¢ = (2, &) by maximality of (2,«) in O. Thus ¢NZ = 2Z and, in contrast to Theorem 3.15,
there are two prime ideals in O that lie over 2: (2,«) and (2, — 1).

4. INVERTIBLE IDEALS IN AN ORDER

Let’s review the relations among three properties of ideals b in O:

(1) b is relatively prime to the conductor of O,
(2) b is invertible (as a fractional O-ideal),
B) {reK:zbCb}=0.

We have (1) = (2), (2) = (3), and (1) = (3) (which is Theorem 3.1 and was used in
our proof that (1) = (2) in Theorem 3.6). Conditions (1) and (3), and (1) and (2), are
not equivalent when O is nonmaximal (consider a nonzero principal ideal contained in the
conductor). Conditions (2) and (3) are not generally equivalent when O is nonmaximal
(Example 3.5), but we always have (2) = (3): multiply the containment xb C b on both
sides by the inverse of b. When O is a nonmaximal order, its conductor ideal ¢ doesn’t

3Comparing ideals in O and O, we have 20 + a0 = 20k + aOx but 20 + (o — 1)O0 # 20k + (o — 1)0k.
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satisfy (3) since {x € K : z¢c = ¢} = O # O. Therefore the conductor ideal of a non-
mazximal order is never an invertible ideal in the order. For example, the conductor ideal
of a non-maximal order is not a principal ideal in the order even if it is principal in Og.

When does (3) imply (2) for all b? That is, when is (3) a sufficient condition for invert-
ibility of fractional O-ideals and not just a necessary condition?

Theorem 4.1. For an order O, the following conditions are equivalent:

(1) for all fractional O-ideals b, b is invertible if and only if {x € K : xb C b} = 0O,
(2) OV, the Z-dual of O, is invertible as a fractional O-ideal.

Recall for a Z-lattice L C K that its Z-dual is LY = {z € K : Trg/q(«L) C Z}.

Proof. This will be based on the identity
(4.1) bbY = 0OV,

for every fractional O-ideal b satisfying {x € K : b C b} = O. In the development of
the different ideal D /q, (4.1) is proved for fractional O-ideals using inverses, in the form
bY = bfl(f)}/(. We of course can’t copy that proof in orders, where inverses may not exist.
Instead we will use double duality (b¥Y = b) more heavily.

Since b is an O-module, b" is a fractional O-ideal and bbY C OV by unwinding definitions.
To show the reverse inclusion, pick z € (bbY)". Then Trg,q(zbb") C Z, so xb" C b".
Passing to the Z-dual of both sides, %b D b, so xb C b. Therefore by hypothesis x € O. So
(66Y)Y C O. Passing to Z-duals, bbY D OV.

Now we prove (1) and (2) are equivalent.

(1) = (2): We will show {z € K : z0Y C 0V} = O. The inclusion D follows from OV
being an O-module. To prove C, dualize the containment 20V C OV to get %O D0, so
xO C O. Therefore z € O (since 1 € O).

(2) = (1): If b is invertible as a fractional O-ideal and xb C b then multiplying both
sides by the inverse of b implies x € O, so {x € K : b C b} C O. The reverse inclusion
holds since b is an O-module, so {z € K : b C b} = 0. We haven’t needed (2). Now
assume {x € K : 2b C b} = O. To show b is invertible as a fractional O-ideal we use (4.1).
Since 0V is invertible by (2), we multiply both sides of (4.1) by the inverse of O to see b
is invertible. O

Remark 4.2. By the proof of (4.1), (LLY)Y = {x € K : L C L} for all Z-lattices L in K.

The second condition in Theorem 4.1 doesn’t just tell us when “{x € K :2b C b} = 07 is
a necessary and sufficient criterion for invertibility of fractional O-ideals, but also when the
second condition breaks down it immediately gives us a counterexample for that criterion,
namely b = OV. This fractional ideal can be scaled to an ideal in O and thus give a
counterexample among ordinary ideals. This is how Example 3.5 was found.

If we are given an order O, we can check invertibility of OV as a fractional O-ideal by
following Lemma 3.2: check if OYOY = O. This equality is necessary and sufficient for 0"
to be invertible. Since the product OYOV is always an ideal in O, checking if OVOV = O is
equivalent to checking if 1 € OVOV.

Corollary 4.3. If O = Z[a] for some « then a fractional O-ideal b is invertible as a
fractional O-ideal if and only if {xr € K : xb C b} = 0.
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Proof. When O = Z[a], 0V = %O where f(7T) is the minimal polynomial of a over Q.
(This formula for Z[a]Y can be found in any textbook treatment of the different ideal.)
Since %O is a principal fractional O-ideal, it is invertible. Now use Theorem 4.1. O
Corollary 4.4. For each order O in a quadratic field K, a fractional O-ideal b is invertible
as a fractional O-ideal if and only if {x € K : zb C b} = 0.

Proof. We will give two proofs. For the first proof, every order in a quadratic field has the
form Z]a], so Corollary 4.3 can be used and we’re done.

For the second proof, we give a more self-contained treatment of the quadratic case. If
b is an invertible fractional O-ideal, with inverse a, then the condition xb C b for an x € K
implies xba C ba, so zO C O, and that implies z € O since 1 € O. Conversely, suppose
{r € K:2b C b} = 0. We want to prove b has an inverse. To do this we follow notes of
Stark [2], which were meant to be Chapter 9 of [1] if a second edition of [1] ever appeared.

Write b for the set of conjugates of elements of b. Here we use the conjugation automor-
phism on the quadratic field K. Check b is a fractional O-ideal. We will prove the product
bb is a principal fractional O-ideal, say rQ. From bb = rO we get b((1/r)b) = O, which
shows b is invertible.

Since O is an order in a quadratic field, the fractional O-ideal b has a Z-basis of size 2,
say b = Za + Zp for some nonzero « and g in b. Since b is an O-module we also have
b=0a+08=(a,f),s0b=(a,3). Let Tr,N: K — Q be the trace and norm maps (sum
and product of an element and its conjugate). Then

bb = (o, B)(@, B) = (e, af,ap, BB) = (N(@), B, af, N(B)).
Note Tr(a3) = aff +aB. We are going to show the following equality of fractional O-ideals:
(4.2) (N(a), a8, @B, N(8)) = (N(a), Tr(afB), N(8)),

which is a bit surprising since the second generator on the right is the sum of the middle
two generators on the left. The norm and trace have values in Q and an O-module with
generators in Q is principal since all fractional ideals in Q are principal, so the right side
of (4.2) is a principal fractional O-ideal and therefore (4.2) implies bb is principal.

It is obvious in (4.2) that the right side is contained in the left side. To prove the
left side is contained in the right side, it suffices to show «f is in the right side, since
aB = Tr(aB) — af.

Let v = o/ € K*. This is a root of

X-NX-7) = X>’—(y+NX+7
_ Xz_(aﬁ+aﬁ>X+N(a)

BB N(B)
_ 2 Tr(ap) N(a)
(4.3) = X -X5 XN

Write ¢ for the least common denominator of the rational numbers Tr(af3)/N(B) and
N(a)/N(B) (the second number is not 0, so “least common denominator” makes sense).
Then

N(a) b

Tr(aB) _

oy NG N@)
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where a,b,{ € Z have no common factor greater than 1. (If there were a common factor
greater than 1 then the two fractions a/¢ and b/¢ both simplify further, contradicting ¢
being a least common denominator.) Therefore

— b a N N
@45) (N TB) M) = (NG NEONE) = 5 bt =N o
where the last equation follows from ged(b, a,f) = 1. Thus
af € (N(a), Tr(ap),N(B)) <= aff € N(EB)O = E% € 0.

How can we prove fa/B € O7 It’s finally time to use the condition that {z € K : b C
b} = O. That tells us if we show (fa/B)b C b then lo/f is in O. Since b = (a, ), to
show (Ya/B)b C b it suffices to show (Ya/B)a € (a, ) and (Ya/B)B € (o, B). The second
containment is obvious. The first containment is saying fa?/3 € (o, 3). How can we derive
that?

Let’s go back to the fact that v is a root of (4.3). Combining this with (4.4),

, a b ) a? a
Multiplying through by S,
o2
KF =aa—bB € (a,B) = b,
so we're done. O

Remark 4.5. Corollary 4.4 is a special property of quadratic fields! For every number
field K of degree at least 3, there are infinitely many orders O in K such that O is not
invertible as a fractional O-ideal. Examples of such O are Z+pO i where p is a prime splitting
completely in K. Why these examples work when [K : Q] > 3 but not when [K : Q] = 2,
very roughly, is that there is more room to move around in K when [K : Q] > 3.

5. THE IDEAL CLASS GROUP OF AN ORDER

We now discuss the ideal class group of O: the group of invertible fractional O-ideals
modulo the subgroup of principal fractional O-ideals. For an invertible fractional O-ideal
a, its ideal class [a] is {za : 2 € K*}. The set of ideal classes under multiplication, where
[a][@/] = [ad’], form the ideal class group Cl(O). This is the usual ideal class group of K
when O = Og.

How are C1(O) and Cl(Og ) related when O is a general order in K? Since a principal ideal
in O extends to a principal ideal in O, we get a group homomorphism Cl(O) — Cl(Ok)
by [b] — [bOk]. It need not be injective: a nonprincipal (invertible) ideal in O can become
principal when it is extended to O.

Example 5.1. For an odd number ¢ > 1, let O = Z[ci] and a = (1 +4) N O, which is the
prime ideal in Z[cit] lying under (1 + ¢) in Z[i]. Check a = (2, ¢+ ci), where the right side
means the ideal in O generated by 2 and c+ ci. That is a real calculation, not a tautology:
show the left and right sides contain each other. The ideal a is invertible as a fractional
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O-ideal since a2 = 20:

2

a2 = (2,c+ ¢i)(2,c+ ci) = (4,2¢ + 2¢i, 2¢%) = (2)(2, ¢ + ¢i, i)

2)(2,¢,ci)

(2)
= (2)(2, ¢+ ci,ci) since c%i —ci € (2, ¢+ ci)
=(2)
=(2).

The extension of a to an ideal in Z[7] is principal since Z[i] is a PID. Explicitly, aZ[i] =
(1 + ) since in Z[i], ged(2,c + ci) = ged((1 +4)%,¢(1 4+ 1)) = 1 + 4. We will show a is
nonprincipal in O by showing a has index 2 in O while no principal ideal in O has index 2.
Check as a Z-module that a = Z - 2 4+ Z(c + ci) (show the left and right sides contain each
other). Since O = Zici| = Z[c + ci| = Z + Z(c + ci), comparing this to the decomposition
a=7Z-2+Z(c+ci) - both decompositions are direct sums of Z-modules — shows [0 : a] = 2.
For a nonzero principal ideal () in O, [O : (a)] = N(«),* so the principal ideal (m 4 nci)
in O has index m? 4+ n?c? in O, and 'm2 +n2c? is never 2 since ¢ > 1.

Using the conductor ideal we will show the map Cl(O) — Cl(Og) where [b] — [bOf] is
surjective. I thank Will Sawin for the following argument in part (1).

Theorem 5.2. Let O be an order in a number field K.

(1) For each nonzero ideal n in O, every ideal class in C1(O) has a representative that
s an ideal in O and is relatively prime to n.
(2) The group homomorphism CL(O) — Cl(Og) given by [b] — [60k] is surjective.

Proof. (1) This is trivial if n = O, so assume n # O.
Pick an ideal class in C1(O) and write it as [a]7}. (We don’t need a to be integral.) We
want to find an x € K* such that
(i) za~t CO,
(i) za~t+n=0.

Condition (i) says = € a and condition (ii) implies z # 0, so b := za™*

is an invertible ideal

in O such that b € [a]™! and b+ n = (1).
Finitely many prime ideals in O contain n, since such ideals correspond to the prime
ideals of O/n, which is a finite nonzero ring.> Let py, ..., p, be the different prime ideals in

O that contain n. For each z € a,
(5.1) nCzal4ncCO.

If za=! +n = O then this z fits (i) and (ii), so we are done. If za=' +n # O, then
ra~!+nis contained in a maximal ideal of O, which is some p; by (5.1). Since n C p;, from
za~l 4+ n Cp; we get za~! C p;, so x € p;a. As long as we can choose an € a such that

x & pafori=1,...,r that z fits (i) and (ii), so we’re done.
For 1 <i <r, p;a is strictly smaller than a. Pick x; € a — p;a for each i. If we can find
x € a such that z = x; mod p;a for all ¢, then = & p;a for i = 1,..., 7, so this  would fit (i)

“In an arbitrary order © in a number field K, each principal ideal (a) of O has index Nk /q(a)] in O. When
O is imaginary quadratic, we can drop the absolute value signs.

5The finiteness of the number of prime ideals containing n is true when O is an arbitrary one-dimensional
Noetherian domain, by a different argument than the one we gave: see https://math.stackexchange.com/
questions/1474210.
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and (ii) by the previous paragraph. Existence of such z follows from the mapping

-
(5.2) a— H a/pia

i=1
where z — (x mod p;a,...,z mod p,a) being onto. This is part of the Chinese remainder

theorem for modules,® but we’ll give a direct proof of surjectivity in our setting.
To prove (5.2) is surjective it is enough to show for each y; € a that in a we can solve

(5.3) y =y; mod pja and y = 0 mod p;a for i # j.

Let b; = Hi;ﬁj pi. Since p; +p; = (1) for i # j, p; +b; = (1). Thus 1 = aj + f; for
some «; € p; and 3; € b;. Since 5; = 1 mod p; and B; = 0 mod bj, the product y := y;3;
satisfies y = y; mod pja and y = 0 mod bja, which makes y fit (5.3).

(2) Let ¢ be the conductor of O. This is a nonzero ideal in Ok, so by (1) for the order
Ok we can write each ideal class in Cl(Ok) as [a] where a is a nonzero ideal of O that is
relatively prime to ¢. By Theorems 3.6 and 3.8, an O is relatively prime to ¢ in O, is an
invertible fractional O-ideal, and a = (aNO)Ok. Thus [a N O] makes sense in C1(O) and its
image in in Cl(Ok) is [(a N O)Ok] = [a]. O

Since Cl1(O) — Cl(Ok) is surjective, h(0O) is divisible by h(Ox). A formula for h(0)/h(Ok)
is given in Theorem 5.3 below by determining the kernel of C1(O) — Cl(Ok), which leads
to a 4-term exact sequence in (5.7).

By Theorem 5.2(1), each ideal class in Cl(O) is represented by an ideal b of O that is
relatively prime to the conductor ¢. For [b] € CI(O) to become trivial in Cl(Og) means
bOx = a0k for some a € O, necessarily prime to ¢ since b is, so bOg is too. By
Theorem 3.8 we have b = bOxr N O, so b = a0k N O.” Conversely, by Theorem 3.8, if O
is relatively prime to ¢ in Og then the ideal aOx N O in O is relatively prime to ¢ and
(a0 N0)Og = aO0k. So ker(Cl(O) — Cl(Of)) is the ideal classes [@Oxg N O] in C1(O)
where a € O is relatively prime to c.

Claim: For nonzero o, 8 € O, if a = 8 mod ¢ then aOxg N O = %(ﬁOK NO).

Proof of claim: Dividing both sides of aOg N O L %(BOK N O) by a, this equation is

equivalent to checking Ox N é(‘) L O N %O. Write « = 8 +cwithcec. Ift € Oxn é(‘)
then at € O, so (B+c)t € O. The product ¢t isin cOx CcC O,s0 ft € O, 80t € OKQ%O.
That proves one inclusion in the claim and the reverse inclusion is proved in the same way.

The claim shows for a € O relatively prime to ¢ that the ideal class [a¢Ox N O] in C1(O)
depends only on a mod ¢, which lies in (Og/¢)*. So ker(Cl(O) — Cl(Ok)) is the image of
the map (Og/c)* — CL(O) given by a mod ¢ — [aOx NO]. This map is well-defined by the
claim and it is a group homomorphism: for o and o’ relatively prime to ¢ in O,

(@O NO) Ok NO) =adOxNO.
since this is a special case of the equation aa’ N O = (aN O)(a’ N O) that is in the last part
of Theorem 3.8.
So we have a sequence of group homomorphisms
(5.4) (O /c)*

amod ¢ —[a0xN0O] [b]—[bO K]

C1(0) ClOk) — 1

6See https://mathoverflow.net/questions/18959.
"We can’t say this intersection is o/ since there’s no reason to believe  is in O (Corollary 3.10).
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that is exact at C1(O) and Cl(Og). What is the kernel at (Og/c)*? For a € O relatively
prime to ¢, (@O N O] is trivial in C1(O) if and only if aOxg N O = SO for some S € O that
is necessarily relatively prime to c.

Claim: For «in O and § in O that are both relatively prime to ¢, aOx N O = 0O if and
only if a = pu for some u € 0.

Proof of claim: To prove the “only if” direction, extend both sides to ideals in Og:
a0k = POk by Theorem 3.8, so a = fu with u € O. To prove the “if” direction,
a0k = Ok and now intersect both sides with O: aOg N O = SO by Corollary 3.10.

By the claim,

ker((Og/¢)* — Cl(O)) = {fumod c: B € 0, (B,¢)=(1),uec Ok}

The unit group (0/¢)* naturally sits in (Ox /¢)* (pass to unit groups for the ring embedding
O/¢ = Ok /¢) and fills out the 5 mod ¢’s (use u = 1), so (5.4) induces the sequence

(5.5) (Ok /) /(0/e)" — CL(O) — Cl(Ok) — 1.

The kernel of the homomorphism on the left in (5.5) is represented by units u € O, so we
can extend (5.5) to

u—(u mod ¢)(0/c)*

(5.6) Ox (Ok/c)*/(0/c)* — CL(O) — Cl(Ok) — 1,
which is exact at (Og/c)”*/(0/¢)*. The kernel of the homomorphism out of Oy in (5.6) is
{fue Ok :umodce (0/¢)*}=0;,NO=0"

since ¢ is in O and O, so we finally get the exact sequence
(5.7) 1 — 0x/0% — (Ok/¢)*/(0/c) — CI(0) — Cl(Ox) — 1.
Theorem 5.3. For an order O with conductor ¢, the class numbers of O and O satisfy

_ [(Ok/e)* : (0/e)%]
h(0) = h(Ok) ATD

Proof. In an exact sequence of finite abelian groups, the alternating product of the sizes of
the groups is 1. So from (5.7),

0% : 0] h0)
[(Ok /) : (0/)*] h(Ok)
Now rearrange terms. O

=1.

Example 5.4. Let’s compute h(Z[pi]) for a prime number p. When O = Zpi], ¢ = pZ[i] =
(p,pi) as an ideal in O. Then Z[i]/c = Z[i]/pZ[i] = Z[T]/(p, T? + 1) 2 F,[T]/(T? + 1) and
O/c = Z[pil/(p,pi) = Z[T)/(p, T, T? + p?) = F,[T]/(T) = F,.® Let n, be the number of
units in Fp[T]/(T? + 1), so Theorem 5.3 says

N np/(p—1) o p
h(Z[pi]) =1- 1 = -1

8 If you made the mistake of thinking ¢ = pO, then you’d compute O/pO = Z[T]/(p, T? + p) = F,[T]/(T?),
whose unit group has order (p— 1)p, and for p > 2 that doesn’t divide the number of units in F,[T]/(T?+1),
which is either (p—1)? or p>—1 as we’ll see shortly. That would be inconsistent with (O/c)* being a subgroup
of (Ok/c)*. Remember: ¢ = pZ[i] is an ideal in Z[pi] but it is not pZ[pi]. It’s bigger, having index p in Z[pi]
rather than index p? like pZ[pi] does.
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If p =2 then F,[T]/(T? + 1) = {0,1,T,T + 1} has two units (1 and T), so h(Z[2i]) =
2/(2(1)) = 1. That means the invertible ideals in Z[2i] are the principal ideals, so all
nonprincipal ideals in Z[2i] are noninvertible. The invertible ideals in Z[2i] do not have
unique factorization since they are the principal ideals and we know Z[2i] does not have
unique factorization of elements.

If p > 2 and —1 mod p is not a square then F,[T]/(T? + 1) is a field of order p?, so
np =p?—1= (p—1)(p+1). If p > 2 and —1 mod p is a square then F,[T]/(T?+1) = F,xF,,
so np = (p — 1)%. The rule for —1 mod p being a square when p is an odd prime is that
p =1 mod 4, so for odd primes p, n, = (p — 1)(p — (=1)P~D/2) and thus

. p—(=1)-1/2
h(pil) = P
A few values of this formula for p > 2, together with the case p = 2 above, are in the
following table.

p |2 35 7 11 13 17
MZpi) |1 2 2 4 3 3 38

In Example 5.1, we saw (2,p + pi) is a nonprincipal in Z[pi] for odd primes p, so when
p = 3 or 5 every nonprincipal invertible ideal in Z[pi] is equivalent to (2, p+pi) in C1(Z[pi]).
The conductor ¢ = (p, pi) is a nonprincipal noninvertible ideal in Z[pi].

Example 5.5. When O = Z[\/=3], ¢ = 2Z[(3], O /¢ = Z[(3]/(2) = Fo[T]/(T?*+T+1) = Fy4
has three units, and O/c = Z[v/—3]/c¢ = F4 has one unit, so
3/1
hZv-3])=1-——=1.
Therefore an ideal in Z[/—3] is invertible if and only if it is principal.
Corollary 5.6. The index [0 : O%| divides the index [(Ox /c)* : (O/c)*].

Proof. Theorem 5.2 says h(0)/h(Ok) is an integer. Now use Theorem 5.3. O

6. LOCALIZATION AT PRIME IDEALS AND INVERTIBILITY

For a nonzero prime ideal p in an order O, the notation O, will always mean the local-
ization of O at p, not Ox at p. When we localize O at p we will write it as O . The
localization O, means denominators are taken from O — p rather than Ox — p, which
probably isn’t even a multiplicative set: p is a prime ideal in O.

For a nonmaximal order O, invertibility of an ideal in O is a stronger condition than
relative primality to the conductor, but it turns out to be an equivalent condition when we
restrict to prime ideals in O.

Theorem 6.1. A nonzero prime ideal p in an order O is invertible if and only if p is
relatively prime to the conductor of O.

Proof. (<) We know by Theorem 3.6 that each ideal in O relatively prime to the conductor
is invertible. (We really should refer to the earlier Theorems 3.1 and 3.4 for prime ideals.)

(=) Let p be an invertible prime ideal in O. We want to show p is relatively prime to
the conductor of O. In the localization O, the unique nonzero prime ideal is m := pO, and
it is invertible (pp = O = (pO,)(pOy) = O,). We will show every nonzero ideal in O, is a
power of m.
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Since Oy is Noetherian, every nonzero ideal a in O, contains a product of nonzero prime
ideals, which must be a power of m. Write a D m” and take n to be as small as possible (for
the choice of a). We will prove by induction on the minimal n that a = m”. If n = 0 then
aD>m’ =0y, s0a=0,=m’ Supposen > 1. Then a # m" som D a D m". Multiplying
through by m~1, 0p, D am~! D m"~!. Since n is minimal for a, it is simple to see that n — 1
is minimal for am~!. Therefore by induction am~! = m”~!, and multiplying through by m
implies a = m".

Since every nonzero ideal in Oy is a power of m and m is invertible, cancellation of ideals
holds in Oy, so O, is integrally closed. Therefore the containment O C O, implies O C O,
by passing to integral closures. Getting the containment Oy C O, is the key step in the
proof. For every z € Ok, the containment tells us x = y/z where y € O and z € O — p.
Then zz € 0. Write O = Y i, Zz; with x; € O (since Ok is finitely generated as a
module over Z it is also finitely generated as a module over the larger ring O) and choose
zi € O —p such that z;xz; € O. Then 2z := z1---2, isin O — p and zx; € O for all 7, so z
belongs to the conductor of Q. Since z & p, p is relatively prime to the conductor of O. [

Corollary 6.2. For a nonzero prime ideal p in an order O, the following are equivalent:
(1) p is invertible in O,
(2) p is relatively prime to c,

(3) the localization Oy is integrally closed,

(4) the containment O, C Ok, becomes an equality.

Proof. The equivalence of conditions 1 and 2 is Theorem 6.1. In the proof of the theorem
we showed 1 = 3 = 2, so the first three conditions are equivalent.

The ring extension O , /O, is integral since it’s a localization of the integral ring extension
Ok /0, and O, is integrally closed since it’s a localization of an integrally closed ring.
Therefore the containment O, C Ok, becomes an equality if and only if O, is integrally
closed. O

While the localization of Ok at every nonzero prime ideal is a PID, this is false for the
localization of an order O at a prime p containing the conductor: O, is not integrally closed
so it can’t be a PID. In particular, the phenomenon of a localized prime ideal not becoming
principal is never observed in the rings O but this always happens for some primes (albeit
just finitely many primes) in a non-maximal order.

Corollary 6.3. In an order O, the following conditions on an ideal b are equivalent:

(1) b is a product of invertible prime ideals,
(2) b is relatively prime to the conductor of O.

Proof. By Theorem 6.1, the invertible prime ideals in O are the prime ideals that are
relatively prime to the conductor. Now use Corollary 3.11. t

As a final use of localization we are going to prove Theorem 3.12: the natural ring
homomorphism O/(a N O) — O /a is an isomorphism when a N O is invertible as an ideal
in O. (Recall that some constraint on a is needed since this is not an isomorphism when
a = ¢ is the conductor of O and O is nonmaximal.) The “easy case” when a is relatively
prime to the conductor was shown in Theorem 3.8. Handling the general case is going to
need some new ideas.

Lemma 6.4. Let R be a local ring that is a domain. A fractional R-ideal is invertible if
and only if it is principal.
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Proof. Nonzero principal fractional ideals are obviously invertible. Assume now that a is
an invertible fractional R-ideal: aa’ = R for some other fractional R-ideal a’. That means
we can write

(6.1) @) 4 4z, =1

where k > 1, x; € a, and 2} € o’.

For each x € a,

r=1z=uz(z)z) 4+ -+ zp(x)z),

and #iz € da=R,s0a C Y% | Rz; C a. Thusa = Y% | Rz;. (So far we haven’t used that
R is local, so this shows every invertible fractional ideal in an integral domain is a finitely
generated ideal.)

In (6.1) each product x;z} is in R. In a local ring, if a sum of terms is 1 then one of the
terms must be a unit (otherwise all the terms are in the maximal ideal of R and then their
sum is, a contradiction). Say z;x, € R*. Then a = z;zja C z;R C a, so a = Rx;. O

Since Op is Noetherian and 1-dimensional, it is integrally closed if and only if it is a
Dedekind domain. A Dedekind domain with one maximal ideal is a PID, so O is integrally
closed if and only if its unique maximal ideal pO, is principal. Therefore Lemma 6.4 with
R = Oy lets us add an additional condition to the list in Corollary 6.2: p is invertible in an
order O if and only if pO, is a principal ideal in O,.

Now we prove Theorem 3.12.

Proof. The natural ring homomorphism O/(a N O) — O /a is injective. Its surjectivity is

equivalent to O ) + a and this is what we will check using invertibility of a N O.

Claim: We have O = O + a if and only if Ox = Op + a, for all nonzero prime ideals p
in O.

Proof of claim: The proof of (=) is easy. To show (<), we show Oxg C O + a (the
reverse containment is trivial). For a € O and a nonzero prime ideal p in O we can write
a=uz/d+a/d where x € O, a € a, and d and d’ are in O — p. Therefore dd'a € O + a. So
the denominator set I, = {y € O : ya € O 4 a}, which is an ideal in O, contains an element
in O —p for every prime p. That means I, is contained in no maximal ideal of O, so I, = O.
Thus 1 € I, s0 @ € O+ a.

Returning to the proof of the theorem, since anN© is invertible in O its localization (aN©),
is invertible in O, (the localization of the inverse is the inverse of the localization). It is
easy to check (aN0), = a, N Op. By Lemma 6.4, a, N O, is a principal ideal in Oy, say
ap N Op = 0, with a € Op — {0}. Scaling o by a unit in Op, we can assume a € O.
Write it now as a, so a, N Oy = aOy. The natural ring homomorphism O, — Ok /a, has
kernel a, N Oy = a0y, so we get an injection Op/a0y, — Ok p/ap, so

Since ay is an ideal in Ok p containing a, Ok, C ay C Ok p, SO
(63) [OK’p . ap] S [OK’p . CMOK,p]

Somehow show

[Op : a(‘)p] = [O}gp . aOK7p:|.
Then (6.2) and (6.3) become equalities, so the natural map O,/a0, — Ogp/a, is an
isomorphism, which means Ok, = Op + ap. This is true for all nonzero primes p in O, so
by the claim we are done. (|
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Remark 6.5. If we were in the “de-localized” setting, then [O : a0] = [Ox : aOk]. So
running through the above argument here would show that if a is an ideal in Ok such that
aN O = a0 is principal then a = aOk.
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