THE REMAINDER IN TAYLOR SERIES

KEITH CONRAD

1. INTRODUCTION

Let f(z) be infinitely differentiable on an interval I around a number a. We want
to bound the difference between f(x) and its nth degree Taylor polynomial T, ,(x) =
Sr_o(f®)(a)/k)(z — a)* at the numbers in I. To do this, we want to write a formula for
the remainder Ry, o(z) = f(x) =Ty 4(z), and will describe this remainder in two ways: using
derivatives and using integrals.

Theorem 1.1 (Differential form of the remainder (Lagrange, 1797)). With notation as
above, for n >0 and b in the interval I with b # a,
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for some c strictly between a and b.

The number ¢ depends on a, b, and n. When n = 0 Theorem 1.1 says f(b) = f(a) +
1 (c)(b — a) for some ¢ strictly between a and b. That is the Mean Value Theorem.

Theorem 1.2 (Integral form of the remainder (Cauchy, 1821)). With notation as above,
forn >0 and b in the interval I with b # a,
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If n = 0, the conclusion of Theorem 1.2 says f(b) = f(a) + ff f'(t)dt, which is the
Fundamental Theorem of Calculus. Unlike the differential form of the remainder in Theorem
1.1, the integral form of the remainder involves no additional parameters like c.

Using these theorems we will prove Taylor’s inequality, which bounds |f(z) — T}, o(z)| for
x € I when the (n + 1)th derivative of f is bounded on I: if | f("*1D(z)| < M for all 2 in I
then Taylor’s inequality says

for all b in I,|f(b) — Th.a(b)| < MM.
’ (n+1)!
This is easy to see if b = a, since in this case f(b) — Ty,4(b) = f(b) — T}, 5(b) = 0. We'll use

either Theorem 1.1 or 1.2 to treat b # a.
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2. DIFFERENTIAL (LAGRANGE) FORM OF THE REMAINDER

To prove Theorem 1.1 we will use Rolle’s theorem. Recall this theorem says if F' is
continuous on [a,b], differentiable on (a,b), and F(a) = F(b) then F'(c) = 0 where c is
strictly between a and b.

Proof of Theorem 1.1. The following argument is based on a comment by Pieter-Jan De
Smet on the page https://gowers.wordpress.com/2014/02/11/taylors-theorem-with-
the-lagrange-form-of-the-remainder/.

There is a number C such that
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"1 is nonzero). We want to show

since we can solve this equation for C' (the factor (b —a)
C = f*+D(¢) for some c strictly between a and b, and will do this by replacing a everywhere
in (2.1) with a variable = to which we’ll be able to use Rolle’s theorem.

Consider the function
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for which E(a) = 0 by the choice of C and E(b) = f(b) — f(b) = 0. Then E’(c) = 0 for
some ¢ between a and b by Rolle’s theorem. Let’s now compute E’(z) to see there is a lot
of cancellation in it!

Using the product rule and some algebra,
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Therefore having E'(c) = 0 means C = f("*1Y(c), so (2.1) becomes
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Remark 2.1. A variation on this has the variable z in place of b rather than a: we use

_ " 5 ¥ (a) c .
Fla) = f(z) - (kz_‘s @t (e —a) +1) ,

with C' to be determined. Details are in [1].

Taylor’s inequality is an immediate consequence of this differential form of the remainder:
if |f(" D (z)] < M for all z in I and b # @ in I, then |f("1)(¢)| < M since ¢ is between a
and b, 0 |f(b) — Tp.a(b)] = | F"FD () (b — a)" T /(n + )| < M|b— a[*™'/(n + 1)\.

3. INTEGRAL (CAUCHY) FORM OF THE REMAINDER

Proof of Theorem 1.2. Start with the Fundamental Theorem of Calculus in the form

b
F(b) = f(a) + / o

Apply integration by parts with u = f/(¢) and dv = dt, so du = f"(t) dt and take v =t — b
(not v =t) to get

b b
F(b) = fa) + F(B)(E—b)| — / (t— b) 7" (1) dt

b
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Apply integration by parts again with u = f”(¢) and dv = (b — t) dt, so du = f"'(t) dt and
take v = —(b —t)?/2. Then

b
F(0) = f(a) + f'(@)(b—a) + / (b— 0)f"(t) dt
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After another integration by parts with u = f"(t) and dv = (b — t) dt we get

"4 "(q b(p_ )3
f2( )(b—a)2+f()(b—a)3+/a (b6t)f<4>(t)dt-

f) = f(a) + f'(a)(b—a) + 5




4 KEITH CONRAD

After repeated integration by parts we eventually get
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We will derive Taylor’s inequality from Theorem 1.2 in two ways.
Method 1: Assume \f("“)(x)\ <M forall zin I and b # a in I. For a < b,

70~ Ta < [ 0T o0 gar < [FOD 0= w OO
where the last calculation comes from the Fundamental Theorem of Calculus. For b < a, we
get in a similar way |f(b) — T, (b)| < M(a — b)""!/(n + 1)!. Putting both cases together,
’b _ a|n+1

(n+1)!°
Method 2: We make a change of variables in the integral to bypass the need for separate

if [ (2)] < M for all z in I and b # a in I, then |f(b) — T}, o(b)] < M

cases as in the first method. The integral is taken from a to b (whether a < b or a > b),
and numbers from a to b can be written in parametric form as a + (b—a)u as u runs from 0
to 1. Therefore with the change of variables t = a + (b — a)u the integral remainder equals
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a 0
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so if [ £+ (z)| < M for all x from a to b then the absolute value of the integral remainder
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is at most
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Remark 3.1. Taylor’s inequality is not due to Taylor. In fact, Taylor’s treatment of power
series in his book [2], written in 1715, was not concerned with justifications of convergence
or error estimates, and preceded by almost 80 years the work of Lagrange and by over 100
years the work of Cauchy.

4. USING TAYLOR’S INEQUALITY

Having proved Taylor’s inequality by using a differential and an integral form of the
remainder for a Taylor polynomial approximation on an interval, we’ll use this inequality to
prove three standard power series formulas valid at all z by treating the real line as being
built from intervals [—R, R] as R gets bigger.
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Theorem 4.1. Let f(z) be infinitely differentiable at all z. For each R > 0, suppose all
the derivatives of f(x) on [-R, R] are bounded in a common way: there is an Mg > 0 such
that | f®)(x)] < Mg for all z in [-R,R] and all k > 0. Then f(z) = Yo (f*)(0)/k!)a*
for all x.

Proof. To prove f(x) = Ekzo(f(k) (0)/k!)z* for all , we will prove this at all z in (—R, R)
for all R > 0.

Pick an R > 0. We are assuming that |f*)(z)| < Mg for all z in [-R, R] and all k > 0,
so Taylor’s inequality on [—R, R] with a = 0 tells us that when z is in (—R, R) and n > 0,
‘x|n+1 Rn+1

< Mp————.
nt+ ) = Bt
The upper bound MzR"*!/(n+ 1)! depends only on R, which is being fixed, and on n. As
n — oo, R"™1/(n +1)! = 0. Thus for all x in (=R, R), we have |f(z) — T, o(x)] — 0 as
n — 0o, which shows

£(@) = lim Tola ﬁﬁzﬂ I e U .

n—00
k>0

|f(z) = Tho(x)| < MR(

To see €*, sinx, and cosx are each represented at all x by their Taylor series at 0, it
suffices to show all three functions satisfy the hypotheses of the theorem. They are each
infinitely differentiable at all x. When f(z) is e”, for R > 0 and z in [—R, R] we have

(@) = e = |fOa)| = e < e,
so we can use Mp = eft. When f(z) is sinx or cosz, for R > 0 and z in [~ R, R] we have
f®)(z) = £sinz or +cosz = |fF ()] <1,
so we can use Mgr = 1.
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