CARLITZ EXTENSIONS

KEITH CONRAD

1. INTRODUCTION

The ring Z has many analogies with the ring F,[T], where F), is a field of prime size
p. For example, for nonzero m € Z and nonzero M € Fp[T], the residue rings Z/(m) and
F,[T]/M are both finite. The unit groups Z* = {£1} and F,[T]* = F are both finite.
Every nonzero integer can be made positive after multiplication by a suitable unit, and every
nonzero polynomial in Fp[T] can be made monic (leading coefficient 1) after multiplication
by a suitable unit. We will examine a deeper analogy: the group (F,[T]/M)* can be
interpreted as the Galois group of an extension of the field Fj,(7) in a manner similar to
the group (Z/(m))* being the Galois group of the mth cyclotomic extension Q(um,) of Q,
where p,, is the group of mth roots of unity.

For each m > 1, the mth roots of unity are the roots of X™ —1 € Z[X], and they form an
abelian group under multiplication. We will construct an analogous family of polynomials
[M](X) € Fp[T][X], parametrized by elements M of F,,[T] rather than by positive integers,
and the roots of each [M](X) will form an F,[T]-module rather than an abelian group (Z-
module). In particular, adjoining the roots of [M](X) to F,(T") will yield a Galois extension
of F),(T') whose Galois group is isomorphic to (F,[T]/M)*.

The polynomials [M](X) and their roots were first introduced by Carlitz [2, 3| in the
1930s. Since Carlitz gave his papers unassuming names (look at the title of [3]), their
relevance was not widely recognized until being rediscovered several decades later (e.g., in
work of Lubin-Tate in the 1960s and Drinfeld in the 1970s).

I thank Darij Grinberg for his extensive comments and corrections on the text below.

2. CARLITZ POLYNOMIALS

For each M € F,[T| we will define the Carlitz polynomial [M](X) with coefficients in
F,[T]. Our definition will proceed by recursion and linearity. Define [1](X) := X and

[T)(X):=XP+TX.
For n > 2, define
[T7](X) := [TI(T" (X)) = [T"7(X)? + T[T 1](X).

Example 2.1. For n =2 and n = 3,
[T%)(X) = [T)(X)? + T[T)(X) = (XP + TX)" + T(X? + TX) = X"’ + (T” + T) X" + T°X
and
(T3(X) = [T2)(X)? + T[T?)(X) = X" + (T + TP + T)X?" + (T + TP + T?)X? + T3 X.

For a general polynomial M = ¢, T" + --- 4+ 1T + ¢¢ in F,[T], define [M](X) by forcing
F,-linearity in M:

[M](X) := co[T")(X) + - - + e[TI(X) + co X € Fp[T][X].
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Example 2.2. For c € F),, [¢|(X) = cX, and
[T% — T)(X) = [T?)(X) — [T)(X) = XP* + (TP + T — 1)X? + (T - T)X.

Remark 2.3. The Carlitz polynomials [M](X) have many notations in the literature:
o (X)), éar(X), Car(X), wa(X) (Carlitz’s original notation'), and X™. The notation
[M](X) used here is taken from Lubin-Tate formal groups (see Remark 2.7).

Our examples suggest general properties of [M](X). For instance, in [T2](X), [T3](X),
and [T? — T](X) we only see X appearing with p-power exponents and the lowest degree
X-terms are, respectively, 72X, T3X, and (T? —T)X.

Definition 2.4. Let A be an integral domain of prime characteristic p. A p-polynomial
over A is a polynomial in A[X] that is an A-linear combination of X, X?, X pz, and so on:
F(X) = aoX + a1 XP + apX?* + - + agX?" for some a; € A.

Theorem 2.5. For nonzero M € Fp[T], [M](X) has X -degree pi°s™ . Moreover, [M](X)
18 a p-polynomial in X :

deg M .
[M](X) = a;(T)X? = (lead M)X7"*" 4 ... + MX,

0
where a;(T) € Fp[T| with ag(T) = M and ageg M(T) = lead M € F, being the leading
coefficient of M.

Proof. This can be proved for M = T™ by induction on n and then for all M by F,-
linearity. g

The coefficients a;(T") will be examined closely in Section 8. They are analogues of
binomial coefficients.

Corollary 2.6. For M € F,[T], indeterminates X and Y, and c € Fy,
(MI(X +Y) = [M](X) + [M)(Y) and [M](cX) = c[M](X).
For My and M> in F,[T],
[My + M) (X) = [My](X) + [Ma](X) and [MyMs](X) = [My]([M](X)).

In particular, if D | M in Fp,[T] then [D](X) | [M](X) in Fp[T][X].
Proof. The basic polynomial [T](X) = X? + TX is a p-polynomial in X, and since other
[M](X) are defined by composition and F-linearity from [T](X), every [M](X) is a p-
polynomial in X. For a p-polynomial f(X) we have f(X+Y) = f(X)+ f(Y) and f(cX) =
cf(X) for c € Fy,.

That M — [M](X) is additive in M and sends products to composites can be proved by
induction on the degree of M.

The last part is the analogue of d | m implying (X? — 1) | (X™ — 1) in Z[X] and is left
to the reader. (Hint: [M](X) is divisible by X.) O

The polynomials [M](X) commute with each other under composition by Corollary 2.6:
[Ml]([MQ}(X)) = [MlMQ](X) = [MQMl](X) = [MQ]([Mﬂ(X)) This will be crucial later,
since it will imply the roots of [M](X) generate abelian Galois extensions of F,(T).

IWriting [M](X) as [M](X,T) to make its dependence on T more visible, Carlitz’s war(X) is actually
M)(X,-T), e.g., wr(X) = X? — TX rather than X? + TX.
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Remark 2.7. This is for readers who know Lubin—Tate theory. Over the power series ring
F,[[T]], [T](X) = X?+TX is a Frobenius polynomial for the uniformizer 7. Since [M](X)
has lowest degree term M X and commutes with [T](X), [M](X) is the endomorphism
attached to M of the Lubin—Tate formal group that has Frobenius polynomial [T](X).

Corollary 2.8. For M(T) € Fp[T], the X -derivative of [M](X) is M.
For example, [T](X) = X? + TX has X-derivative T

Proof. The derivative of a p-polynomial agX + a1 X? + agXp2 + -+ aprd is ag since
(XP")" = 0 in characteristic p when j > 1, and [M](X) has X-coefficient M. O

Each X™ — 1 is separable over Q since it has no root in common with its derivative
mX™ 1, so there are m different mth roots of unity in characteristic 0. The polynomial
[T)(X) = XP+TX is separable over F,,(T), since its X-derivative is 7', which is a nonzero
constant as a polynomial in X, so ([T](X), [T]) (X)) =1 in F,(T)[X]. A similar calculation
shows

Theorem 2.9. For nonzero M in F,[T], [M](X) is separable in F,(T)[X].

Proof. The X-derivative of [M](X) is M € F,[T] (Corollary 2.8), and M is a nonzero
“constant” in F,(T")[X]. Therefore [M](X) is relatively prime to its X-derivative, so [M](X)
is separable as a polynomial in X. [l

Corollary 2.10. For nonzero M and N in Fp[T], [M](X) and [N](X) have the same roots
if and only if M = cN for some c € F.

Proof. If M = ¢N then [M](X) = ¢[N](X), so [M](X) and [N](X) have the same roots.
Conversely, assume [M](X) and [N](X) have the same roots. We will show M | N and
N | M, so M and N are equal up to a scaling factor in F).

Write N = M@ + R where R =0 or deg R < deg M. If R # 0 then for every root A of
[M](X) we have [M](A) =0 and [N](A) =0, so

0=[MQ+ R|(A) = [QI(IM](N) + [R](A) = [Q](0) + [R](A) = [R](N).
Therefore the number of roots of [R](X) is at least the number of roots of [M](X). By Theo-
rem 2.9, the number of roots of [M](X) is deg([M](X)) = pieeM so pdeeM < deg([R](X)) =
pief 5o deg M < deg R. This contradicts the inequality deg R < deg M, so R = 0 and
M | N. The argument that N | M is similar, so we’re done. O

The rest of this section concerns analogies between the pth power map for prime p and
the polynomial [7](X) for (monic) irreducible 7 in F,[T.

Since (X™—1)" = mX™ 1 in (Z/(p))[X] the polynomial X™—1 is separable if (m,p) = 1
while X? —1 = (X — 1)’ mod p. Analogously, what can be said about the reduction
[M](X) mod 7 in (F,[T]/7)[X]?

Theorem 2.11. Let m be monic irreducible in Fp[T] and set Fr = F,[T|/n. For M in

F,[T], let [M](X) € Fr[X] be the result of reducing the coefficients of [M](X) modulo .
If (M, ) =1 then [M](X) is separable in F|X], while [7](X) = XP**".

Proof. By Corollary 2.8, [M]'(X) = M and [r]'(X) = 7. If (M, m) = 1, [M](X) = M mod =
is a nonzero constant as a polynomial in X, so [M](X) is separable over F . On the other
f— i

hand, [7] (X) = 7 mod 7, and this is 0, so [7](X) is inseparable in F,[X]. Since [r](X)
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and is monic (because 7 is), its reduction [7](X) in F,[X] is monic with
deg 7

has degree pdee™

degree p°8™. Therefore we can show [r](X) = X?
in the algebraic closure Fr is 0.

Suppose there is a root 7y of [r](X) in F, with v # 0. We will get a contradiction. For

all M € Fy[T), [M](3) is a root of [x](X) because [)([M](2)) = [xM](2) = [M]([](7)) =
[M](0) = 0. Therefore the number of roots of [](X) in F; is at least the number of
different values of [M](y) as M varies. To count this, consider the map Fp[T] — F given

by M — [M](~y). By Corollary 2.6, this is additive with kernel
{M e Fp[T] : [M](y) = 0}.

This kernel is not only a subgroup of Fy[T] but an ideal: if [M](y) = 0 and N € F,[T]

then [NM](y) = [N]([M](~)) = [N](0) = 0. This ideal is proper (since [1](y) = # 0) and

contains 7. Since (7) is a maximal ideal, the kernel is (), so the number of [M](y) as M
deg 7 [ [

by showing the only root of [7](X)

varies is |Fp[T]/m| = p = deg [7](X). Therefore [7](X) has as many roots in F, as its

degree, but it is inseparable: contradiction! So the only root of [7](X) in F; is 0. O

Corollary 2.12. For every irreducible m € Fp[T], the coefficients of [n](X) besides its
leading term are multiples of w. In particular, [7](X)/X is an Eisenstein polynomial with
respect to m with constant term .

Proof. For c € F, [em](X) = ¢[r](X), so we may assume 7 is monic. Then the leading term
deg ™

of [7](X) in Fp[T][X] is XP and by Theorem 2.11, [7](X) = XP in (F,[T]/m)[X].
Lifting this equation to F,[T][X] shows all lower-degree coefficients of [7](X) are multiples
of . Since the lowest degree term of [7](X) is 7X, [7](X)/X has constant term 7 and
therefore is Eisenstein with respect to . O

deg 7

Remark 2.13. In many respects, [M](X) is analogous not to X™—1 but to (14+X)™—1. For
example, (1+X)"™—1= X" +...4+mX has lowest degree term mX and [M](X) has lowest
degree term MX. If we write [m](X) = (1 + X)™ — 1 then [mimg](X) = [m1]([m2](X)),
which resembles part of Corollary 2.6 (but [m](X) is not additive in m) and Corollary 2.12
resembles [p](X)/X = ((1 + X)? —1)/X being Eisenstein for prime p.

Corollary 2.14. For every irreducible m € F,[T| and integer k > 0, the coefficients of
[7%](X) besides its leading term are multiples of .

Proof. Tt’s true for k = 0 and 1. For higher k use the identity [7*](X) = [7]([rF71](X)). O

Theorem 2.15. For every monic irreducible m in Fp[T], [n](A) = Amod 7w for all A €
F,[T].

This is an analogue of a? = a mod p for (positive) prime p and all a € Z.

deg 7

Proof. By Theorem 2.11, [r](X) = X? in (F,[T]/m)[X]. Thus [7](A) = AP~ mod =
for all A € F,[T]. Since F,[T]/ is a field of size pd®&™, raising to this power on the field is
the identity map, so [7](A) = A mod 7. O

deg 7

Subtracting A = [1](A) from both sides of the congruence in Theorem 2.15, we get

Corollary 2.16. For every monic irreducible m in Fp,[T], [1 — 1](A) = 0mod 7 for all
A e F,[T].
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This is an analogue of Fermat’s little theorem: a?~! = 1 mod p for (positive) prime p
and a in (Z/(p))*. However, Corollary 2.16 is true for all A, not just A that are relatively
prime to m. That Fermat’s little theorem is about a in the multiplicative group (Z/(p))*
while Corollary 2.16 is about A in F,[T]/7 illustrates how analogues of X™ — 1 for Carlitz
polynomials are additive rather than multiplicative.

Here is an analogue of f(X?) = f(X)P mod p for f(X) € Z[X].

Theorem 2.17. For monic irreducible m in F,[T] and f(X) € Fp[T][X], f([r](X)) =

f(X)pdegTr mod 7, where the congruence means coefficients of like powers of X on both sides
are equal in Fp[T]/m.

deg 7

Proof. Tn (F,[T]/m)[X], [7](X) = XP (all the lower degree coefficients vanish modulo
), so f([7](X)) = £(XP**") mod 7. In F,[T]/m every element is its own pd®8™th power,
so f(X)P"*7 = £(XP"*7) mod 7. O

If 7w is not monic then the above results have a more awkward form. Letting ¢ be
the leading coefficient of 7, [7](A) = cAmod 7, [ — ¢|(A) = 0 mod 7, and f([7](X)) =
f(eX)P"™*" mod . Just remember that monic 7 have nicer formulas.

Notationally, it is convenient to regard p®™ as the analogue of the absolute value of an
integer. Indeed, for nonzero m € Z we have |m| = |Z/(m)| and for nonzero M € F,[T]| we
have pieM = |F,[T]/M]|. Set

N(M) = pie™ = |F,[T]/M].
With this notation, we set some formulas in Z[X| and F,[T][X] side by side:
14+ X)"—1=X"+--4+mX, [M]X)=X"M 4. .. 4 MX,
(14 X)?—1=X"modp, [r)(X)=X"" modr,
f(XP) = f(X)P mod p,  f([x](X)) = f(X)N™ mod .

Here m and p are positive while M and 7 are monic.
The following theorem is an analogue of X™ — 1 having no roots in Z other than 1 if m
is odd and other than +1 if m is even, except it’s more tedious to prove.

Theorem 2.18. For nonzero M and A in Fp[T], [M](A) # 0 unless perhaps p = 2 and
deg A <1 because in other cases we can compute the degree of [M](A):

plegMdeg A, ifp#2,deg A > 1,
deg((M)(a)) = { P OB P =Rdes Az

pee , if p#2,deg A=0,deg M > 2,

deg M, ifp#2,degA=0,degM =0 or 1.

If p =2 and deg A < 1 then [M](A) is sometimes 0, e.g. [T](T) = 0 and [T%+T](1) = 0,
so [M|(T) =0 if T | M and [M](1) =0 if (T? +T) | M.
Proof. Writing M = ZdegMchj, we have [M](A) = Z?egM ;[T71(A), so to prove that
deg([M](A)) = pieM deg A in the first and second cases it suffices to show deg([T7](A)) =
p? deg A for all j > 0.

When j = 0, [TY](A) = [1](A) = A, which has degree deg A.
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When j =1, [T)(A) = AP + T A, which has degree pdeg A if deg(AP) > deg(T'A). That
inequality is the same as (p — 1)deg A > 1, and this holds when p # 2 and deg A > 1, or
when p = 2 and deg A > 2.

Now assume by induction that deg([T7](A)) = p’deg A for some j > 1. To show
deg([T7+1)(4)) = pi*! deg A, write [T91](A) = [T](T9](A)) = [T9](A)? + T{T9](A). The
first term has degree p’ ™! deg A and the second term has degree 1+p’ deg A. The inequality
p’tldeg A > 1+p/ deg A is equivalent to p’ (p—1) deg A > 1, and that’s true for nonconstant
Aif p#2, and for deg A > 2 (or even deg A > 1) if p = 2.

To show deg([M](a)) = p?8™~! when p # 2, a € F, and deg M > 2, first we compute
[T)(a) = aP+Ta and [T%)(a) = a?’ + (TP +T)aP +T?a, so deg([M](a)) = p when deg M = 2.
Assuming deg([T%](a)) = p'~! for some i > 2, write [T*](a) = [T]([T%(a)) = [T (a)? +
T[T?)(a) and we see by induction that the first term has larger degree than the second, so
deg([T1)(a)) = p'.

Lastly, if p # 2, a € F)5, and M(T') = cT + d with ¢,d € F}, (not both 0) then [M](a) =
caT + (caP + da), which has the same degree as M.

([l

3. THE CARLITZ MODULE AND CARLITZ TORSION

Let K be a field extension of F,(T"). We can view K as an F,(T")-vector space in the
usual way, so it is also an Fp[T]-module by multiplication. Using the Carlitz polynomials
we can define a different F,[T]-module structure on K, as follows.

Definition 3.1. Let K be a field extension of F),(T'). We make the additive group of K into
an F,[T]-module by letting F,[T] act on K using the Carlitz polynomials: for M € F,[T]
and a € K, define

M- a:=[M](a).
This is called the Carlitz action of F,[T| on K.

Example 3.2. In the Carlitz action, T- o = [T](«) = of + T'«r, which is not T (if o # 0).

Example 3.3. In the Carlitz action, ¢- a = [¢](a) = ca for ¢ € F},. For nonconstant M in
F,[T], M - « is essentially never the same as M« when a # 0.

That the Carlitz action is an Fp[T]-module structure on K amounts to several identities:
M- -(a+B8)=M-a+M-p
for M € F,[T] and o and f in K, and
(My+ M) -ao=M-a+My-a, My-(My-a)=(MM) o 1-a=«

for M; in F,[T] and o € K. These identities follow from Corollary 2.6 by specializing X and
Y to elements of K. For example, since [M](X +Y) = [M|(X) + [M](Y) in F,[T][X,Y],
upon specialization of X and Y to o and § in K we get [M](a + 8) = [M](a) + [M](B),
which says M - (a+8) =M -a+ M - 5.

There are two ways to make the additive group of K into an F,[T]-module, namely
ordinary multiplication of F,[T] on K and the action of F,[T] on K through Carlitz poly-
nomials, so to avoid ambiguity we want to denote K differently when it is an Fp,[T]-module
in each way. A plain K will mean K as an Fp[T]-module by multiplication of F,[T’], while
C(K) will mean K as an F,[T]-module by the Carlitz action. The second way, as C(K), is
more interesting.
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The Carlitz action on the field F,,(T"), an algebraic closure of F,,(T), will be of particular
importance, and the Fp[T]-module C(F,(T)) is called the Carlitz module; it’s F,(T') with
a subtle F,[T]-module structure, and is analogous to the multiplicative group QX as a
Z-module: m € Z acts on & € Q" by a — o™ and M € F,[T] acts on a € F,(T) by
o+ [M](a). The torsion elements in the Z-module Q" are the o € Q" satisfying o/ = 1
for some m > 0; these are the roots of unity and they generate abelian extensions of Q. The

torsion elements of C'(Fy,(T)) are the a € F,(T') satistying [M](«) = 0 for some M # 0,
and we will see in Section 5 that such a generate abelian extensions of F,,(T').

Definition 3.4. Let Ay = {A € F,(T) : [M](\) = 0}. This is called the M-torsion of the
Carlitz module. The Carlitz torsion is the union of Ay over all nonzero M € F,[T].

Example 3.5. Since [T](X) = XP +TX = X(XP~1 +1T),
A ={ANEF,(T): W+ TA=0} = {0} Uu{\: NVt =-T},

which is analogous to y, = {2 € Q: 2 =1} = {1} U{z € Q: ®,(z) = 0}.

The polynomial XP~! + T is irreducible since it is Eisenstein with respect to 7. If « is
one root of XP~1 + T, then all the roots are {ca : ¢ € FX}, so Fy(T, Ar) = Fy(T, o), which
is a Kummer extension of F,(7T") with degree p — 1. It is analogous to the pth cyclotomic
extension Q((,)/Q, also of degree p — 1 (and both have cyclic Galois group).

Example 3.6. Since [T2](X) = [T|([T)(X)) = (XP + TX)? + T(XP + TX),
Ape = {NEF,(T): N +TAEAr} = Ar U{NEF,(T) : (W +TAP ! = -T}.

This is analogous to p,2 = {z € Q: 2 € pp} = pp U{z € Q : ®(2P) = 0}.

If 8 € Ap2—Ar (the elements of Ag2 not in A7) then 3 is a root of (XP+T X )P~1+T, which
is irreducible over F,(T") since it is Eisenstein with respect to T', so [F,(T,3) : Fp(T)] =
p(p—1). Moreover, o := P+Tf is a nonzero element of Ar and Ap2 = {aa+bf : a,b € F,},
so Fp(T,Ar) =Fp(T, o), Fp (T, Ap2) = Fp, (T, B), and F(,(T, B) /F,(T) is a Galois extension.
What does the Galois group look like?

All elements of A2 — A7 have the same minimal polynomial (namely (X?+TX)P~1+T),
and aa+ b5 ¢ A when b # 0, so the F),(T)-conjugates of 3 are all aa+ b with a € F,, and
b € F;. This is analogous to saying if (2 € pp2 — 1, then (p 1= C£2 is a nontrivial element

of pp and 1,2 = {CgCSQ 0<a,b<p—-1} = {CZerb}, with (Zerb & pp when b # 0.

The F),(T)-conjugates of 8 can be written as
acc+bp = a(BP +TH) + b8 = [aT + b)(B),

where a € Fp and b € F)\. Then Gal(Fy(T, Ar2)/Fy(T)) = (F,[T]/(T?))* by o = ol +
bmod T2, where o(8) = [aT + b](3). This is analogous to Gal(Q((,2)/Q) = (Z/(p?))*.

By Theorem 2.9, [M](X) has peM different roots in F,(T), so |Ay| = pdM. Since
[M](X) has constant term 0, 0 € Ay for all M. This is analogous to 1 being in p,, for all
m. Since [M](X) is a p-polynomial in X, its roots Ay form a finite Fp-vector space. But
Ay is more than a vector space:

Theorem 3.7. The set Ay is a submodule of C(F(T)): if X € Ay and A € F,[T) then
[A](A) € A



8 KEITH CONRAD

Proof. For A € Fp[T] and A € Ay, [A](A) € Ay since, using the last identity in Corollary
2.6,
[M]([A](A) = [MAJ(A) = [A)([M](})) = [A](0) = 0.

Thus Ay is a submodule of C'(F,(T)). O

Example 3.8. In Example 3.5 we saw A7 = F,a when « is one root of XP~L 4 T so Ar
is a 1-dimensional Fj-vector space. The Carlitz action of A € F,[T] on A € Ar is through
multiplication by the constant term of A: writing A = T'Q + A(0),

[A](A) = [T'Q + A(0)](A) = [Q([T](N)) + [A(0)]A = A(0)A.
Here is a Carlitz analogue of the group isomorphism fi,, = i X pn, when (m,n) = 1.

Theorem 3.9. If M and N are relatively prime in F,[T| then Apyny = Ay @ Ay as Fy[T]-
modules.

Proof. Let Ay @ An — Apn by ordinary addition: (A, \') — A+ ). This map makes sense
since Aps and Ay are submodules of Apsy. The map is F,,[T]-linear and both Ay & Anx and
AN have the same finite size. Therefore to be an isomorphism it suffices to be injective.
If A+ XN =0 then A = =X, so A and X belong to Ay N Ay, which is {0} since M and N
are relatively prime. Therefore (A, \') = (0,0). O

The group structure on u,, makes it not only a Z-module but a Z/(m)-module since,
for ¢ € pim, ¢* = ¢® when a = bmod m. (Conversely, if ¢* = ¢* for all ¢ € p,, then
a = b mod m.) The group pu,, is cyclic, and if ¢ generates p,, then (% is a generator of fi,
if and only if (a,m) = 1. Exactly the same properties apply to Aps:

Theorem 3.10. For A and B in Fp[T] and X\ € Ay, if A= B mod M then [A](A) = [B](A),
so the Carlitz action on Ay makes it an Fp[T]/M-module. Conversely, if [A](X) = [B](X)
for all A\ € Apr then A= B mod M. There exists a A\g € Ay that is a Carlitz generator:

Ay =A{[A](Mo) : A € Fp[T]/M},
and the generators of Aps are precisely the [A](Ao) where (A, M) = 1.
Proof. Writing A= B+ MN,
[AJ(A) = [B + MN](A) = [B](A) + [N]([M](A)) = [B](A) + [N](0) = [B](A).

To show that if [A](\) = [B](\) for all A € Apr then A = B mod M, we can subtract to
reduce ourselves to showing that if [A](A\) = 0 for all A € Aps then A = 0 mod M. Write
A=MQ+ R where R =0 or deg R < deg M. Then for all A € Ay,

0= [A](A) = [QI([M](N) + [R](A) = [QI(0) + [R](A) = [R](N).

If R # 0, the Carlitz polynomial [R](X) has degree pi8 # < pdeeM — |A /| so [R] has more
roots than its degree. This is impossible, so R =0 and M | A.

To prove Aps has a generator as an F,[T]-module, we will adapt a proof that p, is a
cyclic group. Here is a proof that the group ., is cyclic. In a finite abelian group, if there
is an element of order n1 and an element of order ny then there is an element whose order
is the least common multiple [ny,ns]. Writing n for the largest order of the elements of
tm, and n’ for the order of some element of y,, there is an element in p,, of order [n,n’].
Since [n,n’] > n and n is the maximal order, we must have [n,n'] = n, so n’ | n: all orders
divide the largest order. Therefore every element x of u,, satisfies ™ = 1, so the polynomial
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X™—1 has at least m roots, which implies m < n. Also n | m, since the order of an element
divides the size of the group, so n = m: there is an element of u,, with order m.

Consider now Ay instead of py,. While p,, is a finite abelian group, Aps is a finitely
generated (even finite) torsion Fp[T]-module. In every finitely generated torsion F,[T-
module A, we can associate to each element A\ € A its Fp[T]-order, which is the unique
monic generator of the annihilator ideal

Anny(A\) ={A e F,[T]: A-A=0}.

As with finite abelian groups, if Ny and Ny are F,[T]-orders of elements of A then there
is an element of A whose Fp[T]-order is the least common multiple [Ny, No]. It follows
that the Fp[T]-order with largest degree is divisible by the F,[T]-order of every element
of A. What this means in the case of Ay is that if N denotes the Fp[T]-order of largest
degree in Ays then every A € Ay satisfies [N](\) = 0, so |Ays| < deg([N](X)) = pdee N or
equivalently plee M < pdee N Also N | M (analogue of all orders in a group dividing the
size of the group), so N is the monic scalar multiple of M. Letting A\g € Aj; have maximal
F,[T]-order N, Anny,,(Xg) = (N) = (M), so the Fp[T]-submodule that Ao generates in Ay
has size
HIAI(0) : A € Fy[TT}] = [Fy[T1/M] = pM — Ay,

which shows ) is a generator of Ay and there is an Fy,[T]-module isomorphism F,[T]/M =
Ay given by A mod M — [A](No). In particular, [A](Ag) generates Ajs using the Carlitz
action if and only if A mod M generates F,[T]/M as an Fp[T]-module in the usual way,
and that occurs if and only if (A, M) = 1. O

To stress the similarities again, choosing a generator ¢ of u,, gives a noncanonical group
isomorphism Z/(m) = i, by a mod m — (%, and in the same way choosing a generator \g
of Aps leads to a noncanonical F,[T]-module isomorphism F,[T]/M = Aj; by A mod M —
[A](Xo), where F,,[T|/M is an F,[T]-module by standard multiplication.

Corollary 3.11. The F,[T|-submodules of Ay are all Ap where D divides M.

Proof. Fix a generator Ao of Aps. Then F)[T]/M = Ay as F,[T]-modules by A mod M —
[A](Xo), so the result is a consequence of the submodules of F,,[T'|/M being DF,[T]/M for
D | M, with the submodule DF,[T]/M corresponding to A/ p. O

4. STRUCTURE OF F,[T|/M wiTH CARLITZ ACTION

The Carlitz analogue of the cyclic group Z/(m) is the Fp[T]-module Ay, which is (non-
canonically) isomorphic to Fp[T']/M. A Carlitz analogue of (Z/(m))* is the additive group
F,[T]/M with a new F,[T]-module structure: N - (A mod M) = [N](A) mod M for N €
F,[T]. We denote F,,[T]/M with this Carlitz action by F,[T| as C(Fp[T]/M).

Example 4.1. The F3[T]-module C(F3[T]/(T? + 1)) is generated by 1. See Table 1.
A [o|1|2] T |T+1|T+2]| 2T |2T+1|2T+2

A mod T2+ 1|0[1][2[T+1|T+2| T |2r+2| 2T |2T+1
TABLE 1. Carlitz action on 1 in C(F3[T]/(T? + 1)).

More generally, if 7(T") is a monic quadratic irreducible in F,,[T], then 1 is a generator of
C(Fp[T)/(m(T))): [a1T 4 a2](1) = a1T + (a1 + a2) = 0 mod 7(T") only if a; = 0 and ay = 0.
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Example 4.2. The Fs[T]-module C(F2[T]/(T% + T + 1)) is not generated by 1: show
[T? 4+ T)(1) =0 mod T3 + T + 1 and T? is a generator.

The passage from K to C'(K), where K is a field extension of F,(T"), and from F,[T|/M
to C(Fp[T]/M), are special cases of a more general construction: for each F,[T]-algebra
A (such as a field extension of F,(T") or the ring F,[T]/M), it makes sense to evaluate
polynomials in Fp[T][X] at elements of A, and setting M - a = [M](a) makes the additive
group A into an Fy[T]-module in a new way. When A is considered with this F,,[T]-module
structure we denote it as C'(A). That is, C'(A) is A as an additive group but it has a new
F,[T]-module action through the use of Carlitz polynomial values acting on A. (One might
call C'(A) the “Carlitzification” of A.) The proof of Theorem 2.11, for instance, was treating
F, as C(F,) without explicitly saying so (with F being an F,[T]-algebra by virtue of it
being an extension of the field Fr = F,[T]/).

Passing from Fp[T]-algebras A to F,[T]-modules C(A) respects maps: if f: A — B is
an F,[T]-algebra homomorphism, then f([M](a)) = [M](f(a)) so f: C(A) — C(B) is an
F,[T]-module homomorphism. Thus the Carlitz construction is really a functor, from F,[T-
algebras to Fp,[T]-modules, and is analogous to the “unit” functor taking each commutative
ring A (a Z-algebra) to its unit group A* (a Z-module). In particular, if A and B are isomor-
phic F,[T]-algebras then C(A) and C(B) are isomorphic F,[T]-modules. For instance, the
Chinese remainder theorem shows F,[T']/M;Ms = F,[T] /My x F,[T]/M> as Fp[T]-algebras
if My and M, are relatively prime, so C(F,[T]/Mi M) = C(F,[T]/My) x C(F,[T]/Ms)
as Fp[T]-modules. Thus C(F,[T|/M) decomposes into a direct product of Fp[T]-modules
C(F,[T)/m*) for monic irreducible 7, so understanding the structure of C(F,[T]/M) as an
F,[T]-module boils down to the case when M = 7*. Think of C(F,[T]/7") as analogous to
(Z/(p¥))* when p is prime, since it makes the results below on C(F,[T]/7*) reasonable.

Let’s first treat k = 1.

Theorem 4.3. For monic irreducible m in F,[T|, the F,[T|-module C(F,[T|/7) is cyclic.
It is isomorphic to F,[T]|/(m — 1) as F,[T]-modules.

This is like (Z/(p))* being a cyclic group of order p—1 if p is prime: (Z/(p))* = Z/(p—1)
as abelian groups. (Note (F,[T]/m)* 2 F,[T|/(m—1) as abelian groups since the sizes don’t
match.)

Proof. Let’s recall a proof that (Z/(p))* is cyclic and then adapt it to the Carlitz setting.
Writing p — 1 = ¢{* - - - ¢¢* with distinct primes ¢; and e; > 1, we will find an a; € (Z/(p))*
with order ¢;*. Then the product a; - - - a; will be an element of order p — 1.

The polynomial XP~! — 1 splits completely in F,[X] with distinct roots, so its factor

X% — 1 also splits completely over F,, with distinct roots. Therefore X 4' — 1 has a root

that is not a root of X% L 1, and such a root a; will have order ¢;".

In the Carlitz setting, C'(F,[T]/7) is an Fp[T']/(m —1)-module since |7 —1](A) = 0 mod 7
for all A € F,[T] (Corollary 2.16).> We seek Ag mod 7 € C(F,[T]/7) with annihilator ideal
(m—1),80 Fp[T]/(m—1) = C(F,[T]/7) as Fp[T]-modules by M mod 7—1 — [M](Ap) mod 7.

Factor 7 — 1 in Fp[T| as n{* - - " with m; being distinct monic irreducibles and ¢; > 1.
Fori=1,...,k we will find an A; mod m € C(Fp[T]/7) with annihilator ideal (7;*). Then
the sum Ay + Ag + - -+ + Ay, mod 7 will have annihilator ideal (7 — 1).

2While 7 acts by ordinary multiplication on F,[T]/m as 0, since A = 0 mod 7, 7 acts by the Carlitz
action on C(F,[T]/7) as the identity, since [7](A) = A mod 7 (Theorem 2.15).
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Since 7" | (m—1), [7;'](X) | [r—1](X) (Corollary 2.6). The polynomial [ —1](X) has X-
degree pdee(m=1) = pdee™ — | R [T| /7| and vanishes at each element of F,[T]/m, so [r —1](X)
splits completely with distinct roots over Fp[T']/m. Therefore [77'](X) also splits completely
over Fp[T|/m with distinct roots. By comparing degrees, [7;'](X) has a root in Fp[T]/7
that is not a root of its factor [7¥*~'](X), and every such root in F,[T]/x has annihilator

ideal (7;"). The sum of such roots for each i gives us a generator of C(F,[T]/). O

The structure of C(F,[T]/7*) as an F,[T]-module for k > 2 resembles the structure of
(Z/(p¥))* as an abelian group, so let’s recall what that is as motivation.

Lemma 4.4. Let k > 2.
1) (Z/(2¥))* = (—1 mod 2%) x (5 mod 2%) = Z/(2) x Z/(2¥2).
2) For odd prime p, (Z/(p*))* = Cp—1 x (1+pmod p*) =2 Z/(p—1) x Z/(p*~1), where
Cp—1 18 cyclic of order p — 1.3

Proof. 1) By induction, 52" = 1+2"72 mod 2"+3 for all 7 > 0. Therefore 5 mod 2* has order
2F=2 for k > 2. The powers of 5 mod 2* are all = 1 mod 4, so they don’t include —1 mod 2*.
Therefore by counting we get (Z/(2%))* = (—1,5 mod 2¥) = (—1) x (5 mod 2*).

2) To write down an element with order p — 1 in (Z/(p*))*, we will use the fact that
raising to the pth power is a well-defined function Z/(p") — Z/(p" 1) for r > 1:

(4.1) a=bmod p" = aP = b’ mod p" .

This follows from the intermediate binomial coefficients in (X + Y')P all being divisible by
p. We are interested in this function on units: define f,,: (Z/(p"))* — (Z/(p"*1))* by
fpr(amod p”) = a” mod p" 1, which is a homomorphism. For p # 2 fpr is injective. See
Table 2 for data when p = 3. To show f,, is injective, let u mod p” be in the kernel, so
w? = 1 mod p" 1. Then uP =1 mod p, so u = 1 mod p. Suppose for some positive integer
i <r —1 that v = 1 mod p*. Write u = 1 + ¢p’ mod p*!. For p # 2,

(4.2) u=1+cp modpttfori>1= v’ =1+ cp' mod p'™2.

Since i +2 < 7+ 1, we get 1 4+ ¢p™! = 1 mod p™*2, so p | ¢, and thus v = 1 mod p'+!.
Repeating this for ¢ = 1,2,...,r — 1 gives us 4 = 1 mod p".

a mod 9 H1‘2‘ 4 ‘ 5 ‘ 7 ‘ 8
a®mod 27 |[1]8]1017[19 |2
TABLE 2. Values of f35 on (Z/(9))*.

The implication (4.2) breaks down for i = 1 if p = 2, and of course squaring (Z/(2"))* —
(Z/(27+1))* is not injective when r > 2.

Each f,, preserves orders of elements by injectivity, so for a mod p in (Z/(p))* with order
p—1, a® " mod p* has order p — 1 in (Z/(p*))* since a?* ™" mod p* equals Jph—10---0
fp20 fpi(amodp). From 1+p =1 mod p we get (1 —|—p)pk_1 =1 mod p¥, and from 1+ p #
1 mod p? and injectivity of Jpr for p # 2 we get (1 + p)pk_2 # 1 mod p*, so 1 + p mod p*
has order p*~!. Counting orders, (Z/(p*))* = (a?" "', 1+ p) = (a?" ') x (1 + p). O

3For p # 2, there is no explicit formula for a generator of Cp_1, although such a number for £ > 1 can
be expressed in terms of a choice of a generator of (Z/(p))*.
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Theorem 4.5. Let m be monic irreducible in Fp,[T] and k > 2.

1) Form=T or T+ 1 in Fy[T], C(F2[T]/7*) = Cy x Cy where Cy = Fo[T]/(T? +T)
and Co = Fo[T]/(7%72) as Fa[T]-modules, with respective generators 1 and 2.

2) If (p,degm) # (2,1) then C(F,[T]/7*) = C1 x Oy, where C1 = Fy[T]/(7 — 1) and
Cy = F,[T]/n*1 as Fp[T]-modules, with Cy generated by m mod 7*.

Since m—1 and 7*~! are relatively prime, part 2 says C(F,[T]/7*) = F,[T]/((x —1)7*~1)
as Fp[T]-modules, which resembles (Z/p*)* =2 Z/((p — 1)p*~1) as abelian groups for p # 2.
(Note (F,[T]/m%)* £ F,[T]/((x — 1)7*~1) as abelian groups since the sizes don’t match.)

Proof. 1) Tt suffices to give the proof for m = T'; the proof for # = T+ 1 is the same by
using T + 1 in place of T everywhere? since Fo[T| = Fo[T + 1], T2+ T = (T +1)?+ (T + 1),
and [T+ 1](X) = X2+ (T +1)X.

By induction, in Fo[T] we have [T"](T?) = T""2 mod T"*3 for all r > 0. Therefore in
C(F2[T]/(T*)) the annihilator ideal of T2 is (T*~2) for k > 2, so the submodule Cy gener-
ated by T2 has size |Fo[T]/(T*~2)| = 2¥=2. This submodule is contained in T%F5[T]/(T*),
whose cardinality is 2872, so Cy = T?F5[T]/(T*) as a subset of C(F[T]/(T*)).

The submodule C; of C(F2[T]/(T*)) generated by 1 is {0,1,7,T + 1 mod T*} since
[1)(1) = L and [T"](1) = T+1 for r > 1. Since |C;| = 4 and C1NCy = {0}, C(F[T]/(T*)) =
Ci+Cy=2(Cy x Cy as Fp[T]—modules.5

2) Because [7](X) = X P87 4 ... 47X has all non-leading coefficients divisible by , we
get an analogue of (4.1): for all A and B in F,[T], and r > 1,

(4.3) A= Bmod 7" = [r](A) = [](B) mod 7"

Let Ly,: C(Fp[T]/7") = C(F,[T)/7" 1) for r > 1 by Lz, (A mod n") = [r](A) mod 7" 1.
This makes sense by (4.3) and it is F,[T]-linear. Except when p = 2 and degm = 1
(= m=Tor T+ 1) we will show L, is injective by checking its kernel is 0. It is not
injective if p = 2, degm = 1, and r > 2 since [r](7) =0 for 7 =T or T'+ 1 in Fy[T], and
thus [7](A + 7) = [r](A). See examples in Table 3.

AmodT? 0| 1 [T|[T+1| Amod(T+1)?* |0|1|T|T+1
[T)(A) mod T3 [0 [T+ 1[0 [T+ 1| [T+1)(A) mod (T+13 0| T|T] 0
TABLE 3. Noninjectivity of L7 and L7412 when p = 2.

Suppose A mod 77 is in the kernel of Ly ., so [r](4) = 0 mod 7" ™!. Reducing both sides

mod 7, we get AP"*T = 0 mod m,s0m | A, If r =1 then A = 0 mod 7", so we’re done.
Take r > 2. To show A = 0 mod 7", assume otherwise, and write the highest power of 7
that divides A as 7%, s0 1 < d < r — 1. We will compute the highest power of 7 dividing
the polynomial [7](A) and compare the result with 77! which we know divides [r](A).
In [7](A) = AP"T 4 ... 4 1A, the first term is divisible by 7%"*" and all intermediate
terms are divisible at least by 7!*P¢ since [r](X) is a p-polynomial whose intermediate

4The Carlitz modules C(F3[T]/T*) and C(F3[T]/(T+1)*) are not isomorphic for k > 4, since one module
has annihilator ideal 7%~ 2(T + 1) and the other has annihilator ideal (T + 1)*~2T.

5The “universal” subgroup £1mod 2* in each (Z/(2*))* is analogous to the “universal” submodule
{0,1,T,T 4+ 1 mod T*} in each C(Fz[T]/T*), and this submodule is generated by 1.
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coefficients are divisible by 7. The last term wA is divisible by 7!*? but not by a higher
power of 7. Since 1+ pd > 1+ d and dp?®8™ > 1 4+ d unless p = 2, degm =1, and d = 1,
the highest power of 7 dividing [7](A) is 7'7¢ unless p = 2, degm = 1, and d = 1. We
have 7"t1 | [7](A) by hypothesis, so 7"T! | 7!17¢ unless p = 2, degm = 1, and d = 1.
Since d < r — 1 we get a contradiction unless p = 2, degm = 1, and d = 1. In Table 3,
Ly 2(m mod 72) = [r](7) = 0 mod 73.

An injective Fp[T']-linear map preserves annihilator ideals, so if we let Ag mod 7 generate
C(F,[T)/m) then applying Ly, to it for r = 1,2,...,k — 1 tells us [7*71](4¢) mod 7*
as an element of C(F,[T]/7*) has annihilator ideal (7 — 1). From 7 = 0 mod 7 we get
[7*~1](7) = 0 mod 7*, and by injectivity of L,,’s we get 7 # 0 mod 72 = [7%2|(n) #
0 mod 7, so m mod 7 as an element of C(F,[T]/7"*) has annihilator ideal (7%~1). Let Cy
and Cy be the submodules of C(F,[T]/7*) generated by [7*~1](A4¢) and =, respectively.
Since C; N Cy = {0}, by counting we have C(F,[T]/7*) = C1 + Cy = O} x Cy. O

The last analogy we will develop between the structure of (Z/m)* and C(F,[T]/M) is a
Carlitz analogue of p(m) = |(Z/m)*| that was shown to me by Darij Grinberg.
The ¢-function admits two formulas (product over primes, sum over positive divisors):

1 p(d)
p(m) = mH <1 - ) = Zm77
plm p dlm
where p is the Mobius function. For monic M in F,[T], define oo (M) € F,[T] to be the
polynomial (product over irreducible monic factors, sum over all monic factors)

1 u(D)
M)=M 1——| = M—=
ecn =M ] (1-1) = S u2
| M D|M
where p(D) € {0,1,—1} is defined in the same way as in the integers: p(D) is (—1)" if D
is squarefree with r monic irreducible factors, and p(D) is 0 otherwise. For example, if 7 is

monic irreducible then
1

oco(rh) = 7F (1 - ﬂ_) =qF — gk-L,

Theorem 4.6. The function pco has the following properties:
(1) For relatively prime monic A and B, pc(AB) = pc(A)pc(B).
(2) For monic M, 3 py pc(D) = M, where D runs over monic factors of M.
(3) For monic M and all A in Fp[T], [pc(M)](A) =0 mod M.
(4) For monic M and monic A in F,[T|, [M](A) is monic and M | oc([M](A)) when
p # 2, and also when p =2 and deg A > 2.

These four properties of @ (M) are analogues of properties of p(m), namely
e for relatively prime positive integers a and b, p(ab) = ¢(a)p(b),
e form > 1, Zd|m ©(d) = m, where d runs over positive factors of m,
e for a mod m € (Z/m)*, a®™ = 1 mod m,
e for k>1anda>1, k| p(a® —1). (The order of a mod a* — 1 is k.)

In the fourth part of the theorem, the constraints put on A are meant to avoid A being
Carlitz torsion in Fo[T] (e.g., Aprg1y = {0,1,T,T + 1} when p = 2).% This is analogous
to supposing a > 1 in the fourth property of ¢(m). As an example of what can go wrong

6The Carlitz torsion in F,[T] when p # 2 is 0 by Theorem 2.18.
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in the fourth part of the theorem when p =2 and degA =1,let M =T?+1and A =T.
Then [M](A) =T, so oc([M](A)) = pc(T) =T + 1, which is not divisible by M.

Proof. (1) This is clear from the first formula defining ¢¢.

(2) This follows from M6bius inversion for monic polynomials in F,[T], using the second
formula for oo (M).

(3) If My and My are relatively prime and monic, then in Fy,[T][X]

[pc (M1 M) |(X) = [po(Mi)po(M2)](X) = [ec(M)|([pc(M2)](X)),

50 to prove the third property it suffices to check the case M = 7* for monic irreducible 7.

In that case the congruence is [1% — 7*~1](A) < 0 mod 7%. We know by Theorem 2.15 that
[7](A) = A mod 7, and then (4.3) turns this congruence into [7¥](A) = [7¥71](A) mod =¥
by induction on k, so 7% divides [r¥ — 7571 (A) = [pc(7*)](A).

(4) In F,[T][X], the leading X-term in [TY](X) is X7, so we may expect for monic
A € F,[T] that the leading T- term of [T7](A) € F,[T] is the same as the leading T-term
of AP, However, there is a subtlety: [T7](X) is a polynomial in 7" and X, which don’t
interact, so when we substitute A € F,[T] for X in [T7](X) to get a polynomial entirely in
T we need to check that the terms in [77](A) other than AP’ all have smaller degree than

AV Using the basic equations
[T°)(A) = A, [T](A) = AP + TA, [T7H1)(A) = [TV)(A) + T([17)(A))

check by induction that [T9](A) has the same leading T-term as A” if p # 2 and deg A > 1,
or if p =2 and deg A > 2. Therefore if M =T™ + Z?Z)l ¢;T" is monic, so

m—1
[M](A) = [T™)(A) + ) ailT')(A),
=0

the leading term of [M](A) is the same as the leading term of AP™ if p # 2 and deg A > 1,
or if p = 2 and deg A > 2. That implies [M](A) is monic when M and A are monic under
the conditions claimed in part (4) except for the case p # 2 and deg A = 0, i.e., A = 1,
which we now check separately. By induction on i, [T?](1) has leading term T if pF£2
and i > 1, so [M](1) is monic if p # 2 and M is monic with deg M > 1. If deg M = 0 then
M =1 and [M](1) =1 is also monic.

To show M | pc([M](A)), set N = [M](A), which is monic. Using N in place of M in
(3), [pc(N)](A) = 0 mod N. Therefore in C(F,[T]/N), the annihilator ideal of A mod N
contains pc(N). Also [M](A) = 0 mod N by the definition of N, so M is in the annihilator
ideal too. To show M | oo (N), we will show M generates that annihilator ideal by showing
no monic D dividing M with deg D < deg M can satisfy [D](A) = 0 mod N. We know
[D](A) # 0 by Theorem 2.18 (since we are avoiding the case p = 2 and deg A < 1). From
deg D < deg M we have deg([D](A)) < deg([M](A)) by the degree formulas in Theorem
2.18 (this is simple to check unless p # 2 and deg A = 0, when the inequality is true but a
little tedious to confirm), so [D](A) # 0 mod N. O

One further analogy between ¢(m) and ¢c(M) has to do with counting. For a finite
abelian group, decomposed into a product of cyclic subgroups as Z/(ny) x -+ x Z/(n,),
its cardinality is |nq - --n,|. For a finitely generated torsion F,[T]-module M, decomposed
into a product of cyclic modules F,,[T]/(f1) x --- xF,[T]/(f.), the Fy,[T]-cardinality of M is
defined to be the ideal (fi--- f,) and this ideal is independent of the cyclic decomposition.
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For monic irreducible 7 and k > 1, the F,[T]-cardinality of C(F,[T]/7*) can be read off
from the cyclic decomposition in Theorem 4.5, and it is (7*~!(7—1)), whose monic generator
is ™ 1(r — 1) = 7% — 7%= = p(a*). From this and the Chinese remainder theorem it
follows that the F,[T]-cardinality of C'(F,[T]/M) is (¢c(M)) when M is monic, and this is
a Carlitz analogue of the definition of ¢(m) as the cardinality of (Z/m)*.

The groups (F,[T]/m)* and the F,[T]-modules C'(F,[T]/7) present us with two ways to
extend results about (Z/(p))* to the polynomial setting. For example, Artin’s primitive
root conjecture about integers generating infinitely many (Z/(p))* can be formulated for
polynomials generating infinitely many groups (F,[T]/m)* or generating infinitely many
F,[T]-modules C(F,[T]/m), with good answers in both cases; see [8] and [10, Chap. 10].

5. CARLITZ EXTENSIONS OF F,(T')

We now adjoin Aps to Fp,(T) to produce abelian extensions, just as Q(uy,) is an abelian
extension of Q. Throughout this section, we write F\,(T") as F', so Fp,(T, Apr) = F(Apr). In
the literature the fields F'(Aps) are called “cyclotomic function fields” (see [10, Chap. 12])
because they share many similar properties with the usual cyclotomic fields Q ().

Since [M](X) is separable in F[X], adjoining its roots Ay to F' gives a Galois extension
of F. We only need to adjoin a generator of Aj; to F, since the other elements of A
are polynomials in the generator (with F,[T]-coefficients). Each element of Gal(F(Ays)/F)
permutes the roots Aps of [M](X) and is determined as a field automorphism by its effect
on these roots. Keeping in mind that each element of Gal(Q(un,)/Q) is determined by the
unique exponent in (Z/(m))* by which they act on all the mth roots of unity, we anticipate
that each element of Gal(F'(Ays)/F) acts on Ay by a Carlitz polynomial. To make this
explicit, we use a generator of Aj;.

Choose o € Gal(F(Ayr)/F). Letting \g be a generator of Ay,

Av = o(Aw) = o({[N](Ro) : N € Fp[T]}) = {[N](0(Xo)) : N € Fp[TT},

so 0(Ag) is also a generator of Aps: we can write o(A\g) = [A](Ao) for some A in F,,[T], well-
defined modulo M, with (A, M) =1 (Theorem 3.10). That o acts like A on Ay propagates
to all of Aps: every A € Ay has the form [N](Ag) for some N € F,[T], so

a(A) = a([N](A)) = [N](e(Mo)) = [N]([A](A0)) = [A]([N](Ao)) = [A](A).

Thus ¢ has the same effect by the Carlitz action on all the elements of Ay;. Write A as A, to
indicate its dependence on o: to each o € Gal(F(Ay)/F) we get a unit A, € (Fp[T]/M)*
that describes through its Carlitz polynomial how ¢ permutes the elements of Aj;.

Theorem 5.1. The map o — A, is an injective group homomorphism Gal(F'(Ap)/F) —
(Fp[T]/M)*.

Proof. For o and 7 in Gal(F'(Ay)/F) and X € Ay, (07)(A) equals
a(t(V) = o([A-](N)) = [A:](e (V) = [A:]([A5](N)) = [A7 A, ](N).

Also (o7)(A) = [Asr](A), so Apr and A; A, = A, A, have the same Carlitz action on Ajy.
Therefore A, = Ay;A; mod M (Theorem 3.10), which shows we have a homomorphism
from Gal(F'(Ay)/F) to (Fp[T]/M)*.

When o is in the kernel, A, = 1 mod M, so for all A € Ay we have o(A\) = [A5](A\) =
[1](A) = A. Therefore o is the identity on Ay, so o is the identity in Gal(F(Ay)/F). O
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Since (Fp[T]/M)* is abelian, Gal(F(Ajr)/F) is abelian, so Carlitz extensions of F' =
F,(T) are abelian extensions.

Theorem 5.2. The embedding Gal(F(Ay)/F) — (Fp[T]/M)* is an isomorphism.

Proof. We will adapt the proof of the analogous result that Gal(Q(uy)/Q) is isomorphic
to (Z/(m))*, taken from [9, p. 278].

Both Ay and (Fp[T]/M)* are unchanged if we scale M by an element of F,;, so without
loss of generality M is monic.

Pick a generator Ao of Ays. The image of Gal(F(Ay)/F) — (Fp[T]/M)* is all A mod M
such that [A](X\g) is F-conjugate to Ao, so the map Gal(F(Apy)/F) — (Fp[T]/M)* is
surjective when [A]()\g) is F-conjugate to Ag for all A that are relatively prime to M. Let
Ao have minimal polynomial f(X) € F[X]. The F-conjugates of Ao are the roots of f(X),
so we want to show

(4, M) =1 = [f([A](A)) =0.
Since [A](A\o) only depends on A mod M, we can choose A to be monic and then A is a
product of monic irreducibles, each not dividing M. Since A — [A](X) converts multiplica-
tion to composition, it suffices to show f([7](Ag)) = 0 for every monic irreducible 7 € F,[T]]
not dividing M.

Pick a monic irreducible 7 in F,[T] that does not divide M, and let g(X) be the minimal
polynomial of [7](A\g) in F[X]. We want to show ¢g(X) = f(X). Since A\g and [7](X\g) are
in Ay, both f(X) and g(X) divide [M](X) in F[X] = F,(T)[X]. Since M is monic in
F,[T], [M](X) is monic in X, and every monic factor of [M](X) in F[X] is in F,[T][X].
(This is analogous to every monic factor in Q[X] of a monic in Z[X] having to be in Z[X]).
Therefore f(X) and g(X) are in Fp[T][X].

Since g([7](Ao)) = 0, g([7](X)) has A\ as a root, so f(X) | g([7](X)) in F[X]. Both
f(X) and g([r](X)) are monic X-polynomials in F,[T][X] (because 7 is monic!), so the
divisibility in F[X] in fact takes place in F,[T][X]. That is, g([7](X)) = f(X)h(X) for
some h(X) in F,[T][X]. (The proof of this is the same as the proof that if «(X) and v(X)
are monic in Z[X] and u(X) | v(X) in Q[X] then u(X) | v(X) in Z[X]: there is unique
division with remainder by monic polynomials in both Z[X] and Q[X], and likewise in both
F,[T]|[X] and F[X].) Hence g([7](X)) = f(X)h(X) for some h(X) in F,[T][X]. Reduce
modulo 7 and use Theorem 2.17 to get

g(Xx)?

deg 7

= F(X)h(X).

Thus f(X) and g(X) have a common factor in (F,[T]/7)[X], namely any irreducible factor
of f(X).

To show ¢g(X) = f(X), assume not. They are then distinct monic irreducible factors of
[M](X), so [M](X) = f(X)g(X)k(X) for some k(X) € Fp,[T][X]. Reducing this modulo ,

[M](X) = F(X)g(X)k(X)
in (F,[T]/m)[X]. This is impossible: the right side has a multiple irreducible factor (each

common irreducible factor of f(X) and g(X)) but [M](X) is separable in (F,[T]/m)[X]
(Theorem 2.11). So g(X) = f(X), which shows f([7](Ao)) = 0. O

Example 5.3. Let M = T. The isomorphism Gal(F(Ar)/F) — (F,[T]/T)* sends each o
to the unique A mod T' € (F,[T]/T)* where a(\) = [A](\) for all A € Ap. Since [A](\) =
A(0)A (Example 3.8) and (F,[T]/T)* = F, by identifying each nonzero congruence class
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mod 7" with the constant in that congruence class, the isomorphism in Theorem 5.2 identifies
Gal(F'(Ar)/F) with F; through scaling: o.(A\) = ¢ for all A € A7 as c runs through F'.

Since ¢ = 0.(A\)/A for all A € Ay — {0}, and F(Ar)/F is a Kummer extension (Example
3.5), notice that the identification of the Galois group with F is exactly how Kummer
theory would apply in this situation too.

The Carlitz construction leads to abelian extensions of not only F,,(T") but every charac-
teristic p field K not algebraic over Fj,: denote an element of K transcendental over F), as
T, so K D F,(T). With this T' we get the polynomials [M](X) € F,(T)[X] C K[X]. Then
[M](X) is separable in K[X] and K(Ay)/K is Galois with the effect of the Galois group
on Ay leading to an embedding Gal(K(An)/K) — (Fp[T]/M)*, so the Galois group is
abelian. This embedding need not be onto (depends on K and the choice of T" in K).

6. MORE CYCLOTOMIC AND CARLITZ ANALOGIES

The roots of the polynomials X™ — 1 and [M](X) have similar features (e.g., the first
is a cyclic group of size m and the second is a cyclic F,[T]-module of size N(M)), but it
is the isomorphisms of Galois groups, Gal(Q(um)/Q) = (Z/(m))* and Gal(F(Ay)/F) =
(Fp[T]/M)*, that are are more profound. We explore analogies between these Galois ex-
tensions in this section.

By Theorem 5.2, [F(Apr) : F] = |(Fp[T]/M)*| for every M # 0, just as [Q(um) : Q] =
|(Z/(m))*| for m € Z*. The size of (Z/(m))* is denoted p(m) and similarly the size of
(F,[T]/M)* is denoted (M).” Their values are given by similar formulas:

o(m) =mg<1—;>, o0 =NOD T (1= )

w| M

with the product running over (positive) prime factors of m and (monic) irreducible factors
of M. In particular, from these formulas one can check that

o) sy EDEB@E) o e(A)e(B)N((A.B))
¢((a,b)) ©((4, B))

Let’s put the two formulas in (6.1) to work toward analogous goals. Classically, two
cyclotomic fields Q(um) and Q(uy,) with m < n are equal if and only if m = n or m is
odd and n = 2m (e.g., Q(u3) = Q(us), or even more simply Q(u1) = Q(u2)). We can ask
similarly when F'(Aps) = F(Ay). First we will recall the proof of the result for cyclotomic
extensions of Q and then just translate the argument over to Carlitz extensions of F'.

Theorem 6.1. Let m and n be positive integers.
(1) The number of roots of unity in Q(um) is [2,m].
(2) If m # n, then Q(um) = Q(uy) if and only if min(m,n) = k and max(m,n) = 2k
for an odd k.

Proof. (1) Our argument is based on [1, p. 158]. The root of unity —,, is in Q(u.,) and has
order 2m if m is odd and m if m is even, hence order [2,m] in general. Thus pz ) C Q(pm)-

If Q(pm) contains an rth root of unity then Q(u,) C Q(um), and taking degrees over
Q shows (1) < ¢(m). As r — oo, p(r) — oo (albeit erratically)® so there is a largest r

"Don’t confuse p(M), a positive integer, with ¢c (M) from Section 4, which is a polynomial.

8This follows from showing a bound ¢(r) < B implies an upper bound on r. For each prime power p°
dividing 7, ¢(p®) < B since ¢(p®) | @(r), so p° '(p — 1) < B. Then 2°°' < B and p— 1 < B, so we get
upper bounds on p and on e, which gives an upper bound on 7 by unique factorization.
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satisfying 1, C Q(pm). Since pmply = ppmy) is in Q(um) we have [m,r] <7, so [m,r] =r.
Write » = ms. Then by (6.1),

(m, 5)

p(r) = p(ms) = p(m)p(s) M > p(m)p(s).

p((m,s
Since Q(pm) = Q(ur) for the maximal r, computing degrees over Q shows p(m) = ¢(r) >
w(m)p(s), so 1 > ¢(s). Thus ¢(s) =1,s0 s =1 or 2, so r = m or r = 2m. This shows the
number of roots of unity in Q(fy,) is either m or 2m. If m is even then ¢(2m) = 2¢p(m) >
©(m), so r # 2m. Thus when m is even the number of roots of unity in Q(u,) is m. If m
is odd then —(,, has order 2m, so the number of roots of unity in Q(j,) is 2m. In general
the number of roots of unity in Q(u.,) is [2,m].

(2) If Q(pm) = Q(un) then [2,m] = [2,n] by part (1), so m = n if m and n have the
same parity. We assume m # n, so they have opposite parity. For even m (and odd n) we
get m = 2n, and for odd m (and even n) we get 2m = n. O

Theorem 6.2. Let M and N be nonzero in Fp[T].
(1) The full Carlitz torsion in F(An) is Anr if p # 2 and Mgy, if p = 2.
(2) (a) Whenp # 2, F(Ay) = F(An) if and only if N = cM where ¢ € F};.
(b) Whenp =2, F(Ay) = F(Ay) if and only if ° [T(T + 1), M] = [T(T + 1), N].

Proof. (1) For every monic R in F,[T], if Ag C F(Ay) then F(Ag) C F(Ajr), so taking
degrees over F' shows ¢(R) < ¢(M). As N(R) — oo, ¢(R) — o0, so there is a monic R
with Ag C F(Ay) and N(R) is as large as possible. Also Ay + Ar = Apyy gy is in F(Apr),
which implies Ajy,g) = Ar, so [M, R] = R. Write R = M S. Then by (6.1),

e N(ML )
(6.2) P(R) = o(MS) = p(M)e(S) Zryrgyy 2 #(M)¢(S):
Since F'(Apr) = F(Ag) for the maximal R, computing degrees over F shows p(M) = ¢(R) >
e(M)p(S), so 1 > ¢(S). Thus R = SM with ¢(S) = 1. If (S, M) # 1 then the calculation
of o(MS) in (6.2) shows p(R) > ¢(M) since N((M, S)) > ¢((M,5)). This contradicts the
necessity of (M) = ¢(R), so (S,M) = 1.

In Fy,[T], p(m) > 1 for all irreducible 7 except when p = 2 and 7 =T or T'+ 1. Therefore
when p # 2 the condition ¢(S) = 1 for S € Fy[T] implies S € F, so Agp = Asy = A
When p = 2, p(r) > 1 if degm > 2 but o(T) = (T + 1) = 1. It is left to the reader
to check ¢(S) =1 for S € Fa[T] only if S is 1,7,T + 1, or T(T + 1) and conclude that
Ar = N(r41),m-

(2) Checking the description of M and N where F'(Ays) = F(An) is left to the reader. [
Remark 6.3. This theorem lets us find the M such that Ays C Fy,(T'), by solving F\(Ay) =
F(A1). Except when p =2 and M | T(T + 1), necessarily M € F5, so Ayy = {0}. If p=2
and M | T(T + 1) then Aps C Appyq) = {0, 1,7, T + 1}. This explains when Ay C Fy(T)
in a more conceptual way than Theorem 2.18.

For m € Z™, the roots of unity in C of exact order m share the same minimal polyomial
over Q, the mth cyclotomic polynomial:

ou(X)= [ x-¢H= ] X-0,
1<a<m ¢m=1

(a,m):l order m

9Least common multiples in F,[T] are defined to be monic.
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where ( is a root of unity of order m in the first product and in the second product ¢ runs over
all roots of unity of order m. For example, if p is prime then ®,(X) = (X?—1)/(X—1): every
pth root of unity has order p except for 1. The polynomial ®,(X +1) = (X +1)? —1)/X
is Eisenstein with respect to p. By comparing degrees, roots, and leading coefficients,
P (X) = CIJP(kail). Each ®,:(X + 1) is Eisenstein with respect to p.

For monic M in F,[T], all generators of Aj; have the same minimal polynomial over
F =F,(T), which is an analogue of the cyclotomic polynomials:

eu(X)= [ &-Meo)= ] &=,
deg A<deg M [M](X)=0
(A7M):1 Fp|T]—order M

where \g is a chosen generator of Aj; and the second product is taken over roots A of
[M](X) which have F,[T]-order M: [D](XA) # 0 for every monic proper divisor D of M.
(Such X are the generators of Ay, just as roots of unity of order m are the generators of
[m.-)

Example 6.4. If 7 is irreducible in Fp[T] then ®,(X) = [7](X)/X since [7](X)/X is Eisen-
stein with respect to 7 (Corollary 2.12) and thus is irreducible over F),(T') = F'. Comparing
degrees, roots, and leading coefficients, for all k£ > 1 we have ®_«(X) = ®,([7*"1](X)), so
the constant term of ® 1 (X) is @, ([7*71](0)) = ®,(0) = 7. Since ®,(X) has all non-leading
X-coefficients divisible by 7, and [7*~1](X) also has all non-leading X-coefficients divisible
by m (Corollary 2.14), ®_x(X) has all non-leading X-coefficients divisible by 7. Therefore
®_1(X) is Eisenstein with respect to 7 for all k.

Remark 6.5. It was noted in Remark 2.13 that [M](X) more closely resembles (1+X)™—1
than X™ — 1. Since [M](X) = [[py ®p(X), where the product is taken over the monic
divisors D of M, we might anticipate that ®,;(X) more closely resembles ®,,(X + 1) than
®,,(X), and this does appear to be true. For instance, ® (X)) is Eisenstein with respect
to m while @1 (X + 1) — not ®,x(X) — is Eisenstein with respect to p. If m is not a power
of a prime then ®,,(1) = 1. If M is monic and not a power of an irreducible, the analogous
equation is ®,(0) = 1.

The Kronecker-Weber theorem says every finite abelian extension of Q lies in a cyclotomic
extension Q(ftm,). There is an analogue of the Kronecker-Weber theorem for F,(T"), due to
Hayes [7]. It says every finite abelian extension of F,(T) lies in some F,a(T, Aps, Ay pn) for
somed > 1,n > 1,and M € F,[T], where A, = is the set of roots of the Carlitz polynomial
[1/T7](X) built with 1/T in place of T: [1/T](X) = X? + (1/T)X and [1/T¥|(X) =
[1/T)([1/T*1)(X)).1°

Example 6.6. Using 1/7" as the generator over F,, for F,(T') = F,,(1/T), the polynomial
[1/T)(X) = XP+ (1/T)X = X(XP~!1 4+ 1/T) has roots that generate the same extension of
F,(T) as [T)(X). But for [1/T?%](X) we get something new:

[1/T?)(X) = [1/T)([1/T)(X)) = X" + ((1/T) + (1/T))XP + (1/T*)X,
and the extension F(T, Ay p2)/F,(T) turns out to have a property (wild ramification at
o0) that is not satisfied by subfields of F (T, Aps), so it is not inside such a field.

Table 4 summarizes some of the analogous features we have seen with p,, and Ayy.

10The family of polynomials [1/T"](X) does not interact well with [M](X) for M € F,[T], e.g.,
(1/TI([T](X)) # X and [T]([1/T](X)) # X.
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Cyclotomic Carlitz
[t =m0 (K] = N(M)
subgroups: pg, d | m submodules: Ap, D | M
d|m<:>,udC,um D|M<:>ADCAM
C € pm,a€Z=C"€punm Ae Ay, AcFy[T] = [AJ(N) € A
a=bmodm = (* =’ A = Bmod M = [A](\) = [B](\)
¢ =¢%all ¢ € ) = a=bmod m | [A](\) = [B](A)(all A € Ayy) = A= B mod M
Gal(Q(tn)/Q) = (Z/(m))* Gal(F, (T, Ayy)/F,(T)) = (F,[T)/M)*
X =1 = [Ty @a(X) [M)(X) = TTpjpr @0 (X)
Kronecker-Weber theorem Carlitz-Hayes theorem

TABLE 4. Analogies between p,, and As

7. QUADRATIC RECIPROCITY IN F,[T], p # 2

In this section, let p be odd. For every monic irreducible 7(T") in F,[T] and every A in
F,[T], define the Legendre symbol (%) to be 0 or £1 in F, according to

4 1, if A=0Omod 7, A # 0 mod ,
(7() =< -1, if AZOmodm,
0, if A=0mod .
Our goal is to prove a reciprocity law for this symbol by adapting a proof of quadratic
reciprocity in Z, using F,(T', A;)/F,(T') in place of Q((,)/Q. We assume the reader knows

quadratic reciprocity in Z, as otherwise the entire point of studying (%) will be lost.

Here are three basic properties of the Legendre symbol on F,[T:
e If A= B mod 7 then (%) = (g) since (%) only depends on A mod 7.

e (Euler’s congruence): for all A € F,[T7,
AN Z -2
(7.1) —]=4 mod 7.
™

e (Multiplicativity): for all A and B in F,[T],

(5)-(G)E)

To prove (7.1), look at a proof of Euler’s congruence in Z, (3) = a?~1/2 mod p and it
should carry over to F,[T]. That (ATB) = (?)(g) for all A and B follows from (7.1) in the

same way that Euler’s congruence in Z implies (%’) = (%)(%) for all integers a and b.
By multiplicativity, a calculation of (2) for general A is reduced to two cases: (£) for

c € F) and (g) for monic irreducible 7 not equal to w. The first case is analogous to the
supplementary law for ( _?1), and we deal with it first.

Theorem 7.1. Forc € F and 7 a monic irreducible in Fyy[T}], (%) = cN(m=1)/2 — (%)deg”.

Proof. By (7.1), (£) = cNm=1/2 mod 7. Both sides are in F,, and different elements of

F, can’t be congruent mod m, so (£) = c(Nm=1/2,
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Let d = degm, so Nm-1 _ PA(1+p+--+prt) and

(N(m)-1)/2 _ C%(1+p+_._+pd—1)'

c
Since this equation is in F,, we can replace cP=1/2 by (]5’;), so the exponent 1+p+-- - +p?~1
only matters mod 2. This sum is d mod 2, so ¢(N™M=1)/2 = (%)d. O

We turn now to the F,[T]-analogue of the main law of quadratic reciprocity.

Theorem 7.2. For distinct monic irreducible m and 7 in Fp[T1],
T ~ ™
7.9 T = (1) (N7—1)/2:(NF—1)/2 (:>
(72 (Z) = T
N(m)—1 N(F)-1 :
The exponent ——— - —5— only matters mod 2, and by calculations from the proof of
Theorem 7.1 this product is congruent to % deg 7 - % degm = % deg mdeg ™ mod 2, so
another way of writing (7.2) is

T 2=l qegnrdegw (T
T) (o1t desmdes® (T
(Z) == T
. ~ T T
Therefore if m or 7 has even degree then <> = (:)
0

™

Example 7.3. In F3[T],is T2 — T — 1 = O mod T* + T 4 2? The polynomials 7% — T — 1
and T4 4 T + 2 are both irreducible, so (7.2) says

T8 -T—-1\ (T'+T+2
TH+T+2) \T3-T-1)°
Since T* 4+ T +2=T?+2T +2mod T% — T — 1, and T? + 2T + 2 is irreducible in F3[T],
T*+T+2\  (T?*+2T+2\ (r2) (T?-T—1
T3-T—-1) \1T3-T—-1)  \T?2+4+2T+2)°
We have T3 — T — 1 =T mod T? + 2T + 2, so
T5-T-1\ T (r2) (T?+2T+2\ (2
T24+2T+2) \T2427+2) T \7)’

By Theorem 7.1, (%) = (3)48T = —1, 50 (gi;;ﬁ;;) = —11in F3[T).

There are proofs of Theorem 7.2 that take advantage of features of Fp,[T'] that are unavail-
able in Z. See, for instance, [5]. We will instead prove Theorem 7.2 by using the analogy
between cyclotomic extensions of Q and Carlitz extensions of F,(T).

The extension Q((,)/Q has cyclic Galois group (Z/(p))*, of even order, so there is a
unique quadratic extension of Q in Q(¢p). Tt is Q(v/p*), where p* = (—1)®P~1/2p (that is,
p* = *p, with sign chosen so that p* = 1 mod 4). Here are a few ways to show /p* € Q((p):

(1) Gauss sums. Define Gy = >, 11,04 ()¢ By construction this lies in Q((p), and
many textbook treatments of Gauss sums will provide a proof that Gz% =p*.

Honcretely, the value of (%) is related to whether or not 2 is a square in Fs[T]/(T) = F3. Since 2 is

not a square in Fs, () = —1.
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(2) Ramification. The extension Q((,)/Q is ramified only at the prime p (among finite
primes), so a quadratic field in Q((p) can ramify only at p. The unique quadratic
field ramified only at the odd prime p (among finite primes) is Q(1/p*).

(3) Rewriting terms in a product. In XP~! +... + X +1 = HZ:(X —(F) set X =1to
get'2p = Hi;i(l—{g}. The product of the terms at k and p—k is (1—C]§)(1—C;k) =
—(C}’; -2+ Cp_k) =—( 5/2 - C;k/2)2, where +k/2 are interpreted in Z/(p) (or write
C,].fm as Cg(pﬂ)/g). This is —1 times a square, so (—1)®~1/2p is a square in Q(¢,).

Let F' =F,(T). The extension F'(A;)/F has a Galois group (F,[T]/m)* that is cyclic of
even order N(m) — 1, so there is a unique quadratic extension of F' inside F'(Ay).

Lemma 7.4. The quadratic extension of F in F(Ay) is F(v/7*), where 7 = (—1)(N7=1/27

Proof. The first two methods of showing /p* € Q((,) don’t carry over to the Carlitz setting:

e The sum ), modﬂ(%)[A]()\) for a fixed nonzero A in A, resembles a Gauss sum,
but it is useless because it is 0 (surprise!) if N(7) > 3 (not if N(7) = 3).
e A quadratic extension of F' is not uniquely determined if it has one ramified prime
7, as illustrated by F'(y/m) and F(y/cm) for nonsquare ¢ in F;.

The third method does adapt. For A in Ar —{0}, in [7](X)/X = [T 420 moa »(X — [A](A))
set X = 0 and get m = [[44 od 2l AJ(A).2 The product of the terms at A and —A is
[A]J(A)[—A](A) = —[A4](A)? because [—A](X) = [-1]([A](X)) = —[A](X). Therefore up to a
square factor in F(A;)*, 7 equals (—1)(N™=1/2 g0 (—=1)N"=1/27 is a square in F(A;). O

The proof of quadratic reciprocity in Z that we will model our proof on in F,[T] is the one
using Gauss sums. Let’s review it. For an odd prime p, the Gauss sum G, = >, .04 p(%)q}
satisfies G}% = p* and G, € Z[(,]. For an odd prime q # p the quotient ring'* Z[(,]/(¢) has
prime characteristic g. We will compute G} mod ¢Z[(,] in two ways.

(1) Since the g-th power map is additive in characteristic ¢ and € = ¢ for ¢ = %1,
we have G = 37, 104 ,(3)Gp" mod ¢Z[(,]. Changing variables by a — a/q on the
summation indices in Z/(p), G =3, modp(aqpil) 5 = (1)Gp mod qZ[(y).

(2) From G} = p*, Gj = (G3) V26, = (pr)=V/2G), = (B) Gy mod ¢Z[G,).

From the two calculations of G§ in Z[(,]/(q), (q> Gy = <p> Gp mod ¢Z[(p]. Multiply-
p q

ing both sides by G, <Z> = <Z> p* mod ¢Z[(,]. Since p* = +p is invertible in Z/(q),
and thus in Z[(,]/(q), (j}) = (Z) mod ¢Z[(p]. Both sides of this congruence are 1, and

1 # —1 mod ¢qZ[(p] (otherwise 2/q would be an algebraic integer, which is false), so in Z

(1) = (%) = (S20) = ()7 (2) - o (2).

In the Carlitz setting, it’s attractive to adapt this proof by working with the sum G, :=
Y A mod W(%)[A]()\), where )\ is a fixed nonzero element of A, but this has a fatal flaw that

1213 terms of the field norm, this says p = Na¢,)/a(l —¢p)-
L3 This says m = Npa,)/r(N).
Mg quotient ring is usually not a field.
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we already indicated in the proof of Lemma 7.4: G, = 0 (unless N(7) = 3). Let’s stop for
a moment and see where this vanishing comes from. The argument we will use was shown
to me by Darij Grinberg.

By the property [M+N](X) = [M](X)+[N](X), we can write G as [ 4 moq = (2)A] (V).
Since [r](A\) = 0, each [M](\) only depends on M mod . We will show >, . (2)A =
0 mod 7, so G = [0](A\) = 0. For B # 0 mod ,

S (e 2 (2)m- (2o 5 (2

Amod 7w A mod A mod

When N(7) > 3, there is a B # 0 mod 7 such that B # &1 mod , so (2)B # 1 mod 7.
Using that B above, we conclude that >~ 4 1 (4)A = 0 mod 7.

We've met a peculiar non-analogy between Z and F,[T]: the classical Gauss sum G,
squares to p* but the sum G vanishes (except in one case). To prove quadratic reciprocity
in Fp[T] by the Gauss sum method without using a Gauss sum, we will examine a product
(not a sum) that squares to 7*.

Let H be a set of representatives of (F,[T]/(7))*/{£1} (a “half-system” mod w). By
the proof of Lemma 7.4, 7 = [] 1z [A](N)[-A](A) = (—1)(N(m)=1)/2 [Tack[A](A)?, where A
is a fixed nonzero element of Ar. The product I'x = [] 4 [A]()\) over the half-system H is
going to be our replacement for the Gauss sum:

Ty € Fp[T,)\] and T2 = (-1)Nm-1/2 — z*

For monic irreducible 7 distinct from 7, we will compute T in F »[T, A]/(T) in two ways.
(This is the analogue of computing Gq in Z[¢,]/(g) in two ways.)

(1) From the definition of T', ry = [Tac g [AJ(M)NE). By Theorem 2.17, f(X)N® =
F([7](X)) mod 7F, [T, X] for all f( ) € Fp[T][X]. Using [A](X) as f(X) and set-
ting X = A,

TT (AI)N® = T (A () mod 7, (7, X
A€eH AeH
= [ [47)(}) mod 7F, [T, A].
AeH

The value of [A7]()\) only depends on AT modulo 7. (This is an analogue of (p?
only depending on ag mod p.) As A runs over the half-system H, the products A7
are also a half-system. It may not be H itself, but we can match terms with H up to
sign: AT =e4B4 mod 7 for eq4 = £1 and By € H. Since [eoBa|(X) = ea[Ba](X),

1147 = [T leaBaly) = ] ea- [T Bald) = [] ea- [] 1BV = <H 6A> r

AeH AceH AceH AeH AcH BeH AcH

The product J] 4z €4 equals ( ); this is an analogue of the classical Gauss lemma
that expresses a Legendre symbol as a product of signs coming from scaling all the
terms in a half-system for (Z/(p))*/{£1} (the proof is the same, and left to the
reader). Therefore

(7.3) r¥® = TT [AJW)N® = (D T mod 7F, [T, \].
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(2) Since I'2 = 7*,
7'('*
T —_

(74)  TN®) Z (2)NE-D/2p (o NE-D/2p = ( ) I mod 7, [T, A,

s
*
i

Comparing (7.3) and (7.4), <:) r, = <7T > Iy mod #F,[T, \]. Multiply both sides of

this congruence by I'; and cancel the resulting factor 7* on both sides (since 7* = +7 is
invertible in F,[T]/(7)) to obtain <7T> = <7i> mod 7F,[T, A]. (This is the analogue of
™ ™

(q) = <p) mod qZ[(y].) We have 1 # —1 mod 7F,[T, A] (otherwise, since A is integral
p q

over Fy[T], 2/7 would be integral over Fy[T], which is false), so in F

)-(5)

Theorem 7.2 follows from this by computing the right side using the definition of 7* and
the supplementary law Theorem 7.1 when ¢ = —1.

Remark 7.5. Our first method of calculating Y@ in F,[T,\]/(7), leading to (7.3), can
bypass the need for Gauss’s lemma by using Galois theory. For A € (F,[T]/(m))*, let
o4 € Gal(F(Ar)/F) be the automorphism such that 04(A) = [A](A) for all A € A;. Since
I'2 € Fy[T), 04(Ty) = £, Write 04(T'x) = 64l'x, where 64 = £1. Then d4p = 6405, so

Amod T by

is a homomorphism (F,[T]/(7))* — {+£1}, and it is surjective since —I'; is an F,(T')-
conjugate of I'y (that is, —I'x = o(I'x) for some o € Gal(F(Ar)/F) = (F,[T]/(m))*).
Since (Fp[T]/(m))* is cyclic, it has only one nontrivial homomorphism onto {£1}, and the
homomorphism A mod 7 — (%) is an example, so 04 = (%) for all A. That is, o4(I'x) =
(%)I‘7r for all A # 0 mod 7.

What does this tell us when A = 77 Since

oz(\) = [7](A) = AN® mod 7F, [T, )]

by Theorem 2.17, and the maps oz and raising to the N(7)-th power are F,[T]-algebra en-
domorphisms on F,[T, \]/(7), ox(f(\)) = fF()N® mod 7F,[T, ] for all f(X) € F,[T, X].
Thus ox(I'z) = Y™ mod 7F, [T, A], so (7.3) follows from the general formula o4(I';) =
(D) at A=7.

This point of view can be extended to prove quadratic reciprocity in F,[T'] by using the
method of Frobenius elements, similar to one of the other proofs of quadratic reciprocity in
Z [11, Sect. 6.5].

8. THE CARLITZ EXPONENTIAL

In this section, we describe how the Carlitz polynomials were first discovered by Carlitz,
using an exponential function in characteristic p. The idea is to find a characteristic p
analogue of the complex-analytic description of roots of unity as e2@/0.

The exponential series e® = Y om0 X"/n!, as a function on C, is a homomorphism
C — C* with (discrete) kernel 2miZ. There is an infinite product decomposition for e* — 1
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over its roots 2mwiZ:
2
z 1 _ ,2/2 27 _ z/2 - <
e -l=e ZH<1+4772712>_6 ZH(l 27rin>'
n>1 n#0

The extra e*/? in the formula reflects the fact that knowing the zeros (and their multiplici-
h(z)

ties) of a complex entire function only determines it up to multiplication by e for some
entire function h(z).

Let’s create an analogous infinite product in characteristic p using F,[T] in place of Z.
Since the characteristic p analogue of 7 (better, 274) is not obvious, we will work heuristically
at first. Once we find what we are looking for, a precise theorem will be stated.

In a field extension of F,,(T), pick a nonzero element § and think of {F,[T] as an analogue

of 2miZ. A power series having simple roots at {F,[T] is

(s.1) o0 =x I (1 - ;i) ,

AEFp[T
A0

and our field extension of F,(7") will need some kind of completeness in order for this
product to make sense, since the coefficients of the product when it is multiplied out are
infinite series.

By viewing f(X) in (8.1) as a limit of the finite products fg(X) = X [[yeg a<a(1 —X/EA)
as d — oo, we have f(X +Y) = f(X) + f(Y) and f(cX) = cf(X) for all ¢ € F,."> The
roots of f(T'X) are

~eRy 7] = | (% +emy(m))
ceF,

and all roots are simple. Because f(X) is additive and vanishes on &F,[T], on each coset
c€/T + EF,[T] the common value of f(X) is f(c£/T), so another function besides f(T'X)
with the roots (1/T)&F,[T], all of multiplicity 1, is

[ () = (/7)) = T] (F(X) = ef(§/T)) = F(X)P = f(&/T)P F(X).
ceF, ceF,

It is natural to compare this with f(7X), and it would be a very special situation (that is,
require a special choice of &) for the two functions to match:

F(TX) = f(X)P = f(&/T)P f(X).
Let’s assume this happens. Then comparing the coefficient of X in the series expansion of
both sides forces T' = — f(&/T)P~L, so

(82) F(TX) = f(X)P +Tf(X).
The condition T' = —f(¢/T)P~! nearly determines £&. By the product defining f(X) in
(8.1), we get
p—1

- (sme-)

AZ£0

15The coefficient of X7 in f(X) is the limit of the jth coefficient of fa(X) = X [ 0 a<a(l — X/€A) as
d — oo. This product is a polynomial whose roots are simple and form an F,-vector space. Every such
polynomial is a p-polynomial by Appendix A, so fa(X +Y) = fa(X) + fa(Y) and fa(cX) = cfa(X) for
c € Fp. Now let d — oc.
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where A runs over nonzero polynomials in F,[T]. (The infinite product converges in
F,((1/T)) using the (1/T)-adic absolute value, where for a nonzero Laurent series cq/T? +
Cap1 /T 4+ - with ¢g € F we set

Cd Cd+1

Td Td+1 —\
For example, |1/T"| = 1/p" and |A| = p3°84 for all nonzero A € F,[T]. We have |1/(TA)| =
(1/p)t+de84 for every nonzero polynomial A, and there are only finitely many A with a

given degree. An infinite product [, ~,(1+ay) in a complete non-archimedean valued field
converges when |a,| — 0.) Therefore

TP
[Tas(1—1/TA)PY

This product converges in F,((1/T")) and ¢ is algebraic over F,,((1/7")). We can use this
equation to define ¢ (at last). Since ¢ appears in (8.3) through P~ the equation only
determines £ up to scaling by a (p — 1)-th root of unity, namely an element of F). This
ambiguity doesn’t affect the meaning of £F,[T’], which is what shows up in the definition
of f(X). _

Since f(X) is an additive series, f(X) =}, a; X?" (Appendix A) with a; to be deter-
mined now that we have pinned down a choice of £ (so that (8.2) is satisfied). The product
defining f(X) has first term X, so we need ag = 1. Substituting the series for f(X) into
(8.2) gives the recursion a]Tp7 = a]T+a  forj>1,s0a;(TP —T) =d"
we get

(8.3) &t =

i1 Since ag = 1,

1 1
T T (P Ty (TP — Ty
and in general a; is the reciprocal of a polynomial. Let D; = 1 /aj, so Dy = 1 and
D; = (TP — T)D?_1 for j > 1. By induction on j, deg(D;) = jp’ for all j > 0.

a) =

Definition 8.1. The Carlitz exponential is the power series
XV
ec(X) = Z . Fp(T)[[X]],
T
where Dy =1 and D; = (7 — T)Dﬁ-’f1 for j > 1.
Remark 8.2. It can be shown for all j > 0 that

D= J[ *n

heFp[T] monic
deg h=3

Theorem 8.3 (Carlitz). There is an infinite product decomposition
0=xl1l (1-35)
with the product running over nonzero A in F,[T] and with
(_T)l/(p—l)T
[Taz(l—=1/TA)

gp =
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Proof. See [6, Cor. 3.2.9]. O

Remark 8.4. Carlitz gave another expression for ,:

~ TV —T
&= (T -] (1—ij+1_T>'

Jj=1

The Carlitz exponential satisfies ec(X +Y) = ec(X)+ec(Y) rather than eX+Y = eXeY.
Instead of (eX)’ = e* we have e[,(X) = 1. Actually, the equation for ec(X) that is as
important for it as the differential equation is for e® is not e, (X) = 1 but rather (8.2):
ec(TX) = ec(X)P + Tec(X).

The parameter , doesn’t appear in the coefficients of the Carlitz exponential series in
Definition 8.1, just like m doesn’t appear in the definition of the usual exponential series.
The value §, is a characteristic p analogue of 2mi. Wade [12] proved &, is transcendental
over F),(T'), which is analogous to 2w being transcendental over Q.

As a function on F),((1/T")), the formal power series for ec(X) is an “entire function”:
it converges everywhere. Indeed, for all x € F,((1/T)), the 1/T-adic absolute value of
the general term in the series ec(x) is |z|P'/|D;| = |z[P /(1/p)~"" = (|z|/p?)P because
deg D;j = jp?. This tends to 0 as j — oo for each choice of |z|, so the series ec(z) converges
for all x. Taking = = 1, for instance, we get the 1/T-adic power series

1 1
ec(l)=1+ + +...:1+7+ NI

r —T (TP —T)(TP —T)P T
We need to enlarge the domain of ec(X) beyond Fy,((1/T)) to find its full kernel &,F,[T]
unless p = 2 (because &, ¢ F,((1/T")) unless p = 2). When p # 2, the homomorphism
ec: Fp((1/T)) = F,((1/T)) is injective, just like the homomorphism exp: R — Rxg.

We now explore the relation between the Carlitz exponential and Carlitz polynomials.
The property ec(TX) = ec(X)? +Tec(X) says, in terms of the Carlitz polynomial [T](X),
that ec(TX) = [T](ec(X)). The Carlitz exponential series converts plain multiplication by
T into the Carlitz action by T'. Since ec(X) is a p-power series in X, for all M € F,,[T]] it
follows that

(8.4) ec(MX) = [M](ec(X)).

In other words, ec(MX) is a polynomial in ec(X), and that polynomial is precisely the
Carlitz polynomial [M](X). If we had not known about the Carlitz polynomials, they
would be forced upon us when we express ec(MX) in terms of ec(X). The analogue of
(8.4) for X is the much simpler e™* = (eX)™, or equivalently e™* —1 = [m](eX — 1) with
[m](X) = (1+ X)™ — 1. What gives (8.4) analytic content is the next result, which is the
analogue for Carlitz torsion of the complex-analytic parametrization of mth roots of unity:
= {¥T0/™ g € 7},
Theorem 8.5. For nonzero M in F,,[T], Ay = {ec((A/M)Ey,) : A € Fy[T}.
Proof. For all A in Fp[T1,

[M](ec((A/M)Ep)) = ec(M(A/M)Ep) = ec(Agp) = 0,
so ec((A/M)Ey) € Apr. To show these Carlitz exponential values fill up Az, we count the
values. If ec((A/M)E&,) = ec((B/M)Ep) then subtracting shows ec(((A — B)/M)&,) = 0,

so (A— B)/M € F,[T] by Theorem 8.3. Thus A = B mod M, so the number of values for
ec((A/M)&p) as A varies is |F,[T|/M| = |Apm|. O

T2p—-1
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Remark 8.6. The proof that ec(z) = 3,5 27’ /Dj converges for all z € F,,((1/T)) carries
over to convergence of ec(z) for all z in any complete valued extension field of F,((1/T)),
so a priori the formal series ec((A/M)E,) make sense in Fy((1/T))((—T)Y =), a finite
extension of the complete field F,((1/T)); every finite extension of a complete valued field
is complete with respect to a unique extension of the absolute value on the smaller field.

Corollary 8.7. As F,[T]|-modules, |J,; Ay = Fp(T) /Fp[T1].

Proof. The map F,(T) = |J,; A given by A/B — ec((A/B)¢,) is Fp[T)-linear, surjective,
and its kernel is F,[T7]. O

Corollary 8.7 is analogous to the isomorphism of Q/Z with all roots of unity in QX by
PRSI 627r7jr.

The Carlitz exponential helps us describe the coefficients of [M](X) when M # 0. Finding
these coefficients is analogous to finding the coefficients of [m|(X) = (1 + X)™ —1 =
Z;-n:l (TJ”) X7 from scratch as if we did not know what binomial coefficients were. In fact,
we will show how to find the formula for binomial coefficients first, and then translate the
steps into the Carlitz setting.

We start off by writing
(8.5) m](X)=(1+X)"—1= Z ¢imX7,
j=1

where ¢, m = 1. (One doesn’t need to know the binomial theorem to see that (1+X)™ —1
has leading term X" and constant term 0.) Our goal is to show c¢;,, is given by a universal
polynomial formula in m. Because [m](eX — 1) = e™X — 1, replacing X with log(1 + X) =
X +--- gives

(86) [m](X) — emlog(lJrX) 1= Z mj(log(jl‘—F X))J

i>1
The right side is in Q[[X]] and makes sense since (log(1 + X))’ = X7 + higher order terms.
Replacing m with an indeterminate Y,

|
i>1 J: i>1

for some Pj(Y) € Q[Y]. Because (log(1 + X))/ = X7 + higher order terms, deg P;(Y) = j.
Since e? — 1 =0, P;(0) =0 for all j. Now setting Y = m,

m](X) = 3 Py(m) X7

Jj=1

Comparing this with (8.5), we observe that
¢jm = Pj(m) for 1 < j <m, and Pj(m) =0 for j > m.
The first part tells us c;,, is some universal polynomial of degree j that is evaluated at
m, and the second part actually tells us what the polynomial is: since P;j(Y’) vanishes at
positive integers less than j and at 0, P;(Y’) is divisible by Y'(Y —1)--- (Y — (5 — 1)), which
has degree j. Since the degree of P;(Y') is j and Pj(j) = ¢j; = 1, we must have
Yy-19)---y-¢g-1) _yY¥-1)---(vY-@G-1))

GO B SrG—G-) j |
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Therefore ¢, = Pj(m) is our friend the binomial coefficient (Z”)
Now we turn to characteristic p, and carry out an analogous procedure. For nonzero M,

write

deg M _
(8.8) (M)(X) = > a;u(T)X”,  ajm(T) € Fy[T].

j=0
(In Theorem 2.5 we wrote the coefficients as a;(T") rather than as a;(T), but the coef-
ficients depend on M and now we need to keep track of that information.) We know by
Theorem 2.5 that ageg p,mr = lead M, 50 ageg p,p = 1 for monic M. Since [M](ec(X)) =
ec(MX), we want to replace X with the composition inverse of ec(X) to mimic (8.6).
This inverse of ec(X) is the Carlitz logarithm, denoted log-(X). Since ec(X) =X + -+,
log(X) = X +---. Since ec(X) is additive, log-(X) is additive, so it is a series with terms
XP'. (In particular, logl,(X) = 1.) The logarithmic equivalent of (8.4) is log.([M](X)) =
M log(X). Explicitly, Carlitz found the formula

Xr X7’ e XP’

log(X) = X — -
OgC( ) Tp_T + (Tp2 _T)(Tp_

7>0

where Lo = 1 and L; = (TP — TYTP ™' =T)--- (TP = T) for j > 1. We will not need to
know this explicit formula for log(X), just as we never needed to know explicit coefficients
of log(1 + X) above when using that series.

Replacing X with log,(X) in the equation [M](ec (X)) = ec(MX), we get

(59 MI(X) = ec(Mlogo (X)) = Y At E

J=0
This series is in Fp,(T)[[X]]. If we replace X with X/M in the first equation of (8.9), then
(8.10) [M](X/M) = ec(M logc(X/M)).

As deg M — 00, 1/M — 0in Fy((1/T)), so M log (X/M) = X+3 ;51 (1) X7 /(L; MV 1)
tends to X in Fy,((1/7))[[X]] as deg M — oo. Therefore (8.10) implies

i [MIOX/M) = ec(X),

where the convergence on the left is coefficientwise convergence as a series in X. This is a
Carlitz analogue of the formula lim,_,~ (1 + x/n)" = e®. I thank Darij Grinberg for this
observation.

Returning to (8.9), replace M with a variable Y

ce(Vloge(x)) = 3 17 “"go =Y B (¥V)X7,

§>0 >0

which defined the polynomials E;(Y) € F,(T) [Y] (The series for ec(Y logo (X)) involves
only p-power terms in X since that is all that occurs in log.(X), which itself is being raised

to p-powers when ec(Y loge X) is expanded out.) Because (logo(X))P’ begins with the
term X7, E E;(Y) has degree p’ in Y. Since ec(0) = 0, E;(0) = 0 for all j.
Now settlng Y =M € F,[T] — {0} in (8.9), we get
[M](X) = ec(Mlogo (X)) = Y E;(M)X"',
j>0
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so a comparison with (8.8) gives for M # 0 that
(8.11) ajm(T) = Ej(M) for 0 < j < deg M, and E;(M) =0 for j > deg M.
Since [0](X) =0, also £;(0) = 0. That and (8.11) implies £;(X) is divisible by
[T x-n,
deg h<j

where the product runs over all &, not just monic s, and includes i = 0. This product has
degree p’ = deg E;j(X), so it differs from E;(X) by a factor in Fy(T)*. Since E;(T7) =
ajr;i(T) =1 (because T7 is monic), we obtain

_ Hdegh<j(X —h) _ Hdegh<j(X —h) _ Hdegh<j(X —h)
Hdeg h<] (T] - h) Hh monic h D] ’

deg h=j

(8.12) E;(X)

where the last formula comes from Remark 8.2 and the product in the numerator includes
h = 0 for every j. Therefore when M # 0 and j < deg M,

. Hdegh<j<M - h)
= Dj ,

(8.13) ajm = E;(M)

which gives a universal polynomial formula for a; ys in terms of M. The formula is also valid
for j > deg M since the formula is then 0. (In particular, ajo = 0.) This is the analogue

of (8.7) and suggests that, on account of the degrees involved, F;(X) is an analogue of (;i)

and Dj, the denominator in the coefficient of X7 in ec(X), is an analogue of (p/)!.

Example 8.8. Fy(X) = X/Dy = X and Ey(X) = [, (X —¢)/D1 = (XP—X) /(TP =T),
so agyr = Eo(M) = M and ay 5 = Ey(M) = (MP — M)/(T? —T).

We can extend the polynomials F;(X) to an analogue of all ()n( ) as follows. For n > 0,
write n in base p, say n = cy + c1p + - - - + cxp® where 0 < ¢; < p — 1. Define

En(X) = Eo(X)PEy(X)® - Ep(X)* € Fy(T)[X].

Then deg €,(X) = co+ c1p+ -+ + cxp® = n and €,;(X) = E;(X). One justification of the
analogy &,(X) < ()Tf ) occurs in the description of integral-valued polynomials.

e For all m € Z, (’::) € Z, and the polynomials ()Tf ) are a basis of the integral-valued
polynomials: f(X) € Q[X] satisfies f(Z) C Z if and only if f(X) = ZZ:O Cn ()Tf)
with ¢, € Z, and the coeflicients are unique.

o &, (Fp[T]) C Fp[T] since Ej(Fp[T]) C F,[T], by (8.11). The &,(X)’s are an F,[T7-
basis of all polynomials f(X) € F,(T)[X] satisfying f(F,[T]) C F,[T], and the
E;(X)’s are an F,,[T]-basis of the p-polynomials f(X) satisfying f(F,[T]) C Fp[T].

Remark 8.9. A wider context for this construction of a basis of integral-valued polynomials
via digit expansions (enlarging the set of E;’s to the &£,’s by writing n in base p) is in [4].

We said already that D;, which is the common denominator of the coefficients of E;(X),

is a Carlitz analogue of (p?)!. Carlitz considered the common denominator of the coefficients
of £,(X) to be an analogue of n!. This denominator is

o €0 N1 Ck
nlg == DO DS ... DS
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where n = Zf:o cipt with 0 < ¢; < p— 1. (Since Dy = 1, ¢y plays no role in n!c.) For
example, nlc =1 for 0 <n < p-—1and pl¢c = D; = TP —T. To see a genuine analogy
between n! and n!c, let’s compare their factorizations. Legendre proved

(8.14) nl = [[pZer /v,
p

The irreducible factorization of n!c was determined by Sinnott and looks just like (8.14).

Theorem 8.10. For alln >0, nlc = H s> /N

monic 7

In Theorem 8.10 and below, a product over 7 is understood to have 7 irreducible.

Proof. Since nlc is a product of powers of the polynomials D;, first we write down an
explicit formula for the D;’s. We know Dy doesn’t matter. For j > 1, the recursive formula

D; = (T v T )Dé?_1 from Definition 8.1 can be turned into an explicit formula:

m=1
Therefore when n = Ei‘c:o cipt,
k
nlog = H Dy
i=1
koo .
= H (TP — )"
i=1m=1
ko k ‘
=[] [[@" - 1)
m=11i=m

m

= H (7" — T)l/P™
m=1
In F,[T], TP" —T factors into the monic irreducibles 7 of degree dividing m, each irreducible
appearing once. Therefore

n!C = f[ H W[n/pm] = H WZmEo moddegw[n/lom]7

m=1deg w|m deg <k

where the sum in the exponent on 7 runs over all m > 1 that are divisible by degm; we
don’t have to restrict to m < k since if m > k then p™ > p**! > n, so [n/p™] = 0. Writing
m = sdegm with s > 1,

o= [[ aZelr == ] aSelbo/Noy)
deg m<k deg m<k

We can let the product run over all monic 7, not just those with degree at most k, since if
degm > k + 1 then N(7) > n and therefore [n/N(7)*] =0 for all s > 1. O
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Example 8.11. For all 7 we have N(mw) > p, so the product in Theorem 8.10 is 1 for
0 < n < p, which is also n!c. For n = p we have

H g1 /N _ H xlp/pl — H (T—¢)=T°—T = ple.

monic T degm=1 ceF,

9. LARGER CONSTANT FIELDS

We have carried out the construction of Carlitz extensions over F,(7'), but everything
extends to Fy(T") as the base field for every finite field Fy. Set [T](X) = X9+TX rather than
XP +TX, and define [T"](X) by iteration and [M](X) for M € F,[T] by Fy-linearity (not
F,-linearity). These are Carlitz polynomials adapted to F,;. Now [M](X) is a g-polynomial
in X (a linear combination of X, X7 X ‘12, and so on) and its roots Aj; in an algebraic
closure Fy(T) form an F,[T]-module of size N(M) := ¢3¢ (new definition of the norm,
adapted to the larger constant field). We get a functor A ~» C'(A) from F,[T]-algebras to
F,[T]-modules by letting C(A) be A as an F,-vector space with F,[T] acting on it through
the Carlitz polynomials rather than through the original F[T]-algebra structure on A. The
particular case C(F4(T)), which is the field F4(T) equipped with the action of the Carlitz
polynomials [M](X) as defined above, is called the Carlitz module (over F;). All properties
of Carlitz polynomials and Carlitz torsion still work, by replacing p by ¢ everywhere.'¢ In
particular, for M € Fy[T] the roots of [M](X) generate an abelian extension of Fy(T") with
Galois group isomorphic to (Fy[T]/M)*.

Our treatment of quadratic reciprocity in F, [T for p # 2 extends to F,[T] for odd g.

The Carlitz exponential ec(X) for F,[T] has denominators D; = (T —T)qu._1 forj>1
and Doy = 1, and the zeros of this ec(X) are F,[T]-multiples of a transcendental £, that is
given by the same formula as &,, with p replaced by g.

APPENDIX A. ADDITIVE POLYNOMIALS

Let A be an integral domain. A polynomial f(X) € A[X] is called additive if f(X+Y) =
F(X)+ f(Y) in A[X,Y]. If A contains a field F' then we say f(X) € A[X] is F-linear if it
is additive and f(cX) = cf(X) for all ¢ € F.'" We will classify the additive and F-linear
polynomials.

Before we see what additive polynomials look like in general, we give a result that shows
how they can be constructed using finite additive subgroups of F. (Such subgroups are
nontrivial only in positive characteristic.)

Theorem A.1. Let A be an integral domain of characteristic p.
1) If V is a finite additive subgroup of A then the product

H(X—v):X|V|+-~-
veV

is an additive polynomial.
2) If F is a finite field in A and V' is an F-vector subspace of A, then the polynomial
i part 1 is F-linear.

1611 Theorems 4.5 and 6.2, for instance, the distinction between p = 2 and p # 2 becomes ¢ = 2 and
q # 2, rather than ¢ being even and ¢ being odd.

TDon’t confuse this notion of an F-linear polynomial with the high school notion of a linear polynomial
as one with degree at most 1.
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Proof. 1) Call the product f(X). For indeterminates X and Y, let g(Y) = f(X +Y) —
f(X)— f(Y) in A[X][Y] = A[X,Y]. We want to show g(Y) = 0 in A[X,Y]. The leading
Y-terms in f(X +Y) and f(Y') match, so degy (g) < |V|. Therefore we can show ¢g(Y) =0
by showing ¢g(Y') has |V/| roots in A. For each w € V,
g(w) = f(X +w) - f(X) € A[X].

We will show this is 0 in A[X]. The leading X-terms of f(X +w) and f(X) match, so g(w)
is a polynomial whose X-degree is less than |V|. Since f(X +w) — f(X) vanishes when we
set X to be an arbitrary u € V (since u + w and w are both roots of f), g(w) =0 in A[X].
Since g(w) = 0 for each w € V and the Y-degree of ¢ is less than V|, g =0 in A[X,Y].

2) To show f(cX) = cf(X) for all ¢ € F, we can assume ¢ # 0 since the result is obvious
for ¢ = 0. Since multiplication by ¢ permutes V,

FeX) = JJ(eX = v) = [ (eX = ev) = V().
veV veV

Let ¢ = |F| and d = dimp(V), so |V]| = ¢%. From ¢ = ¢ we get V| = ¢, so f(cX) =
cf(X). O
Theorem A.2. If A is an integral domain of characteristic 0 then f(X) € A[X] is additive
if and only if it has the form f(X) = aX. If A has characteristic p then f(X) € A[X] is
additive if and only if it is of the form f(X) = apX + a1 X? + as XP* 4 -+ ap XP" for
some m.

Proof. The indicated examples (aX in characteristic 0 and ag X +a; XP+as X p2—|—- cta, XP"
in characteristic p) are additive.

To prove the converse, let f(X) be additive in A[X]. We apply differentiation with
respect to Y to the identity f(X +Y) = f(X) + f(Y) and then set Y = 0. The result is
(X)) = f'(0) € A. Putting f(X) = Z?:o ¢ Xt we get L i, X1 = ¢, s0 i¢; = 0 for
i > 1. If A has characteristic 0 then ¢; = 0 for i > 1, so f(X) = co+ c1X. Since f(0) =0
co = 0so f(X) = c;X. If A has characteristic p then ¢; = 0 when 4 is not divisible by p
(with ¢ > 1), so f(X) = c1X + g(XP) for some g. Write ¢; as ag, so f(X) = aoX + g(XP).
If g(X) = 0 then we are done. Suppose g(X) # 0. Since f(0) = 0, also g(0) = 0, so g(X)
is a multiple of X and f(X) = apX mod XP. We have

9(X? +Y7) —g((X+Y) )
f(X4Y)—a(X+Y)
FX)+ f(Y) = aoX — agY
= g(Xp) +9(Y?).
This implies g(U + V) = g(U) 4+ g(V), so g is additive. Therefore g(X) = a1 X + h(XP) for
some a1 € A, so
F(X) = aoX + a1 XP + h(X?").

If h(X) = 0 then we are done. If h(X) # 0 then h(X) is divisible by X, so f(X) =
aoX 4 a1 X? mod XP*. By a similar argument from before, h(X) is additive and this lets
us pull out an ULQXP2 term. Repeating this argument enough times, we eventually see f(X)
has the desired form since it is a polynomial. O

Corollary A.3. Let A be an integral domain containing o field F. If F is infinite, a
polynomial f(X) € A[X] is F-linear if and only if f(X) = aX. If F is finite with size q
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then f(X) € A[X] is F-linear if and only if it is of the form f(X) = by X + b X1+ b X7 +

c b, X9 for some n.

The difference between the F-linear and additive polynomials in the case of finite F' is
that the exponents are g-powers rather than simply p-powers. For instance, X + XP? is
additive in characteristic p and is F)-linear but is not F .-linear.

Proof. The indicated examples in the corollary (aX for infinite F' and by X 4 b1 X7+ by X @ 4
-4 b, X7 when |F| = q) are F-linear.

To prove the converse, first suppose A has characteristic 0, so F' is necessarily infinite.
Then additivity alone already forces f(X) = aX. When A has characteristic p, additivity
implies f(X) = apX + a1 XP + asX?" + -+ + a4y XP" for some m. The F-linearity says
f(eX) = cf(X) for all ¢ € F, so a;c? = ca;, which means ¢* = ¢ for all ¢ € F and all i
where a; # 0. For ¢ > 0, the equation ' = c has finitely many roots, so when F' is infinite
with characteristic p we are forced to have a; = 0 for i > 0, so f(X) = apX. ‘

Now suppose F' is finite with characteristic p and size q. Then the equation & =c
is satisfied for all ¢ € F' if and only if XP" — X vanishes on F, which is equivalent to
(X7 — X) | (X? — X) in F[X]. Since ¢ is a power of p, such a divisibility relation holds

only when p’ is a power of ¢ (proof left as an exercise), which means the only terms in f(X)
with nonzero coefficients are those where the exponent of X is a g-power. This makes f(X)
of the desired form. O

Theorem A.2 and Corollary A.3 and their proofs carry over from polynomials to power
series: the additive and F-linear power series are the same as the corresponding polynomials
except there need not be a final term in the series. Checking the details is left as an exercise.
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