DIFFERENTIATING UNDER THE INTEGRAL SIGN

KEITH CONRAD

I had learned to do integrals by various methods shown in a book' that my high
school physics teacher Mr. Bader had given me. [It] showed how to differentiate
parameters under the integral sign — it’s a certain operation. It turns out that’s
not taught very much in the universities; they don’t emphasize it. But I caught on
how to use that method, and I used that one damn tool again and again. [If] guys
at MIT or Princeton had trouble doing a certain integral, [then]| I come along and
try differentiating under the integral sign, and often it worked. So I got a great
reputation for doing integrals, only because my box of tools was different from
everybody else’s, and they had tried all their tools on it before giving the problem
to me.? Richard Feynman [5, pp. 71-72]°

1. INTRODUCTION

The method of differentiation under the integral sign, due to Leibniz in 1697 [4], concerns integrals
depending on a parameter, such as f ' 226t dz. Here ¢ is the extra parameter. (Since x is the
variable of integration, = is not a parameter.) In general, we might write such an integral as

(1.1) / F(z,t)d

where f(z,t) is a function of two variables like f(z,t) = z2e 7%,

1 1
Example 1.1. Let f(z,t) = (22 +t%)2. Then / f(z,t)de = / (2z + )2 dz. An anti-derivative
0 0
of (2z + t3)? with respect to z is #(2z + t3)3, so

! 2z +1°)°
2 t32d :(7 = = — 2t3 t6.
| o ear= BN . Loty

This answer is a function of ¢, which makes sense since the integrand depends on t. We integrate
over x and are left with something that depends only on ¢, not x.

=1

2+3)3 -t 4

An integral like f; f(z,t)dz is a function of ¢, so we can ask about its ¢-derivative, assuming
that f(x,t) is nicely behaved. The rule, called differentiation under the integral sign, is that the
t-derivative of the integral of f(x,t) is the integral of the ¢-derivative of f(x,t):

(1.2) /fwtdm—/

!The book Feynman read was Advanced Calculus by Woods [16]. See Appendix B for an excerpt.
2See https://scientistseessquirrel.wordpress.com/2016/02/09/do-biology-students-need-calculus/ for
a similar story with integration by parts in the first footnote.
3Just before this quote, Feynman wrote “One thing I never did learn was contour integration.” Perhaps he meant
that he never felt he learned it well, since he did know it. See [6, Lect. 14, 15, 17, 19], [7, p. 92], and [8, pp. 47—49].
A challenge he gave in [5, p. 176] suggests he didn’t like contour integration.
1
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If you are used to thinking mostly about functions with one variable, not two, keep in mind that
(1.2) involves integrals and derivatives with respect to separate variables: integration with respect
to x and differentiation with respect to t.

Example 1.2. We saw in Example 1.1 that fol (27 +t3)2dx = 4/3 + 213 + 5, whose t-derivative is
6t + 6t°. According to (1.2), we can also compute the t-derivative of the integral like this:

1 1
)

— [ 2z +13)%d :/2 t3)%d
dto(:n—i—)x Oat(ﬂ:—i—)x
1
:/ 2(2x + t3)(3t%) dz

0

1
= / (12t%z + 6t°) da
0

r=1

= 6222 + 6t°x

=0
= 6t + 6t°.
The answer agrees with our first, more direct, calculation.
We will apply (1.2) in many examples, and Section 12 presents a justification. It is also used to
prove theorems: see Sections 11 and 13 and a proof of the Cramér—Rao bound in statistics.
2. EULER’S FACTORIAL INTEGRAL IN A NEW LIGHT

For integers n > 0, FKuler’s integral formula for n! is

(2.1) / z"e”*dx = nl,
0

which can be obtained by repeated integration by parts starting from the formula

(2.2) / e “dr=1
0

when n = 0. Now we are going to derive Kuler’s formula in another way, by repeated differentiation
after introducing a parameter ¢ into (2.2).
For ¢t > 0, let x = tu. Then dz = tdu and (2.2) becomes

o0
/ te " du = 1.
0

Dividing by ¢ and writing u as = (why is this not a problem?), we get

& 1
(2.3) / e dr = -,
0 t

This is a parametric form of (2.2), where both sides are now functions of ¢. We need ¢ > 0 in order
that e~ is integrable over the region = > 0.

Now we bring in differentiation under the integral sign. Differentiate both sides of (2.3) with
respect to ¢, using (1.2) to treat the left side. We obtain

e 1
/ —ze Wdr = ——,
$2
0
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S0
& 1
(2.4) / re " dr = =5
0 t

Differentiate both sides of (2.4) with respect to t, again using (1.2) to handle the left side. We get

o 2
/ —z?e T dr = -
0 t
Taking out the sign on both sides,

& 2
(2.5) / zie ™ dy = =3
0 t

and

Do you see the pattern? It is

> n _—tx _ TL'
(2.6) /0 2"e " dr = g

We have used the presence of the extra variable t to get these equations by repeatedly applying
d/dt. Now specialize ¢ to 1 in (2.6). We obtain

oo
/ e dx = n!,
0
which is our old friend (2.1). Voild!
The idea that made this work is introducing a parameter ¢, using calculus on ¢, and then setting
t to a particular value so it disappears from the final formula. In other words, sometimes to solve
a problem it is useful to solve a more general problem. Compare (2.1) to (2.6).

3. A DAMPED SINE INTEGRAL

We are going to use differentiation under the integral sign to prove

oo .
(3.1) / e 4z = T _ arctant
0 T 2

for ¢t > 0.
Call this integral F(¢) and set f(z,t) = e **(sinz)/z, so (0/0t)f(x,t) = —e~*sinx. Then

Fl) = — /0 " e~ (sin ) du

The integrand e~ ** sin z, as a function of x, can be integrated by parts:

. asinx — cosx
e sinzdr = ( 5 )eax.
1+a
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Applying this with ¢ = —t and turning the indefinite integral into a definite integral,

(tsinz + cosx) e

F'(t) = _/0 e (sinx) dr = e

14 ¢2

=0
As x — o0, tsinz + cos x oscillates a lot, but in a bounded way (since sinx and cosz are bounded

functions), while the term e~** decays exponentially to 0 since ¢t > 0. So the value at = oo is 0.

Therefore
o0 1
F/(t) = —A eitx(sinﬂf) dx = —m

We know an explicit antiderivative of 1/(1 + #2), namely arctant. Since F(t) has the same
t-derivative as — arctant, they differ by a constant: for some number C|

(3.2) / e MY 4y — _arctant +C for t > 0.
0 X

We’ve computed the integral, up to an additive constant, without finding an antiderivative of
e @ (sinx)/x.

To compute C in (3.2), let ¢ — 0o on both sides. Since |(sinx)/x| < 1, the absolute value of
the integral on the left is bounded from above by fooo e~ dx = 1/t, so the integral on the left in
(3.2) tends to 0 as t — oo. Since arctant — 7/2 as t — oo, equation (3.2) as ¢ — 0o becomes
0= -5 +C,so C =n/2. Feeding this back into (3.2),

0 .
(3.3) / e o™ gy = T arctant for ¢ > 0.
0 X 2
If we let ¢ — 0" in (3.3), this equation suggests that
-
(3.4) /‘Smxdxzw,
0 T 2

which is true and it is important in signal processing and Fourier analysis. It is a delicate matter to
derive (3.4) from (3.3) since the integral in (3.4) is not absolutely convergent. Details are provided
in Appendix A.

4. THE GAUSSIAN INTEGRAL

The improper integral formula
(e e]
(4.1) / e 2 dz = V2r
—0oQ

1 —x2/2

is fundamental to probability theory and Fourier analysis. The function o is called a

Gaussian, and (4.1) says the integral of the Gaussian over the whole real line is 1.
To prove (4.1) using differentiation under the integral sign, we are going to aim not at (4.1), but
at an equivalent formula over the range x > 0:

2 V 27( T
4.2 z*/2 = — =4/ —=.
( ) /0 e dx 5 \/g

Call the integral on the left I.
For t € R, set

0o o—t?(1+27)/2
F(t) = / ———da.
0 1 + x
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Then F(0) = [;° dz/(1 + 2?) = m/2 and F(oo) = 0. Differentiating under the integral sign,
F(1) = / T e PO gy = g2 / T2 g
Make the substitution y = ta:,owith dy = tdx, so '

F'(t) = _e /2 /OO eV 2dy = —1e /2,
0
For b > 0, integrate both sides from 0 to b and use the Fundamental Theorem of Calculus:

b b b
/ F'(t)dt = —I/ e 124t = F(b) — F(0) = —I/ e /2 gt
0 0 0

Letting b — o0,
7r 9 9 T
0—5——1 =1 —§:>I— 3"

I learned this approach from Michael Rozman [12], who modified an idea on a Math Stackex-
change question [3], and in a slightly less elegant form it appeared much earlier in [17].

By the same method we can calculate I, = [° e /2 dg for z € C with Re(z) > 0, so I = I.
Generalizing 12 = 7/2, we get I? = 7/(2z), so I, = £/7/2/+/z, where y/Z is the principal square
root (with argument in (—m/4,7/4)). The sign on the right side is + when z = 1, so by continuity
in z we have I, = \/7m/2/,/z for all z with Re(z) > 0.

5. HIGHER MOMENTS OF THE (GAUSSIAN

For every integer n > 0 we want to compute a formula for

(5.1) / a"e /2 da.

(Integrals of the type [2"f(x)dx for n =0,1,2,... are called the moments of f(x), so (5.1) is the
n-th moment of the Gaussian.) When n is odd, (5.1) vanishes since z™e~*"/2 is an odd function.
What if n =0,2,4,... is even?

The first case, n = 0, is the Gaussian integral (4.1):
oo
(5.2) / e "2 dx = V2r.
—00

To get formulas for (5.1) when n # 0, we follow the same strategy as our treatment of the factorial

integral in Section 2: stick a ¢ into the exponent of e~2*/2 and then differentiate repeatedly with
respect to t.

For ¢ > 0, replacing = with v/tz in (5.2) gives

(5.3) /_OO e 72 4y = \Zr

Differentiate both sides of (5.3) with respect to ¢, using differentiation under the integral sign on

the left:
o0 22 —t$2/2 d o V 27T
¢ T= T om
oo 2 2t
S0

(5.4) / 22e7 2 4y = 2n

$3/2°
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Differentiate both sides of (5.4) with respect to ¢t. After removing a common factor of —1/2 on
both sides, we get

(5.5) / ale 2 dy = A

$5/2 7

Differentiating both sides of (5.5) with respect to ¢ a few more times, we get

T2

/ x86_tm2/2dx: 3'5'7\/ 27T

$9/2 ’

and

$11/2

/OO xloe_t$2/2da: _ 3 . 5 . 7 . 9\/ 27T
—00
Quite generally, when n is even

o0 1-3.5---(n—1
/ et/ 4 — 3-5---(n )\/%,

t(n+1)/2

where the numerator is the product of the positive odd integers from 1 to n — 1 (understood to be
the empty product 1 when n = 0).
In particular, taking ¢ = 1 we have computed (5.1):

/ a"e Az =1-3-5---(n—1)V2r.

— 00

As an application of (5.4), we now compute (3)! := [;° z'/2¢7% dz, where the notation (3)! and

its definition are inspired by Euler’s integral formula (2.1) for n! when n is a nonnegative integer.
Using the substitution v = z/2 in fooo z1/2¢7* dz, we have

1 0
<2>! = / 21/2e % 4y
/ du

2
=2 u2e “"du

[

\/7
23/2
T

2

by (5.4) at t =2

6. A COSINE TRANSFORM OF THE (GAUSSIAN

We are going to compute

F(t):/ cos(ta:)e*IQ/de
0
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by looking at its ¢-derivative:
(6.1) F'(t) = / —z silrl(tx)e_ﬂcz/2 dx.
0

This is good from the viewpoint of integration by parts since —ze~"/2 is the derivative of e=*"/2.
So we apply integration by parts to (6.1):
u =sin(tr), dv= —ze ™ da

and
du = tcos(tx)dz, v= e /2,

Then
F’(t)—/ udv
0

= Smg z) —t cos(t:c)e_”CQ/2 dx
eT /2 0 0

_ sin(tz) A LE()
er?/2 o—0 ’

As 2 — 00, /2 blows up while sin(tz) stays bounded, so sin(tz)/e”"/2

F'(t) = —tF(t).

goes to 0. Therefore

We know the solutions to this differential equation: constant multiples of e /2. So
oo
/ cos(taz)e‘zz/2 dz = Ce '/
0

for some constant C. To find C, set ¢ = 0. The left side is [;* e~*/2 Az, which is \/7/2 by (4.2).
The right side is C. Thus C' = y/7/2, so we are done: for all real ¢,

/ cos(tx)e‘gﬂ/2 dz = \/Fe_tQ/Q.
0 2

Remark 6.1. If we want to compute G(t) = [ sin(tz)e~**/2 dz, with sin(¢z) in place of cos(tz),
then in place of F'(t) = —tF(t) we have G'(t) = 1—tG(t), and G(0) = 0. From the differential equa-
tion, (e"/2G(t)) = €'*/2, so G(t) = e t*/2 f(f e”/2dz. So while I cos(tx)e " /2 dx = \/ge—ﬂ/z,
the integral fooo sin(tm)e*ﬁ/ 2 dx is impossible to express in terms of elementary functions.

7. THE GAUSSIAN TIMES A LOGARITHM

We will compute

/ (log :c)e_m2 dz.
0

Integrability at oo follows from rapid decay of e~ at 00, and integrability near x = 0 follows from
the integrand there being nearly logz, which is integrable on [0, 1], so the integral makes sense.

(This example was brought to my attention by Harald Helfgott.)
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We already know fooo e~ dx = \/7/2, but how do we find the integral when a factor of log x is
inserted into the integrand? Replacing x with y/z in the integral,
&0 2 1 [*logx
(7.1) / (logz)e ™™ do = -
0 4)o Ve
To compute this last integral, the key idea is that (d/dt)(z!) = z'logz, so we get a factor of
log x in an integral after differentiation under the integral sign if the integrand has an exponential
parameter: for t > —1 set

e Tdzx.

oo
F(t)= / rle " dux.
0
(This is integrable for x near 0 since for small z, x'e™® ~ z', which is integrable near 0 since

t > —1.) Differentiating both sides with respect to ¢,

/ _ o t —x
F'(t) = z'(logx)e " dz,
0

o (7.1) tells us the number we are interested in is F'(—1/2)/4.
The function F(t) is well-known under a different name: for s > 0, the I'-function at s is defined

by
F(s)—/ e " du,
0

so I'(s) = F(s — 1). Therefore I''(s) = F'(s — 1), so F'(—1/2)/4 =T17(1/2)/4. For the rest of this
section we work out a formula for I'(1/2)/4 using properties of the I'-function; there is no more
differentiation under the integral sign.

We need two standard identities for the I'-function:

(7.2) [(s+1)=s(s), I'(s)I <s + ;) = 21725 /7 (25).

The first identity follows from integration by parts. Since I'(1 fooo e~ *dx =1, the first identity
implies I'(n) = (n — 1)! for every positive integer n. The second identity, called the duplication
formula, is subtle. For example, at s = 1/2 it says I'(1/2) = /7. A proof of the duplication formula
can be found in many complex analysis textbooks. (The integral defining I'(s) makes sense not just
for real s > 0, but also for complex s with Re(s) > 0, and the I-function is usually regarded as a
function of a complex, rather than real, variable.)

Differentiating the first identity in (7.2),

(7.3) [M(s+1) =sl'(s) + I'(s),
soat s =1/2

o Q)= or()-3rE) =) () )

Differentiating the second identity in (7.2),

(7.5) L(s)I (s + ;) +T/(s)T <3 + ;) = 21725(_log 4)\/7T(2s) + 21725 \/m2I"(25).

Setting s = 1 here and using I'(1) =I'(2) =1,

3

(7.6) r’<2> )T <;’> — (—log 2)v/7 + VaT'(2).



DIFFERENTIATING UNDER THE INTEGRAL SIGN 9

We compute I'(3/2) by the first identity in (7.2) at s = 1/2: T'(3/2) = (1/2)I'(1/2) = /7/2 (we
already computed this at the end of Section 5). We compute I'(2) by (7.3) at s = 1: T'(2) =
I(1) + 1. Thus (7.6) says

r’(i) + F’(l)\/j = (—log2)ym+V7(I'(1) +1) = r’(i) =/ (— log 2 + Fé”) + /.

Feeding this formula for IV(3/2) into (7.4),

r’(é) — Jr(=2log2 + T'(1)).

It turns out that I''(1) = —v, where v ~ .577 is Euler’s constant. Thus, at last,

/Ooo(loga:)e_xz dz = r'asz) = —ﬁ(ZlogQ + 7).

4 4

8. LOGS IN THE DENOMINATOR, PART I

Consider the following integral over [0, 1], where ¢ > 0:

1t
—1
/ w dz.
o logx
Since 1/logz — 0 as z — 07", the integrand vanishes at x = 0. As x — 17, (z' —1)/logz — t.
Therefore when ¢ is fixed the integrand is a continuous function of z on [0, 1], so the integral is not

an improper integral.
The t-derivative of this integral is

1 tl 1 1
/ z Og:):d:L':/ tde = —,
o logz 0 t+1

which we recognize as the t-derivative of log(¢ 4+ 1). Therefore

gt —1

/ dz =log(t+1)+C
o logx

for some C. To find C, let t — 0%. On the right side, log(1 + t) tends to 0. On the left side, the

integrand tends to 0: |(zf — 1)/log x| = |(e!'°8® — 1)/log x| < t because |e® — 1| < |a| when a < 0.

Therefore the integral on the left tends to 0 as t — 0. So C = 0, which implies

Lat —1
8.1 dr =log(t +1
(1) | T o =gt + 1

for all ¢ > 0, and it’s obviously also true for ¢t = 0. Another way to compute this integral is to write
x!t = €187 a5 a power series and integrate term by term, which is valid for —1 < ¢ < 1.
Under the change of variables z = e ¥, (8.1) becomes

0 B B dy
8.2 / e ¥ — e (DY) =2 —1og(t +1).
(8.2) L )< =los(t +1)



10 KEITH CONRAD

9. LoGS IN THE DENOMINATOR, PART II

*©  dx
F(t)_/2 xtlog x

for £ > 1. The integral converges by comparison with f2°° dz/zt. We know that “at ¢t = 1”7 the

integral diverges to oo:
/OO dz _ /b dz
= lim
9 xlogx  booo o xlogx

b

We now consider the integral

= lim loglogx
b—o0

2
= lim loglogb — loglog?2
b—o0

= OQ.

So we expect that as t — 17, F(¢) should blow up. But how does it blow up? By analyzing F’(t)
and then integrating back, we are going to show F(t) behaves essentially like —log(t —1) as t — 17.
Using differentiation under the integral sign, for ¢t > 1

iy [CO (1
F(t)_/g ot \z'logx de

00 —t4_1
:/ v(log)
9 log x

B / * dx
==
p—t+l
—t4+1
217t
1—t
We want to bound this derivative from above and below when ¢ > 1. Then we will integrate to get
bounds on the size of F(t).
For t > 1, the difference 1 —t is negative, so 2! ~* < 1. Dividing both sides of this by 1 — ¢, which
is negative, reverses the sense of the inequality and gives
21—t 1
> —.
11—t 1-—t
This is a lower bound on F’(t). To get an upper bound on F’(t), we want to use a lower bound
on 2'~*. Since e* > a + 1 for all a (the graph of y = € lies on or above its tangent line at z = 0,
which isy =x + 1),

=00

r=2

27 = 71982 > (log 2)z + 1
for all z. Taking x =1 —t,

(9.1) 217 > (log 2)(1 — t) + 1.
When ¢ > 1, 1 — ¢ is negative, so dividing (9.1) by 1 — ¢ reverses the sense of the inequality:
21t 1
<log2+ —

1—¢ 1—¢
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This is an upper bound on F'(t). Putting the upper and lower bounds on F’(t) together,

1 1
9.2 —— < F'(t) <log2+ ——
(9:2) T3 (t) <log2+—
for all t > 1.
We are concerned with the behavior of F(t) as t — 1. Let’s integrate (9.2) from a to 2, where

l1<a<?2:
2 2 2
dt 1
— < F'(t)dt < log2 + —— | dt.
al_t /1 () _/a <Og +1_t>

Using the Fundamental Theorem of Calculus,

2
< F(t)

2
< ((log2)t — log(t — 1))

2
—log(t —1)

9
a

a a

SO
log(a—1) < F(2) — F(a) < (log2)(2 — a) + log(a — 1).
Manipulating to get inequalities on F'(a), we have
(log2)(a —2) —log(a — 1) + F(2) < F(a) < —log(a — 1) + F(2)
Since a —2 > —1 for 1 < a < 2, (log2)(a — 2) is greater than —log2. This gives the bounds
—log(a—1)+ F(2) —log2 < F(a) < —log(a — 1) + F(2)
Writing a as t, we get
—log(t — 1)+ F(2) —log2 < F(t) < —log(t — 1) + F(2),

so F(t) is a bounded distance from —log(t—1) when 1 < ¢t < 2. In particular, F((t) — coast — 1T.

10. A TRIGONOMETRIC INTEGRAL

For positive numbers a and b, the arithmetic-geometric mean inequality says (a + b)/2 > Vab
(with equality if and only if @ = b). Let’s iterate the two types of means: for k > 0, define {ay}
and {b;} by ap = a, by = b, and

ap_1 + by
= %, by, = v/ ag—1bg—1
for k> 1.

Example 10.1. If ag = 1 and by = 2, then Table 2 gives a, and by to 16 digits after the decimal
point. Notice how rapidly they are getting close to each other!

ay, by,
1 2
1.5 1.4142135623730950

1.4571067811865475 | 1.4564753151219702
1.4567910481542588 | 1.4567910139395549

4| 1.4567910310469069 | 1.4567910310469068
TABLE 1. Iteration of arithmetic and geometric means.

W N = O
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Gauss showed that for all a > 0 and b > 0, the sequences {a;} and {b;} converge very rapidly to
a common limit, which he called the arithmetic-geometric mean of a and b and wrote as M(a,b).
For example, M (1,2) ~ 1.456791031046906. Gauss discovered an integral formula for 1/M (a,b):

12 /W/ 2 dz
M(a,b) 7)o /a2costz + b2sinx
There is no elementary formula for this integral, but if we change the exponent 1/2 in the square
root to a positive integer n then we can work out all the integrals

2 /2
Fn(avb) = /O ( dr

T a2 cos? x + b2sin? z)n

using repeated differentiation under the integral sign with respect to both a and b. (This example,
with a different normalization and no context for where the integral comes from, is Example 4 on
the Wikipedia page for the Leibniz integral rule.)

For n =1 we can do a direct integration:

2 [7/2 dx
Fi(a,b) = —
1(a,) 7r/0 a?cos?z + b2sin? x
2/”/2 sec? d
= — —_— dAX
wJo a®+b*tan’z

2 /°° du L ;
= — 5 5 wlhere u =tanx
™ Jo a2 + b2U2

RNy
- ma? Jo 14 (b/a)?u?

2 © dv
= ﬁ ) m where v = (b/a)u
_ 1
~ab’

Now let’s differentiate Fj(a,b) with respect to a and with respect to b, both by its integral
definition and by the formula we just computed for it:

oF, 2 (/2 —2acos? z 4 R _ 1

da 7T/0 (a? cos? z + b2sin® z)? Y 8a T %
and

oF 2 [™? —2bsin?z G 0P 1

b 7r/0 (a2 cos? x + b2sin? 2)2 Do T an

Since sin? z + cos? 2 = 1, by a little algebra we can get a formula for Fy(a, b):

w/2
F2(a7 b) = 2/ ( dr
0

0 a2 cos? x + b2 sin? )2
10F, 10F

" 24 Oa 2b Ob
1 1
=23 2007
a® + b?
2a3b3
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We can get a recursion expressing Fy(a,b) in terms of 0F,,_1/0a and OF,_1/0b in general: for
n> 2,

oF, 1 2/”/2 —2(n — 1)acos® x d OF, 1 2/’7/2 —2(n — 1)bsin® x
o o

Oa T a?cos?x + b2sin®x)n ob T a?cos?x + b2sin®x)n

SO
1 0F,_1 1 0F,_1 1 10F,—1 10F,4
Fp(a,b) = — — = — - —
2(n—1)a da 2(n—1)b b 2(n—1) \a 0Ja b 0Ob
A few sample calculations of Fj,(a,b) using this, starting from Fj(a,b) = 1/(ab), are
a? +b? 3a* + 2a%b? + 3b* 5a5 + 3ab? + 3a?b* + 5b°
Fy(a,b) = ——=, F3(a,b) = Fy(a,b) = .
2(a:0) = S falad) 6as 0 Tal@b) 124757

11. SMOOTHLY DIVIDING BY ¢

Let h: R — R be smooth (that is, infinitely differentiable) such that h(0) = 0. The ratio h(t)/t
makes sense for ¢t # 0, and it also can be given a reasonable meaning at ¢ = 0: from the definition
of the derivative, when t — 0 we have

h(t) _ h(t) — h(0)

_ 1(0).
¢ —o "0

Therefore the function

(11.1) r(t) = {Z/((t()))/t ii?——ég

is continuous for all ¢. At t # 0, r(¢) is smooth by the definition of r(t), the quotient rule, and
induction. What about at t = 07

Theorem 11.1. When h: R — R is smooth and h(0) = 0, the function r(t) in (11.1) is smooth
att = 0.

Remark 11.2. This is easy to prove when h(t) has a power series representation around ¢ = 0, so
the significance of the theorem is that it holds only assuming h(t) is smooth, without being locally
expressible by power series. An example of such a function is h(t) = e V/** for t # 0 and h(0) = 0.

Proof. To analyze r(t) near t = 0, we will find a different formula for it that avoids taking separate
cases at t # 0 and ¢ = 0 by writing h(¢) in a clever way with differentiation under the integral sign.
Start from

h(t) = /0 B () du.

(This is correct since h(0) = 0.) For ¢ # 0, introduce the change of variables u = tz, so du = tdx.
At the boundary, if w = 0 then z = 0. If uw =t then x = 1 (we can divide the equation ¢t = tx by ¢
because t # 0). Therefore

h(t) = /0 (bt da = ¢ / (i) da.

0
Dividing by t when ¢ # 0, we get
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The left and right sides don’t have t in the denominator. Are they equal at t = 0 too? The left
side at t = 0 is r(0) = R/(0). The right side is fol R'(0) dz = h'(0) too, so

(11.2) (1) :/0 W (o) de

for all ¢, including ¢ = 0. This is a formula for h(t)/t where there is no longer a ¢ being divided!
Now we're set to use differentiation under the integral sign. The way we have set things up
here, we want to differentiate with respect to ¢; the integration variable on the right is z. We can
use differentiation under the integral sign on (11.2) when the integrand is differentiable. Since the
integrand is infinitely differentiable, r(¢) is infinitely differentiable!
Explicitly,

r'(t) = /1 xh” (tx) dx
and 01

r(t) = / 22h" (tx) dz
and more generally ’

1
r®)(t) = / "R (t2) da
0
for all k > 0. In particular, *)(0) = fol 2Fh D (0) dz = REHD(0) /(4 1). O

Remark 11.3. Whitney [15]* proved that every smooth even function h: R — R is a smooth
function of t2: h(t) = g(t?) where g: R — R is smooth. This is straightforward when h is locally
expressible by power series around 0 (an even power series at 0 has no odd powers of ¢, and thus is
a power series in ¢2), but without such an assumption it is more subtle.

12. COUNTEREXAMPLES AND JUSTIFICATION

We have seen many examples where differentiation under the integral sign can be carried out
with interesting results, but we have not actually stated conditions under which (1.2) is valid.
Something does need to be checked. In [14], an incorrect use of differentiation under the integral
sign due to Cauchy is discussed, where a divergent integral is evaluated as a finite expression. Here
are two other examples where differentiation under the integral sign does not work.

Example 12.1. It is pointed out in [9, Example 6] that the formula

00 -
S xr s
de = —,

0 X 2

which we discussed at the end of Section 3, leads to an erroneous instance of differentiation under
the integral sign. Rewrite the formula as

°° sin(ty) ™
12.1 / dy = =
(12.1) 0 Yy 2

for t > 0 by the change of variables x = ty. Then differentiation under the integral sign implies

/ cos(ty)dy =0,
0

but the left side doesn’t make sense.

40r see https://mathoverflow.net/questions/72497/.


https://mathoverflow.net/questions/72497/

DIFFERENTIATING UNDER THE INTEGRAL SIGN

The next example shows that even if both sides of (1.2) make sense, they need not be equal.

Example 12.2. For real numbers x and ¢, let
ot

flz,t) =< (22 +12)%’
0, ifx=0andt=0.

= /Olf(x,t)da:

1 .Tt3
F(t) = ———=d
( ) A (xQ + t2)2 .

1+t? 43
= / ——du (where u = 2% 4 %)
t

ifx#0ort#0,

Note f(z,0) =0 for all z. Let

When t # 0,

2 2u?
t3 u=1+t2
T u—t2
t3 t3
EEET RN T
ot
S 2(1+¢2)

15

This is true when ¢ = 0 too: F(0) = [ f(z,0)dz = [} 0dz = 0, so F(t) = t/(2(1 + 2)) for all t.

Therefore F'(t) is differentiable and
1—t2
Flt)= '
®) 2(1+12)2

for all t. In particular, F'(0) = 3.

Now we compute 8tf(x t) and then f f z,t)dx. Since f(0,t) = 0 for all ¢, f(0,t) is differen-

tiable in ¢ and atf(O t) =0. For z # 0, f(x t) is differentiable in ¢ and

d (22 4 t2)2(32t?) — at3 - 2(2% + 12)2t
! @) = @2 1 12)]
_at? (2?4 12)(3(2? + %) — 48?)
- (562 + t2)4
_ at?(3z? — t?)
S TareEr
Combining both cases (x = 0 and z # 0),
0 BRI, a0,
(122) o/ (1) = {0,( ) if 2 =0.

In particular %| o f(x,t) = 0. Therefore at ¢t = 0 the left side of the “formula”

d [! 'o
dt/o f(:v,t)dx:/o &f(:r,t)dx
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is F’(0) = 1/2 and the right side is fo 5 ‘t o f(z,t)dz = 0. The two sides are unequal!

The problem in this example is that & O f(x,t) is not a continuous function of (x,t). Indeed, the
denominator in the formula in (12.2) is (22 + t?)3, which has a problem near (0,0). Specifically,

while this derivative vanishes at (0,0), if we let (z,t) —

line %f(m,t) has the value 1/(4x), which does not tend to 0 as (x,t) —

Theorem 12.3. The equation

/fxtdx—/fmt

where a could be —oo and b could be 0o, is valid at a real number t = ty in the sense that both sides
exist and are equal, provided the following two conditions hold:

(0,0).

(0,0) along the line z = ¢, then on this

e f(x,t) and %f(x,t) are continuous functions of two variables when x is in the range of
integration and t is in some interval around tg,
e for t in some interval around toy there are upper bounds |f(x,t)| < A(x) and ]%f(:):,t)] <

B(x), both bounds being independent of t, such that f; Az

)dz and f; B(z

)dx ezist.

Proof. See [10, pp. 337-339], which uses the definition of the derivative and the Mean Value The-

orem. If the interval of integration is infinite, fab A(x)dz and f; B(x

) dx are improper. A second

proof [10, p. 340] obtains the theorem from the Fundamental Theorem of Calculus and swapping
the order of a double integral.’

0

In Table 2 we include choices for A(z) and B(z) for the functions we have treated. Since the
calculation of a derivative at a point only depends on an interval around the point, we have replaced
a t-range such as ¢t > 0 with ¢ > ¢ > 0 in some cases to obtain choices for A(x) and B(z).

Section f(x,t) x range | t range t we want A(x) B(x)
2 et [0,00) [t>¢>0 1 x"e g tle—cx
3 ~to S0 (0,00) |[t>¢>0 0 e~ e~
x
4 —Hlxg e~t*(1+a%)/2 [0,00) |t>¢c>0 allt >0 —Hlxg iee_c *a?/2
5 ghetz? R t>c>0 1 xhe g t2e—ca’
6 cos(tz)e /2 [0, 00) R all ¢ e~*"/2 |z|e—*"/2
7 pile= (0,00) |0<t<ec|1/2,1,3/2,2 ¢ le® ¢~ log z|e™®
xt—1 1—a®
8 g (0,1] |0<t<e 1 = 1
1 1
) xtlog:ﬂ [2’00) tze>1 t>1 z2logx z°
11 R+ (1) [0, 1] It < ¢ 0 max [R5 ()] | max |52 (y))
ly|<c ly|<e

TABLE 2. Summary

We did not put the function from Section 10 in the table since it would make the width too long
and it depends on two parameters. Putting the parameter into the coefficient of cos? z in Section 10,
we can take f(x,t) = 1/(t?cos? z+b?sin® z)" forx € [0,7/2],0 < c <t < ¢ (that is, keep ¢t bounded
away from 0 and co), A(z) = 1/(c? cos? x + b?sin? )" and B(z) = 2¢'n/(c? cos® x + b?sin? )" 1.

5This second proof is written with b = oo, but the argument can be adapted to finite b.
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Corollary 12.4. If a(t) and b(t) are both differentiable on an open interval (ci,ca), then
d @ b(t) 9 ) ,
S [ fwde = [ 2 ) ot £00).06(0) - fa(0), 040
dt Ja) 0 O

for (x,t) € [a, B] X (c1,c2), where a < B and the following conditions are satisfied:

e f(x,t) and %f(x,t) are continuous on [, 5] X (c1,c2),
o for allt € (c1,c2), a(t) € [a, ] and b(t) € [a, f],
e for (z,t) € [a, B] X (c1,¢2), there are upper bounds |f(x,t)| < A(x) and |%f(az,t)| < B(x)

such that f’B x)dz and fﬁ x)dz exist.

Proof. This is a consequence of Theorem 12.3 and the chain rule for multivariable functions. Set a
function of three variables

b
I(t,a,b) = / (1) do

for (t,a,b) € (¢1,c2) X [a, B] X [, B]. (Here a and b are not functions of ¢, but variables.) Then
o1 i, oI oI
(123) E(t7a7 b) - /a af(l’7t) dﬂ?, %(tac% b) - _f(a’t)v b (t a, b) f(ba t)7

where the first formula follows from Theorem 12.3 (its hypotheses are satisfied for each a and
b in [o, B]) and the second and third formulas are the Fundamental Theorem of Calculus. For
differentiable functions a(t) and b(¢) with values in [« 5] for ¢; < t < ¢2, by the chain rule

/ fz,1)d 71@ al(t), b(t))

ol dt oI da 0OI db
= 5y (a0 b(0) 5 + 5 (talt), b)) S + (b al0),b(0)

o) o f / /
_ /(t) 5 —(z,t)dx — f(a(t),t)a’(t) + f(b(t), )b (t) by (12.3). .

A version of differentiation under the integral sign for ¢ a complex variable is in [11, pp. 392-393].

Example 12.5. For a parametric integral f[f f(x,t)dz with a fixed, Corollary 12.4 tells us

t t
(12.4) jt/ 1) do = %f(x,t) d + f(t,1)

for (x,t) € [a, B] X (c1, c2) provided that (i) f and 0f/0t are continuous for (z,t) € [a, 5] X (c1,c2),
(ii) « < a < Band (e1,¢2) C [ov, f], and (iii) there are bounds | f(x,t)| < A(z) and |% f(z,t)] < B(x)
for (z,t) € [o, B] X (c1,c2) such that the integrals fﬁ x)dx and fﬁ x) dz both exist.

We will apply (12.4) to the integral

F(t) = /t log(1 + tx) da
0 ]. + 332

for t > 0. Obviously F(0) = 0. Here f(z,t) = log(1 +tz)/(1+ x?) and atf(ac t) = W To
include t = 0 in the setting of Corollary 12.4, the open t-interval should include 0. Therefore we’re
going to consider F'(t) for small negative ¢ too.

Use (z,t) € [—0,1/(2¢)] x (—¢&,1/(26)) for small € and 6 (between 0 and 1/2). In the notation
of Corollary 12.4, « = =0, 8 = 1/(2¢), c1 = —¢, and ¢c2 = 1/(25). To have (c1,¢2) C [a, f] is
equivalent to requiring ¢ < 0 (e.g., € = §/2). We chose the bounds on z and ¢ to keep 1 4 xt
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away from 0: —1/2 < zt < 1/(4ed), s0 1/2 < 1+ 2t < 1+ 1/(4¢0).® That makes |log(1 + xt)]
bounded above and 1+ ¢z bounded below, so |f| and |0f/0t| are both bounded above by constants
(depending on ¢ and d), so (12.4) is justified with A(z) and B(z) being constant functions for
x € [a, B]. Thus when 0 < e <d <1and —e <t <1/(20),

t 2
/ x - log(1 +t°)

o (1+tx)(1+4a?) 1+¢2

t 2

1 —t t x log(1 +t%)

= doe + —=——2.
/0 1+¢2 (1+taz+1+x2+1+x2> v 1+¢2

After antidifferentiating the three terms in the integral with respect to x,

F'(t) =

-1 t log(1 + z?) K log(1 + t2)
F'(t)= [ ——log(1+1t t —_— _—
(t) (1+t2 og(1+ :c)+1+t2arc an(x) + 20+ )|, T
_ —log(1+1t?) tarctan(t) log(l+t*) log(1l+t?)
142 1+ ¢ 2(1 +t2) 1+t
(12.5) _ tarctan(t) = log(1 + t2) .
1+ 2(1 + 1)

Letting & — 0" shows (12.5) holds for all ¢ > 0. By the Fundamental Theorem of Calculus

t t /yarctan o 2
F(t) = F(t) - F(0) = /O F(y)dy = /0 (y 1iy2(y) +12g(§1++yg)>) dy

Using integration by parts on the first integrand with u = arctan(y) and dv = ﬁ dy,

t t t 2
log(1 + y*)
— Udu+/ ————=dy
0 /0 o 2(1+y?)
log(1+) " _/t log(1 +y?) dy+/t log(1+y) ,
2 o Jo 2(1+y?) o 2(1+y?)

F(t) = wv

= arctan(y)

1
=3 arctan(t) log(1 + t2),

S0
“log(1+t 1
(12.6) /0 W dz = 5 arctan(t) log(1 + 2).
for t > 0. Both sides are odd functions of ¢, so (12.6) holds for all t. Setting t = 1,
1
log(1 1 log 2
(12.7) /0 Of(—k—;@ dz = 3 arctan(1) log2 = u Zg .

The equation (12.7) is derived in another way in Exercise 16.

13. THE FUNDAMENTAL THEOREM OF ALGEBRA

By differentiating under the integral sign we will prove the fundamental theorem of algebra: each
nonconstant polynomial p(z) with coefficients in C has a root in C. The proof is by Schep [13].

6Since —6 < z < 1/(2¢) and —e < t < 1/(26), ot < max(d,1/(4¢6)), and the maximum is 1/(4e6) when ,§ < 1/2.
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Arguing by contradiction, assume p(z) # 0 for all z € C. For r > 0, consider the following
integral around a circle of radius r centered at the origin:

246
1= [ ey

This integral makes sense since the denominator is never 0, so 1/p(z) is continuous on C. Let

J(0.7) = 1/p(re”), s 1(r) = [ (0, ) db.
We will prove three properties of I(r):

(1) Theorem 12.3 can be applied to I(r) for r > 0,
(2) I(r) — 0 asr — oo,
(3) I(r) — I(0) as r — 0T (continuity at r = 0).

Taking these for granted, let’s see how a contradiction occurs. For r > 0,

2 o 2w _p/(reiﬁ)eiﬁ
I/ = - = — 7o .
0= [ s /0 o
Since
0 —p (re'?) . ; )
2 0,r) = p(r(eia)Q) ire = zrgf(G, ),

for r > 0 we have

i) 19 1
/ - v _ - Y _
)= [ gt = [T oo =1 o

=1 1
=0 T (p(r) p(?“))
Thus I(r) is constant for r > 0. Since I(r) — 0 as r — oo, the constant is zero: I(r) = 0 for r > 0.
Since I(r) — I(0) as 7 — 0T we get 1(0) = 0, which is false since I(0) = 27/p(0) # 0.

It remains to prove the three properties of I(r).

(1) Theorem 12.3 can be applied to I(r) for r > 0:

Since p(z) and p/(z) are both continuous on C, the functions f(6,7) and (9/9r)f(0,r) are
continuous for § € [0, 27] and all » > 0. This confirms the first condition in Theorem 12.3.

For each 19 > 0 the set {(0,r) : 6 € [0,27],r € [0,2r] is closed and bounded, so the functions
f(@,7) and (0/0r)f(0,r) are both bounded above by a constant (independent of r and #) on this
set. The range of integration [0, 27] is finite, so the second condition in Theorem 12.3 is satisfied
using constants for A(#) and B(0).

(2) I(r) = 0 as 7 — oo: Let p(z) have leading term cz?, with d = degp(z) > 1. As r — oo,

Ip(rei?)|/|re?|* — |c| > 0, so for all large r we have |p(re?)| > |c|r?/2. For such large 7,

|I(T)|</2” do </27T 4o Ar
“Jo p(re®) T Jo o felr?d/2 felr®

and the upper bound tends to 0 as r — oo since d > 0, so I(r) — 0 as r — 0.
(3) I(r) — I(0) as 7 — 0T: For r > 0,

2 1 1 2w
13.1 IT’—IOZ/ (.—)d9:>IT—IO S/ _— = ——
U8 11O = 1 eem ~ 50 11O | o6em ~ 20
Since 1/p(z) is continuous at 0, for £ > 0 there is 6 > 0 such that |z| < 0 = |1/p(z) — 1/p(0)| < e.
Therefore if 0 < r < §, (13.1) implies |I(r) — I(0)] < f027r edf = 2me. Let ¢ — 01 and we're done.

=
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14. AN EXAMPLE NEEDING A CHANGE OF VARIABLES

Our next example is taken from [1, pp. 78, 84-86]. For all ¢t € R, we will show by differentiation
under the integral sign that

(14.1) / COSWQ) da = me~ M,

For example,

/ cosmgdxzz’ / cos(2:1;2) dx:7r27/ cos T dle/ COS(Qx)dx:L.
rR1+tz e’ Jr 1+z e’ Jr 4+ a2 2 Jg 1+22 2¢2

In (14.1), set f(x,t) = cos(tx)/(1+x2). Since f(z,t) is continuous and |f(x,t)| < 1/(1+22), the
integral in (14.1) exists for all . A graph of me~ !l is in Figure 1. Note we~ !l is not differentiable
at 0, so we shouldn’t expect to prove (14.1) at ¢t = 0 by differentiation under the integral sign.

FIGURE 1. Graph of y = me~I!l.

We'll verify (14.1) at ¢t = 0 using elementary calculus:

[e.e]

d
(14.2) / 7:62 = arctanx

—00
Since the integral in (14.1) is an even function of ¢, to compute the integral for ¢ # 0 it suffices to
treat the case t > 0.7

Set
t
Plt) = / cos(ta) g,
rR 1+ 2
If we try to compute F’(t) for t > 0 using differentiation under the integral sign, we get
0 t in(t
(14.3) F(t) = / 9 ((cost ﬂ) do = —/ @ sin(tz) f) da.

No upper bound |%f(x,t)| < B(x) for t > 0 in Theorem 12.3 justifies differentiating F'(¢) under
the integral sign or that even implies F'(t) is differentiable for ¢ > 0. Indeed, for x near a large
odd multiple of (7/2)/t, the integrand in (14.3) is approximately z/(1 + 2%) ~ 1/x, which is not
integrable for large x. That does not mean (14.3) is false, but if we did not see (14.1) already then
we might think F'(¢) is differentiable for all ¢t even though F'(t) is not differentiable at t = 0.

"If you know complex analysis, you can get (14.1) for t > 0 from the residue theorem, viewing cos(tz) as the real

part of e**. If you know Fourier analysis, you can interpret (14.1) as saying 1/(1 + x?) has Fourier transform we™!*l,

where a function f(z) has Fourier transform f(t) = S f(x)e ™" da.



DIFFERENTIATING UNDER THE INTEGRAL SIGN 21

Even though we raised suspicions about (14.3), let’s use it without focusing on rigor for now:

(14.4) Fl(t) = — /R mfij_l(;f)dx

L x? sin(tx) .

n /R (1 + x?) d

B _/ (1+2? —1)sin(tx) e
r z(1+ 22?)

——/Rsmg(:m) dx+Ade.

Making the change of variables u = tx in the first integral, since t > 0 we get

The first integral is a constant (it’s 7 by (A.2), but that’s irrelevant), and it goes away if we
differentiate both sides with respect to ¢ and once more use differentiation under the integral sign
without justifying that:
x cos(tw cos(tx
P = [ zeoslta) g, / W) 4o = F (1)
r (1 + 2?) rR1+x

Each solution of F"(t) = F(t) on R has the form ae’ + be™t. Since F(0) = 7 by (14.2), a +b = 7.
(This hides errors: the ODE for F'(t) was never shown at ¢t = 0, and (14.4) and (14.5) are inconsistent
about the value of F’(0), with the first saying F’'(0) = 0 and the second saying F’(0) # 0.) Thus

(14.6) F(t) = / Cloj_(t;;) dr = ae' + (1 —a)e " = ale! —e ™) +met.
R

To determine a, let ¢ — oo in (14.6). The integral there tends to 0 by the Riemann—Lebesgue
lemma from Fourier analysis, but we can also explain it directly with integration by parts: letting
u=1/(1+22) and dv = cos(tz)dz, so du = —2z/(1 + 2?)?dz and v = sin(tz)/t,

F(t) = / cos(ta;) dp — sin(twl = N 2/ :1csin(tzac)2 dp — 2/ :1Us.in(t230)2 de.
rR1+z tl+a2?)|,__ tJrd+2?) t Jr (1+2?)

Since |sin(tz)| < 1, |F(t)| < C/t for a constant C' that’s independent of ¢, so F'(t) — 0 as t — oo.

Thus a(et +e~*) +me™" — 0 ast — oo. This implies a = 0, so | F(t) = me™ " |for t > 0, as in (14.1).8

That derivation of (14.1) when ¢ > 0 had several invalid steps. To derive it rigorously, we make
a change of variables. Fixing t > 0, set y = tx, so dy = tdz and
cosy dy / tcosy
14.7 Ft)y=| ——————= [ —=d
(14.7 0= | 20m | aay
This new second integral for F(t) when ¢ > 0 will be accessible to justifying differentiation under
the integral sign. (Although the new integral in (14.7) is an odd function of ¢ while F'(t) is an even

function of ¢, there is no contradiction since the new integral for F'(t) was derived only for ¢t > 0.)
Fix ¢ > ¢ > 0. For t € (¢, ), the integrand in

/ tcosyd
o, 24y
R *+y?

8Some webpages and online videos compute integrals like F'(t) by this method with mistakes.
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is bounded above in absolute value by t/(t? + y?) < ¢//(c? + y?), which is independent of ¢ and
integrable over R. The t-partial derivative of the integrand is (y? — t2)(cosy)/(t? + y*)?, which
is bounded above in absolute value by (y? + t2)/(t2 + y*)? = 1/(t* + y?) < 1/(c® + %?), which is
independent of ¢ and integrable over R. This justifies the use of differentiation under the integral
sign by Theorem 12.3: for ¢ < t < ¢/, and hence for all ¢ > 0 since we never specified ¢ or ¢/,

0 ( tcosy y? — 12
Fty=[| =5 |dy= | F—= dy.
0= oo (55 = o

Next we’ll compute F”(t) by differentiation under the integral sign on F'(t). For 0 < c¢ <t < ¢,
check the t-partial derivative of the integrand is bounded above in absolute value by a function of
y that is independent of ¢ and is integrable over R (exercise), so by Theorem 12.3, for ¢ > 0

0% [ tcosy 0? t
r0= oo (5) = fuam (g ) o

Check that (82/0t2)(t/(t> + y?)) = —(9%/0y?)(t/(t* + y?)), so

F”(t)——/a2 - d
= Ray2 t2—|—y2 cosy ay.

Using integration by parts on this formula for F”(t) twice (starting with u = —cosy and dv =
(02/0y*)(t/(t* + y?)), we obtain for ¢ > 0

0 t . t
F//(t):—Lay (W) Slnydy:/I{(W) Cosydy:F(t)

The equation F”(t) = F(t) for t > 0 is what we found by the nonrigorous method earlier.

How can we show F(t) = ae' + be ™" for t > 0 (not ¢ € R)? One way is by a strong enough
existence/uniqueness theorem for linear ODEs. To see another way, set G(t) = F(t) + F'(t) for
t >0, so
G't)=F(t)+ F'(t)=F'(t)+ F(t) = G(t).

) =
Then (G(t)/e!) = (e!G'(t) — G(t)el)/e* = 0, so G( )/et = ¢ for t > 0, where c is a constant. That
makes F(t) + F'(t) = ce', so F'(t) = —F(t) + ce'. Set H(t) = F(t) — (¢/2)e! when t > 0. Then
(1) = F'(t) - 5ot = — (F(t) - get>/ — _H(),

so (H(t)/e ! = (e7tH'(t)+H(t)e t)/e 2 = 0. Thus H(t)/e~! = bfor t > 0, where b is a constant,
S0

F(t) = %et +H(t) = %et + be !

for t > 0. Setting a = ¢/2, there are constants a and b such that
' cos(tx) ' _t

(14.8) F(t) = /R T2 dz = ae" + be

for t > 0. To determine a and b, we look at (14.8) as t — 0T and as ¢ — oo.
As t — 07, the integrand in (14.8) tends pointwise to 1/(1 + %), so we expect F(t) to tend to
= [g dz/(1+ 2?) =7 (see (14.2)) as t — 0T. To justify this, we will bound

F( 0)| = /cos / dz < | cos(tx) — 1]
B 14 2 rR1+2?| " Jg 1422

dzx.
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For N > 0, break up the integral over R into the regions |z| < N and |z| > N. We have

tr) —1 tr) —1 2
estie) 1y, [ Lo Al w
R1+e EEE a2y L+

t 2
g/ |$|2dx+/ de
o<y 1 +2 >y 1+
:t/ ] 2dx+4(z—arctanN).
\w|§N1+x 2

We can make 7/2 —arctan N as small as we wish by taking NV sufficiently large, and for such an NV,
we can make the first term as small as we wish by taking ¢ sufficiently small. Thus F'(¢) — F(0)
as t — 07. Returning to (14.8), letting ¢t — 0T we obtain m = a + b, so for all ¢ > 0,

t
(14.9) / cos( g;) dr = ae' + (r —a)e " = ale' —e ") + me .

Letting ¢ — oo in (14.9), the left side tends to 0 by the estimate |F(t)| < C/t derived (correctly)
in the paragraph right after (14.6), so a = 0. Thus F(t) = we~! for t > 0.

Remark 14.1. Now that we know F(t) = me* for t > 0, so F'(t) = —me™t, the formal differenti-
ation under the integral sign that led to (14.3) suggests that

/ de:ﬂe*t for ¢ > 0.
rR 1+22

This integral is subtle: it is not absolutely convergent. The formula above can be justified by the
residue theorem in complex analysis (defining fR as limp_yso ffR). That formula is not true at
t = 0: the integral at t = 0 is 0, but me~* at t = 0 is 7. The integral is discontinuous at t = 0.

15. FOURIER TRANSFORM OF A (GAUSSIAN

For a continuous function f: R — C that is rapidly decreasing at 4o0, its Fourier transform is
the function Ff: R — C defined by

(15.1) (Ffy) = /OO f(z)e ™ da = /Oo f(z)(cos(zy) — isin(zy)) dz.

For example, (Ff)(0) = ffooo f(x)dz. This integral transform shows up all over the place in pure
and applied analysis. We will use differentiation under the integral sign to compute the Fourier
transform of Gaussian functions e=9%°/2 where a > 0, first for ¢ = 1 and then for all a > 0.

When f(z) = e~**/2_ differentiate both sides of the equation

FP) = [ e

— 00

with respect to y, using differentiation under the integral sign for the right side:

(15.2) Fnw = [

— 00

o0 2 . oo 2 .
—iwe T 2eTIMY qg — —i/ ze 2Ty g,

—00
Differentiation under the integral sign here can be justified by applying Theorem 12.3 to the real
and imaginary parts of (Ff)(y): let f(z,y) be e /2 cos(zy) or —e " /?sin(zy), Alz) = e */2,
and B(z) = |z|e™*"/2 since | cos(zy)| < 1 and |sin(zy)| < 1 for all real numbers z and y.

9Since F(t) = me~ "l for all t, in the sense of distributions F'(t) = —wsgn(t)e” "l and F"(t) = F(t) — 2mé(t).
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Apply integration by parts (for complex-valued functions) to the last integral in (15.2) using

u=e" and dv = pe*"/2 dz, with du = —iye ¥ dx and v = e /2,

o 2 . o
/ ze * /Qe_mydx:/ wdv
—Oo — 0
T=0Q o0
—/ vdu
rT=—00 —00
—ipy |T=00 )
e . —22/9 i
= 5,5V — 1y e " 2T qg
ev?/2
r=—00 —00

—iy(Ff)(y)-

= uv

Thus (15.2) becomes
(F£) (y) = —i(=)y(FNHy) = —y(F ).
The solutions to the differential equation ¢'(y) = —yg(y) are g(y) = Ce /2 for constant C, so
f@)=e " = (FP)y) = Ce¥/?

for some C'. To determine C, set y = 0 on both sides: ffooo e=®*/2dz = C. That integral is /27 by
Section 4 (another use of differentiation under the integral sign), so

(15.3) fz) =™ = (Ff)(y) = Vome V2.

—ax?/2

For a > 0, we can calculate the Fourier transform of e by a change of variables and (15.3):

/ e—a:c2/2e—ixy dr = / e—t2/2€—ity/\/5£ where t = /ax
—0o0 —0o0 \/6

_ 1 v
- 720 (%)
= \}6@@—@/\@2/2 by (15.3)

2ie—y2/(2a)‘
a

This calculation shows that, up to a scaling factor, a highly peaked Gaussian (e““’Q/ 2 for large
a) has a Fourier transform that is spread out (e7¥*/2@) for small 1/a) and a spread out Gaussian

(e797*/2 for small a) has a Fourier transform that is highly peaked (e7¥*/(29) for large 1/a). The
Fourier transform’s effect of exchanging highly peaked and spread out Gaussians is a mathematical
expression of the Heisenberg Uncertainty Principle from quantum mechanics.

16. EXERCISES

© dx
1. For t > 0, show by calculus that / R i 2% and then prove by differentiation under
0 i

the int | sion that /°° dx 0 /OO dx 3m q /oo dx
e integral sign tha — = = an S
& & o @22 s ), @B 168 o (221 2)n

2n —2 ™
<n_1>(2t)2n_1foralln21




DIFFERENTIATING UNDER THE INTEGRAL SIGN 25

cos(tx) T

2. Starting from the formula / 22 dz = — in (14.1) for ¢ > 0, make a change of variables
R T (&
t+1
and then differentiate under the integral sign to prove / % dr = M ift>0.
R (22 +12) 2t3et
LSinT

T
T = 5 arctant for ¢ > 0, in Section 3, use a change of

o sin(bx
variables to obtain a formula for / e T L
0 x

[ee)
. From the formula / et
0 xr

dx when a and b are positive. Then use dif-

oo
ferentiation under the integral sign with respect to b to find a formula for / e~ cos(bx) dx
0
when a and b are positive. (Differentiation under the integral sign with respect to a will
o
produce a formula for e~ " sin(bx) dx, but that would be circular in our approach since

LSinT

oo
we used that integral in our derivation of the formula for / et dz in Section 3.)
0

T
LSINT

oo
. By the formula / et T = g — arctant for t > 0, let x = ay for a > 0 to see
0

T
- :
s
/ eftayM dy = & — arctant,
0 Yy 2

so the integral on the left is independent of a and thus has a-derivative 0. Differentiation
under the integral sign, with respect to a, implies

/000 e " (cos(ay) — tsin(ay)) dy = 0.

Verify that this application of differentiation under the integral sign is valid when a > 0
and t > 0. What happens if t = 07

°° sin(tx) T _t e . s .
. Show —— —~dr = s (1—e7") for t > 0 by justifying differentiation under the integral
o z(x?+1) 2

sign and using (14.1).

& -1
. Prove / et BT T2 gy = log <
0 €T
t—0%7 -
log(1+¢
. Prove / log(1 + #"a7) dz = mwlog(1 +t) for ¢ > 0 (it is obvious for ¢ = 0). Then deduce,

0 1+:L'2
for a > 0 and b > 0,

for t > 0. What happens to the integral as

ve)

/OO log(1 + a%2?) mlog(1 + ab)
5 57— dz = .
0 b +x b

o

d

. Prove / (G e_tz)—x = logt for t > 0 by justifying differentiation under the integral
0 €T

o
d
sign. This is (8.2) for t > —1. Deduce that / (e7* — e_bx)—m = log(b/a) for a > 0 and
0 T
b>0.
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o 2 t2

9. Prove / e_%x T2 dx = \/§e|t| for all ¢ by justifying differentiation under the integral
0
sign for ¢ > 0.1 (As in Section 14, the integral is not differentiable at ¢ = 0.) Deduce that
oo
/ e b/ g = 2\\/;62m for a > 0 and b > 0. (Hint: Let F(t) be the integral. Use
0 a

differentiation under the integral sign and a change of variables to show F'(t) = —F(t) if
t>0.)

10. In calculus textbooks, formulas for the indefinite integrals
/ 2" sinzdr and / 2" cosx dx

are derived recursively using integration by parts. Find formulas for these integrals when
n = 1,2, 3,4 using differentiation under the integral sign starting with the formulas

/COS(W) dr = sin(tx)’ /Sin(ta:) dx = _ cos(tz)

t t

for ¢ > 0. The integrals [ z"e™* dx can be worked out in a similar way'! from Je"dx =
e @/t for t > 0.

1
log(1+t¢
11. Here is another approach to (12.7). For t € R let F(t) = / ogl(++2x)
0 T

bound of integration is 1, not ¢). Compute F”(¢) explicitly using a partial fraction decom-
position and then show F'(1) = fol F'(t)dt = —=F(1) + (7/4) log 2 to solve for F(1).

dz (the upper

12. If you are familiar with integration of complex-valued functions, show for y € R that
oo
/ e~ T 4y = \/2r.
—0oQ

In other words, show the integral on the left side is independent of y. (Hint: Use differen-
tiation under the integral sign to compute the y-derivative of the left side.)

APPENDIX A. JUSTIFYING PASSAGE TO THE LIMIT IN A SINE INTEGRAL

In Section 3 we derived the equation

0o .
(A.1) / e T gy = T arctant for t > 0,
0 X 2
which by naive passage to the limit as ¢ — 0T suggests that
oo
(A.2) / T =1,
0 X 2
To prove (A.2), we will show by two methods that [;° S22 dz exists and that as ¢t — 07,
o 3 o 3 o 3

(A.3) / smxdx_/ oSBT :/ (1 _e—tx>% dz — 0.

0 z 0 €T 0 €T

Then (A.3) implies (A.2) since [~ e “(sinz)/xdx — /2 as t — 0 by (A.1).

10hjs example was brought to my attention by Gregory Markowsky. The earliest reference for it that I know is
a calculus textbook [2, p. 106-107] from 1888.
Hrpig way to treat [ z?e™® dz was on The Big Bang Theory: https://www.youtube.com/watch?v=2ZZCTUQT£vA.


https://www.youtube.com/watch?v=2ZZC7UO7fvA
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Method 1: Alternating series. On [km, (k + 1)7] where k is an integer, sinz = (—1)¥|sinz|, so

dz = limp_, o fé)

(k+1)m sin (k+1)m sin
(A.4) ZA xM:ZFW/ ’x|m

k>0 kT k>0 km

sinx sin x

convergence of fooo dz is equivalent to convergence of the alternating series

This series is not absolutely convergent: 1/x on [k, (k + 1)x] has upper and lower bounds 1/km
and 1/(k + 1)m, so

2 (k417 | sin 2| 2
A. — < < —
(A.5) w+nw—éﬂ T

since fk(ﬁﬂ)ﬂ |sinz|dz = 2. Thus

(k+1)m | sin z|
D ) M =it DR

k>0~ k>0 k>1

To show the alternating series (A.4) converges, we will use the alternating series test. The terms
(k+1)7 |sin z|

ag = Jpr - dz are monotonically decreasing:
(E+2)7 | sin 2 D7 | sin(z + (D7 | gin 2
akH:/ | ‘dx:/ H)‘dx:/ | ‘dx<ak.
(k4+1)m X kr rT+m km r+m

We have ay, < 2/(kw) for k > 1 by (A.5), so a, — 0. Thus [~ =2 SINT g, Zkzo(_l)kak converges.
To show the right side of (A.3) tends to 0 as t — 0, we write 1t as an alternating series. Writing
the interval of integration [0, 00) as the union of intervals [kr, (k + 1)7) for k > 0,

& sinx (k+1)m
(A.6) /O (1—e ™))" dr= Z(—l)klk(t), where I, (t) = /k (1—e)

X
k>0 ™

| sin z|

dzx.

Since 1 — e > 0 for t > 0 and = > 0, the series Y ,-(—1)*I;(¢) is alternating. The upper
bound 1 — e < 1 tells us Ix(t) < 1/k for k > 1 by the same reasoning we used on a; above, so
I(t) — 0 as k — oo. To show the terms I (t) are monotonically decreasing with k, set this up as
the inequality

(A7) Ik(t) - Ik+1(t) >0 fort>O0.

Each Ij(t) is a function of ¢ for all ¢, not just ¢ > 0 (note Ii(¢) only involves integration on a
bounded interval) The difference Iy (t) — Ix4+1(t) vanishes when ¢t = 0 (in fact both terms are then
0), and I} (¢) fkk+1)7r e | sinz|dx for all ¢ by differentiation under the integral sign, so (A.7)
would follow from the derivative inequality I} (t) — I}, (t) > 0 for t > 0. By a change of variables
y =« — 7 in the integral for I}, (t),

(k+1)m

/ (k+1)7r +7r tm —t . /
I () = /k )| sin(y + )| dy = e~ /k | siny| dy < I (2).
T T

This completes the proof that the series in (A.6) for ¢ > 0 satisfies the alternating series test.
If we truncate the series Y, (—1)FIx(t) after the Nth term, the magnitude of the error is no
greater than the absolute value of the next term:
N
SDR () = ST + v, where [y < g ()] <

k>0 k=0

1
N+1
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Since 0 <1—e ¥ <yfory=>0,

N (N+1)m . (N+1)=
Z(—l)klk(t) < / (1-— e*t‘r)M dz = / tde =t(N + 1)7.
0 Z 0

k=0

Thus

HIEIRAT

k>0

/ (1-— e_tx)—smx dx
0

X

IN

pC R AGIRRN

k=0

1
<t(N+1 S
<t(N+ )7r—|—N+1

For € > 0 we can make the second term at most £/2 by a suitable choice of N. Then the first term
is at most £/2 for all small enough ¢ (depending on N), and that shows (A.3) tends to 0 as t — 0.

Method 2: Integration by parts. (I learned this approach from Lior Silberman.) We will show
(A.2) converges by rewriting it as an absolutely convergent integral. Using u = 1/z and dv =

sinx dz, we have du = —dz/x? and let v = 1 — cosx (not v = —cosx), so when 0 < a < b < 00,
b o b b
sinx 1 —cosz 1 —cosxz
(A.8) / de = —— —I—/ ——du.
e x o Ja x

In the first term on the right, (1 — cosz)/z — 0 as  — 07 and # — oo due to cosz = 1 + O(x?)
when z is small and |(1 —cosz)/x| < 2/z when z > 0. In the integral on the right, (1 —cosz)/z? is
absolutely integrable on [0, 00) since it is bounded near 0 due to cosx = 14 O(z?) when z is small
and since |(1 — cosz)/2?%| < 2/2% when z > 1. Thus we can let @ — 0% and b — oo in (A.8) to see

(A.9) /oosinxdx_/ool—(;os:cdx’
0 €z 0 €z
with the right side being absolutely convergent.
Next, we want to show
oo .
lim (1-— efm)w dz = 0.
t—0t+ Jo x

We will rewrite the integral in absolutely convergent form and then show it tends to 0 in the limit.
Let u = (1 — e ™) /z, dv = sinzdx, du = ((—1 + (1 + tz)e ™) /2?)dx, and v = 1 — cosz (not
v=—cosz). When 0 < a < b < o0,

b
(A.10) / (1—e ')

In the first term on the right side, 0 < 1—e % < 1 on [0,00) and (1 —cosz)/z — 0 as  — 0" and
T — oo as we saw above. In the integral on the right side, the integrand is absolutely integrable on
[0, 00) since it is bounded near 0 due to cos z = 1+0O(x?) when x is small and since 0 < (1+y)e ¥ < 1
when y > 0. Letting a — 0 and b — oo in (A.10), we get

o] - [e’¢) o —tx _ 9
/ (1- eitx)blnfﬂ do — / (1 —(1+tx)e ™)(1 — cosx) d.
0 0

sinz do — (1 —e ) (1 — cosx)

xX.

b —tx
+/b (1—(1+tx)e )(1—cosaz)d

22

X xr

x 2

To show the integral on the right tends to 0 as t — 0T, we will break up the interval of integration
into two intervals and make separate estimates. As a power series, (1+y)e ¥ = 1—y?/24+43/3—- ..
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is alternating, so 1 —3?/2 < (1 +y)e ¥ <1 when y > 0. Thus 0 < 1 — (1 +y)e ¥ < y?/2, so when

O<c< o

X

0< /C (1 —(1+tz)e ™)(1 — cosz)
0

Also

2

0 < /°° (1—(1+tx)e )(1 - cosz)

22
Thus

e %) (1 — cos x)

da;</

we [ W2,
0

2
=tc.
72

1-— > 2 2
COSlpdgv</ —dz = —.
. c

x2 x2

0</°° (1—(1+tx)
0

X

2

2
dz < t?c+ =
c

for all ¢ > 0. Using ¢ = 1/t, the upper bound is ¢ + 2t = 3¢, which tends to 0 as t — 0T.

Remark A.1. By (A.2) and (A.9),

t > 0. That cosz is even and cos(0) = 0 then implies [;

00 1—cos(tz)
22

0

dr = 5t by the change of variables u = tz for

o

1eot) gy = 2t for all t.

APPENDIX B. AN EXAMPLE FROM THE BOOK FEYNMAN STUDIED

The book Advanced Calculus by Frederick Woods [16] is where Feynman learned differentiation
under the integral sign. Figure 2 below has an example from the book: [;~ e™**(sin)/x dz when

a > 0, which is our (3.1). Woods obtained the value /2 — arctan(«) and rewrote it as arctan(1/a),
which is valid when a > 0 (not when a < 0).

154 THE DEFINITE INTEGRAL

Integrating the last integral of (6)
the last integral, we have

1‘”

and placing 2 = = z in the next to

“log sin z dz

2utlog2=

=1 [?log sin zdz + } [ log sin zdz. @
} [/ 1og sin [
2

In the next to the last integral of (7) we place 2 =z and in the last
integral we place z = :: +y and use (5). Then

7 1 1
211+;10g2:;x4+§14;

whence u=— g log 2. (8)

This result enables us to complete the discussion of (11), § 60. For
if we place a = 1 we have

@) :fo"]og 2(1 — cos x)dx :fovlog (4 sin-’é)ri_t
- A,
:log4fU dr-%—QfLy Iogs1n§d1
= log4+4/*log sin y dy <y=§)

:710g4+4(—12r10g2>=0.

Example 3. [n"% dz. (a>0)

We ha»_'e seen that this integral defines a continuous function of a
and that it may be differentiated under the integral sign. Then

N (e e BN

(a) fo S dz.
©

@'(a) = —j; €~ sin z dx

1

1+a?
Therefore ¢=—tan'a + C.
Nowas a—w, ¢(a)— 0, and therefore ¢ = T,
whence -

é(@) = cot~! o = tan-! 1
a

FIGURE 2. Page 154 in Woods’ Advanced Calculus.
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The sections of this book discussing differentiation under the integral sign are 60, 61 (for bounded
intervals), and 63 (for unbounded intervals), and there are exercises at the end of the chapter on
pp- 159-163.
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