THE FUNDAMENTAL THEOREM OF ALGEBRA VIA PROPER MAPS

KEITH CONRAD

1. INTRODUCTION

The Fundamental Theorem of Algebra says every nonconstant polynomial with complex
coefficients can be factored into linear factors. The original form of this theorem makes
no mention of complex polynomials or even complex numbers: it says that in R[z], every
nonconstant polynomial can be factored into a product of linear and quadratic factors. (For
any polynomial f(x) € Clx], the product f(x)f(x) has real coefficients and this permits
a passage between the real and complex formulations of the theorem.) That the theorem
can be stated without complex numbers doesn’t mean it can be proved without complex
numbers, and indeed nearly all proofs of the Fundamental Theorem of Algebra make some
use of complex numbers, either analytically (e.g., holomorphic functions) or algebraically
(e.g., the only quadratic extension field of R is C) or topologically (e.g., GL,(C) is path
connected).

In the articles [3] and [4], Pukhlikov and Pushkar’ give proofs of the Fundamental The-
orem of Algebra that make absolutely no use of the concept of a complex number. Both
articles are in Russian. The purpose of this note is to describe these two proofs in English
so they may become more widely known.

As motivation for the two proofs, let’s consider what it means to say a polynomial can be
factored, in terms of the coefficients. To say that every polynomial 2%+ A23 + Bx?+Cax+ D
in R[z] can be written as a product of two monic quadratic polynomials in R[z], so

'+ Ard + Ba? 4+ Cx+D = (224 ax +b)(2® + cx + d)
= 2t 4 (a+ )2 + (b+d+ ac)z® + (ad + be)z + bd,

which amounts to saying that given any four real numbers A, B, C, D there is a real solution
(a,b,c,d) to the system of equations

A = a+tec,

B = b+d+ac,
C = ad+bc
D bd.

This is a system of four (nonlinear) equations in four unknowns. Factoring a real polynomial
of degree greater than 4 into lower-degree real factors involves more complicated constraints
on the coefficients than the relations above, but they are also of the same basic flavor: a
certain system of polynomial conditions in several real variables must have a real solution.
Such systems of equations are not linear, so we can’t prove they are solvable using linear
algebra, and it may seem too complicated to prove directly that such “factorization equa-
tions” are always solvable. There was one very early proof of the Fundamental Theorem of
Algebra, by Lagrange, which reasoned along these lines, although it is hard to argue that
Lagrange’s proof provides any conceptual insight (take a look at [5] and judge for yourself).

The basic idea in the two proofs presented here is to show the factorization constraints
are solvable using topology. In the example above, for instance, we should show the map
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p: R? x R? — R* given by
(1.1) u((a,b),(c,d)) = (a+ ¢, b+ d+ ac,ad + be, bd)

is surjective. There are theorems in topology that provide sufficient conditions for a con-
tinuous map to be surjective, and these theorems will lead to the two “real” proofs of the
Fundamental Theorem of Algebra presented here.

In Section 2 we will review proper maps and describe the example of a proper map on
polynomials that is common to the two proofs, which are developed separately in Sections
3 and 4.

I thank P. Pushkar’ for his comments on an earlier version of this note.

2. PROPER MAPS

For two topological spaces X and Y, a continuous map f: X — Y is called proper when
the inverse image of any compact set is compact.

Example 2.1. Let f(x) = 284 ag_ 1291+ -4 ayz+ ag be a nonconstant polynomial with
real coefficients. It defines a continuous function R — R. Let’s show it is a proper map. In
R, a subset is compact when it is closed and bounded. If K C R is compact then f~1(K) is
closed since K is closed and f is continuous. Since |f(z)| — oo as |z| — oo, for any closed
interval [~ R, R] the inverse image f~!([~R, R]) is bounded. A compact set, such as K, is
in some [—R, R], so f~}(K) is bounded. Therefore f~!(K) is closed and bounded, so it is
compact.

Example 2.2. Let f(z) = 2% + ag_12971 + --- + a12 + ap be a nonconstant polynomial
with complex coefficients. It defines a continuous function C — C. Since |f(2)| — oo as
|z| = oo, by the same argument as in the previous example f is a proper map.

Example 2.3. In contrast to the previous examples, polynomials in several variables need
not be proper. The function f: R? — R given by f(z,y) = xy is not proper since {0} is
compact but f~1(0) is the two coordinate axes, which is not compact. Similarly, the sine
function sin: R — R is not proper since sin_l(O) = w7 is not compact.

Example 2.4. If X is compact and Y is Hausdorff then any continuous map from X to
Y is proper because a compact subset of a Hausdorff space is closed and a closed subset
of a compact space is compact. In particular, all continuous mappings from one compact
Hausdorff space to another are proper. This will be important for us later.

Remark 2.5. If X and Y are noncompact locally compact Hausdorff spaces and X U {xq}
and Y U {y} are the one-point compactifications of X and Y, a continuous function
f: X — Y is proper when its extension f: X U {Tso} = Y U {oo} given by j/t\(.%'oo) = Yoo
is continuous, so proper maps X — Y can be thought of as continuous functions that send
“large” values to “large” values. We can see from this point of view why the functions
f(x,y) = zy and f(x) = sinz are not proper.

Here is the principal property we need about proper maps.

Theorem 2.6. If X and Y are locally compact Hausdorff spaces, then any proper map
f: X =Y has a closed image.

Proof. First we give a “sequence” proof, which doesn’t apply to general locally compact
Hausdorff spaces but is valid for metrizable spaces, which will include the spaces we care
about. Let {y,} be a sequence in f(X) and assume y,, — y € Y. We want to show y € f(X).
Let K be a compact neighborhood of y. Then y, € K for n > 0. Write y, = f(x), so
xp € fH(K) for n > 0. Since f~!(K) is compact, there is a convergent subsequence {x,},
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say xn, — x € f71(K). Since f is continuous, f(z,,) — f(x), s0 yn, — f(x). Since also
Yn; — Y, we get y = f(z) € f(X).

Next we give a general proof of the theorem, which will be quite different from the
sequence proof. Let K be compact in Y. Then

FX)NK = f(f1(K)),
which is compact in Y since f is proper. In a locally compact Hausdorff space, a subset that
meets each compact set in a compact set is a closed subset. Therefore f(X) is closed. [

Remark 2.7. In the notation of Theorem 2.6, if C' is closed in X then f|c: C — Y is
proper and (f|¢)(C) = f(C), so Theorem 2.6 implies f(C) is closed. That is, a proper map
between locally compact Hausdorff spaces is a closed map.

Lemma 2.8. If f: X — Y is a proper map and B is any subset of Y then the restriction
of f to a map f~Y(B) — B is proper.

Proof. If K C B is compact then f~}(K)N f~1(B) = f~1(K) is compact. O

Lemma 2.8 provides a method of showing a continuous function between non-compact
spaces is proper: embed the non-compact spaces into compact spaces, check the original
continuous function extends to a continuous function on the chosen compactification (where
Example 2.4 might be used), and then return to the original function with Lemma 2.8.

Although polynomials in R[z] define proper maps from R to R, this is not the way we
will be using proper maps. We are going to use multiplication maps between spaces of
polynomials with a fixed degree. For each positive integer d, let P; be the space of monic
polynomials of degree d:

(2.1) 2+ ag_1z¥ 4+ -+ a1z + ao.
Forn > 2 and 1 < k <n — 1, define the multiplication map
pr: P X Py — Py by px(g, h) = gh.

For example, taking n =4, pu1: P; x P3 — P, by
(2 + ag, 2 + boa® + biz + bo) = x* + (b2 + ao)x® + (b1 + aob2)2® + (bo + agb1)z + agby.
and po: Py x P, — Py by
pi2(2® + a1+ ag, ° + biw +bo) = x* + (a1 +b1)a® + (ao+bo + a1br)z® + (arbo + brag)x + agbo.
We met po in the introduction as the map pu: R? x R2 — R*in (1.1).

To say a polynomial in P, can be factored into polynomials of degree k and n—k (without

loss of generality the factors are monic too) amounts to saying the polynomial is in the image
of .

To bring topology to bear on the study of jy, identify P; with R? by associating to the
polynomial (2.1) the vector (a4_1,...,a1,ap). This makes uy: Py X P,_x — P, a continuous
mapping between two locally compact spaces.

Theorem 2.9. For 1 < k <n—1, the mapping pr: Py X P,_x — P, is proper.

Proof. Using coefficients to identify P; with R?, py, is a continuous mapping R¥ x R*™% —
R™. Since these spaces are not compact, properness of i is not obvious. To make it obvious,
we will follow an idea of A. Khovanskii and “compactify” p to a mapping between compact
spaces, to which we we can apply Example 2.4.

Rather than looking at the spaces Py, let’s consider all the nonzero polynomials of degree
< d and 1dent1fy two such polynomials if they are scalar multlples of one another. Call
this set Pd and write the equivalence class of a polynomial f in Pd as [f]. For example,
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[#2 4 1] = [322 + 3] and [22° — 2 + 4] = [23 — (1/2)z + 2]. Every equivalence class in Py
contains a unique monic polynomial of degree at most d, since a monic polynomial can’t
be scaled by a number other than 1 and remain monic. Therefore P; embeds into ﬁd by
f+[f]. The image of P, in ]3d is the equivalence classes of polynomials with exact degree
d (not less than d).

We can identify ﬁd with real projective d-space P4(R) by associating to the equivalence
class of polynomials [agz? + --- 4+ a1x + ag] the point [ag,...,a1,a0]. Since P4(R) is a
compact Hausdorff space, ISd becomes a compact Hausdorff space and the copy of P; inside
]3d is identified with a standard copy of R? in P4(R): the points whose first homogeneous
coordinate is not 0. From a projective point of view, the polynomials “at infinity” in ﬁd are
those with degree less than d.

Since polynomials that are determined up to an overall (nonzero) scaling factor have a
product that is determined up to an overall scaling factor, we can define a multiplication
map fig: Py X Po_i, — Py by 1ix([g], [h]) = [gh]. For example, when n = 3 and k = 1,

,ul([alas —+ CLQ]7 [b2$2 =+ blfb + bo]) = [a1b2x3 + (albl + a0b2)35'2 + (albo + aobl)ﬂf + aobo].

Viewing each P, inside of ﬁd, the restriction of 1 from ]3k X ﬁn_k to P, x P,,_j is the
mapping pu: Py x P,_; — P, defined earlier. In projective coordinates, jiy is a polynomial
mapping so it is continuous. Since projective spaces are compact and Hausdorff, jiy is a
proper map by Example 2.4. Finally, since ﬁ;l(Pn) = P, X P,_i, Lemma 2.8 tells us uy, is
proper. ]

Corollary 2.10. Ifn =dy +---+d,, where each d; is a positive integer, the map p: Py, x
o X Py, = Py given by pu(fi, ..., f) = fi-+- fr is proper.

Proof. This proceeds in the same way as the proof of Theorem 2.9, using a multiplication
map u: Py, x --- x Py — P, that extends the map p. O

For each k from 1 to n — 1, the set of polynomials in P, that can be written as a product
of (monic) polynomials of degree k and n — k is ux (P x P,_), which is closed by Remark
2.7 and Theorem 2.9. For example, a fifth degree monic polynomial in R[z] that is the
coefficientwise limit of a sequence of fifth degree monic polynomials that each factor as a
quadratic and cubic will itself factor as a quadratic and cubic. More generally, Remark 2.7
and Corollary 2.10 imply that the polynomials in P, that admit some factorization with
fixed degrees dy, ..., d, for the factors form a closed subset of F,,. That means polynomial
factorizations respect limit operations: if f; — f in P, and each f; is a product of monic
polynomials of degree dy,do, ..., d, then f also has such a factorization. This is nontrivial
since convergence of polynomials conveys no direct information about how factorizations
behave along the way.!

3. PROOF OF PUKHLIKOV

For the first proof we give of the Fundamental Theorem of Algebra, due to Pukhlikov
[3], we want to show for n > 1 that each polynomial in P, can be written as a product of
linear and quadratic polynomials in R[z]. The argument is by induction on n, and since it
is clear when n is 1 or 2 we take n > 3 from now on. Assume by induction that every monic
polynomial in the spaces P, ..., P,_1 is a product of linear and quadratic real polynomials.
We will show every monic polynomial in P, is a product of a polynomial in some Pj and

IThe proofs of Theorem 2.9 and Corollary 2.10 remain true when R is replaced by any locally compact
field F', like C or a p-adic field, so the monic polynomials of degree n in F[z] with a factorization in F[z]
having fixed degrees form a closed subset of all monics of degree n in F[z].
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P,_i where 1 < k < n — 1 and therefore is a product of linear and quadratic polynomials.
Using the multiplication maps py, what we want to show is

n—1
P, = U (P X Pr_g).
k=1
Set Z;, = Hk(Pk X Pn—k) and
n—1
7 = U 7.

k=1
The set Z is all the monic polynomials of degree n that are reducible (and thus are products
of linear and quadratic polynomials by the inductive hypothesis). We want to show Z = P,.

Since each puy is proper, its image Zj is a closed subset of P,. Since Z =21 U---UZ,_1
is a finite union of closed sets, Z is closed in P,. Topologically, P, = R" is connected, so if
we could show Z is also open in P, then we would immediately get Z = P, (since Z # (),
which is the goal. Alas, it will not be easy to show Z is open directly, but a modification
of this idea will work.

To say Z is open in P,, means for any polynomial f in Z, all polynomials in P, that are
near f are also in Z. The inverse function theorem is a natural tool to use here: supposing
f = ux(g, h), is the Jacobian determinant of uy: Py x P,_; — P, nonzero at (g,h)? If it
is, then uj has a continuous local inverse defined in a neighborhood of f.

To analyze py near (g, h), we can write all nearby points in Py x P,_j as (g + u,h + v)
where degu < k — 1 and degv <n —k — 1 (allowing v = 0 or v = 0 too). Then

(3.1) pr(g+u,h+v)=(g+u)(h+v)=gh+ gv+ hu+uv = f+ (gv+ hu) + uv.

As functions of the coefficients of v and v, the coefficients of gv + hu are all linear and the
coefficients of uv are all higher degree polynomials in the coefficients of v and v. Whether the
Jacobian of yy, at (g, h) is invertible or not depends on the uniqueness of writing polynomials
with degree less than n as gv 4+ hu for some u and v.

Lemma 3.1. Let g and h be nonconstant polynomials whose degrees add up to n.

a) If g and h are relatively prime then every polynomial of degree less than n is uniquely
of the form gv + hu where degu < degg or u =0, and degv < degh or v =0.

b) If g and h are not relatively prime then we can write gv + hu = 0 for some nonzero
polynomials u and v where degu < deg g and degv < degh.

Proof. a) By counting dimensions, it suffices to show the only way to write gv + hu = 0
with degu < degg or u = 0 and degv < degh or v = 0 is by using v = 0 and v = 0.
Since gv = —hu, glhu, so glu since g and h are relatively prime. If u # 0 then we get a
contradiction from the inequality degu < degg. Therefore v = 0, so also v = 0.

b) Let d(z) be a nonconstant common factor of g(x) and h(x). Write g(x) = d(z)a(z) and
h(z) = d(z)b(z). Then g(z)b(z) + h(z)(—a(x)) = 0. Set u(x) = b(z) and v(z) = —a(x). O

By (3.1) and Lemma 3.1, the Jacobian matrix of ux at (g, h) is invertible if g and h are
relatively prime and not otherwise.? We conclude that if f € Z can somehow be written as
a product of nonconstant relatively prime polynomials of degrees k and n — k then all monic
polynomials in a neighborhood of f in P, can be factored in the same way, so this neighbor-
hood is inside Z. Which f € Z can’t be written as a product of nonconstant relatively prime

2The Jacobian determinant of ux at (g, h) is equal to the resultant of g and h, so we recover the classical
theorem that the resultant of two polynomials is nonzero exactly when they are relatively prime, which is
the same as saying they have no common root in a splitting field.
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polynomials?® Every monic polynomial in R[z] has a monic factorization into irreducibles
in R[z], and as soon as a polynomial has two different monic irreducible factors it has a
decomposition into nonconstant relatively prime factors. Therefore a polynomial f € Z is
not a product of at least 2 nonconstant relatively prime polynomials in R[z] exactly when
it is a power of a monic irreducible in R[z]. Since each polynomial in Z is a product of
linear and quadratic factors, f is a power of a linear or quadratic polynomial. Let Y be all
these “degenerate” polynomials in P,:

_ J{(x+a)":acR}ifnisodd,
C{@+a)™, (224 bz + )2 a,b,c € R} if n is even.

When n is even, we can write (z + a)™ as (22 4 2ax + a?)"/?, so*

_J{(z+a)":acR}ifnis odd,
~ {(z® 4+ bz + )2 : b,c € R} if n is even.

We have shown Z — Y is open in P,. This is weaker than the plan to show Z is open in
P,,. But we’re actually in good shape, as long as we change the focus from P, to P, —Y. If
n=2then Y = P, and P» — Y is empty. For the first time we will use the fact that n > 3.

Lemma 3.2. If n > 3, then P, — Y is path connected.
Proof. We identify P, with R™ using polynomial coefficients:
"+ ap 12"+ arr +ag = (an_1,...,a1,a0).

If n is odd then Y is a smooth curve sitting in R™: it is the image of the polynomial map
R — R" that associates to a € R the non-leading coefficients of (z + a)” in the order of
decreasing degree. For instance, if n = 3 this map is

a v~ (3a,3a*, a®).

If n is even then Y is a smooth surface in R"™. For instance, if n = 4 then computing
(2 + bz + ¢)? shows us that

Y = {(2b,b% + 2¢,2bc, ¢?) : b,c € R} C RY,
which is smooth since the 2 x 4 matrix of partial derivatives at a point is
2 26 2¢ O
0 2 2b 2¢ )’
which has rank 2 from its first two columns.
It is left to the reader to check that the complement of a smooth® curve in R is path

connected for n > 3 and the complement of a smooth surface in R™ is path connected for
n > 4. U

Whenn >3, (x—1)(x—2)---(x—n) € Z—Y,so Z—Y is nonempty. Since Z is closed in
P,, ZN(P,—Y)=Z-Y isclosed in P, —Y. Since we know Z —Y is open in P,, it is open
in P, —Y. Therefore Z —Y is a nonempty open and closed subset of P, —Y. Since P, —Y

3Viewing pr: Pe X Po_r — Py as a smooth map of manifolds, such f are not just critical values of p:
all points in u;l( f) have a noninvertible differential. Such f are called strongly critical values in [4].

4Since any odd-degree real polynomial has a real root, obviously P, = pui(P1 X P,—_1), so we could just
focus on even n.

5Space-ﬁlling curves show some constraint is necessary for the complement of a “curve” in R" to be path
connected.
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is path connected, and thus connected,® and Z — Y is not empty, Z — Y = P, — Y. Since
Y C Z, we get Z = P, and this completes the first proof of the Fundamental Theorem of
Algebra.

4. PROOF OF PUSHKAR’

The second proof of the Fundamental Theorem of Algebra, by Pushkar’ [4], focuses on
even degree polynomials. (Any real polynomial of odd degree has a real root.) For any
n > 1, we want to show each polynomial in P, can be factored into a product of n monic
quadratic polynomials. Consider the multiplication mapping

(4.1) Up: Py — Poy,  where wun(f1, fo,..., fn) = fifa - fn.

To prove the Fundamental Theorem of algebra, we’ll show u,, is surjective for all even n > 2.
By Corollary 2.10, u,, is proper.

We will use a theorem from topology about the degree of a mapping. For a smooth proper
mapping ¢: M — N of connected oriented manifolds M and N with the same dimension,
the degree of ¢ is defined by picking any regular value” y and forming

E €z,

zep~(y)

where e, = 1 is dy,: T,(M) — T,(N) is orientation preserving and e, = —1 if dy, is
orientation-reversing. If ¢ ~!(y) is empty, set this sum to be 0. That the degree is well-
defined is rather complicated to prove. Details can be found in [1, Sect. 13]. It immediately
implies the following result.

Theorem 4.1. Let M and N be smooth connected oriented manifolds of the same dimension
and p: M — N be a smooth proper mapping of degree not equal to zero. Then f is surjective.

We will apply Theorem 4.1 to the mapping u,: Py’ — Pa, in (4.1). Choose an orientation
for P,, which is naturally identified with R?, and then give P} the product orientation (as
a product of oriented manifolds). Orient P», by identifying it with R?" in a natural way.
We want to show u, has nonzero degree. To do this, we need a regular value.

n

Lemma 4.2. The polynomial p(z) = [[;(2? + i) = up(2® + 1,...,22 + n) in P2y, is a
reqular value of uy,.

Proof. Exercise. Note p(z) is a product of distinct monic quadratic irreducibles. Look at
the description of the regular points of the multiplication mappings u in Section 3. O

The polynomial p(x) has n! inverse images under w,,: all ordered n-tuples with coordinates
22 +ifori=1,...,n. Since u, is invariant under permutations of its arguments, and any
such permutation preserves orientation (exercise), the sign of the determinant of du, at
each point in u,!(p(z)) is the same. Since these points each contribute the same sign to
the degree, u,, has degree n! or —n! (the exact choice depends on how we oriented P» and
Py,,). Since the degree is not zero, by Theorem 4.1 w,, is surjective, which completes the
second proof of the Fundamental Theorem of Algebra.

6If we had removed from P, not Y but the larger set of nonseparable polynomials, we would not be
left with a connected set: the nonseparable polynomials in P,, divide the rest of P, into two open subsets:
those with positive discriminant and those with negative discriminant. However, if we were working over C
instead of over R then the complement of the nonseparable polynomials would be connected. An analogue
of Pukhlikov’s “real” proof that is carried out over C was given by Litt [2].

A regular value is a point y € N such that for all z € ¢~ '(y), dp,: To(M) — T,(N) is surjective. This
includes any y for which ¢~ !(y) is empty. Regular values in N exist by Sard’s theorem.
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The novel feature of these two proofs of the Fundamental Theorem of Algebra is the
topological study of multiplication maps on real polynomials to settle a factorization ques-
tion. Complex numbers never enter the argument, even indirectly. The proofs provide an
interesting topic for discussion in a course on differential topology, on account of the ideas
that are used: spaces of real polynomials with fixed or bounded degree as an abstract man-
ifold, passage to a projective space to “compactify” a smooth map and show it is proper,
determining where the inverse function theorem can be applied, and the degree of a map.
That proper maps and the degree of a map can be used to prove the Fundamental Theorem
of Algebra is not itself new: proofs using these ideas appear in complex variable proofs.
Here is one such proof, taken from [1, p. 109].

Proof. Pick any nonconstant monic polynomial with complex coefficients, say
fz)=2"+az" "+ +ap.

We want to show f has a complex zero. As a continuous mapping C — C, f is proper
(Example 2.2). Its degree is n since f is smoothly homotopic to z — 2", whose degree is
easy to calculate as n. We now find ourselves in the situation of Theorem 4.1, which proves
f is surjective, so f has a complex root. O

REFERENCES

[1] B. A. Dubrovin, S. P. Novikov, A. T. Fomenko, Modern Geometry II, Springer—Verlag, New York, 1985.

[2] D. A. Litt, A “Minimal” Proof of the Fundamental Theorem of Algebra, https://www.daniellitt.com/
blog/2016/10/6/a-minimal-proof-of-the-fundamental-theorem-of-algebra.

[3] A. V. Pukhlikov, A “Real” Proof of the Fundamental Theorem of Algebra (Russian), Matematicheskoe
Prosveshchenie 1 (1997), 85-89. Electronically available at http://mi.mathnet.ru/rus/mp/v1/s3/p85.

[4] P. E. Pushkar’, On Certain Topological Proofs of the Fundamental Theorem of Algebra (Russian), Matem-
aticheskoe Prosveshchenie 1 (1997), 90-95. Electronically available at http://mi.mathnet.ru/rus/mp/
v1/s3/p90.

[56] J. Suzuki, Lagrange’s Proof of the Fundamental Theorem of Algebra, Amer. Math. Monthly 113 (2006),
705-714.


https://www.daniellitt.com/blog/2016/10/6/a-minimal-proof-of-the-fundamental-theorem-of-algebra
https://www.daniellitt.com/blog/2016/10/6/a-minimal-proof-of-the-fundamental-theorem-of-algebra
http://mi.mathnet.ru/rus/mp/v1/s3/p85
http://mi.mathnet.ru/rus/mp/v1/s3/p90
http://mi.mathnet.ru/rus/mp/v1/s3/p90

	1. Introduction
	2. Proper Maps
	3. Proof of Pukhlikov
	4. Proof of Pushkar'
	References

