THE REMAINDER IN TAYLOR SERIES

KEITH CONRAD

1. INTRODUCTION

Let f(x) be infinitely differentiable on an interval I around a number a. On the interval I,
Taylor’s inequality bounds the difference between f(z) and its nth degree Taylor polynomial

centered at a
Tha(z) = f(a) + f'(a)(x — a) + ! 2(!a)

in terms of the magnitude of the (n 4 1)th derivative of f: if |f»*D(z)| < M for all z in I
then Taylor’s inequality says

£ (a)

n!

n

(x—a)?+-- + (x —a)

_ |n+1
if b is in I then |f(b) — Tna(b)| < M%-

This is easy if b = a since f(b) — T, (b) = 0. For b # a, we will derive Taylor’s inequality

in two ways using an ezact formula for f(z) — T, (x) involving derivatives or integrals.

Theorem 1.1 (Differential form of the remainder (Lagrange, 1797)). With notation as
above, for n > 0 and b in the interval I with b # a,

(b—a)"tt

- ) IO ARG
f(b) = kZ:O x (b—a)* + m(b — )" =T, .(b) + 1)

for some c strictly between a and b.

The number ¢ depends on a, b, and n. When n = 0 the theorem says f(b) = f(a) +
f'(c)(b— a) for some ¢ strictly between a and b. That is the Mean Value Theorem.

Theorem 1.2 (Integral form of the remainder (Cauchy, 1821)). With notation as above,
forn >0 and b in the interval I with b # a,

) = zn: @ e 4 / AU (n:)(t) (b—t)"dt = Tya(b) + / EARIUIPRIA

k! o n!

If n =0 thisis f(b) = f(a)+ f: f'(t) dt, which is the Fundamental Theorem of Calculus.
Unlike the differential form of the remainder, the integral form of the remainder involves

no additional parameters like c.
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2. DIFFERENTIAL (LAGRANGE) FORM OF THE REMAINDER

To prove Theorem 1.1 we will use Rolle’s theorem. Recall this theorem says if F' is
continuous on [a,b], differentiable on (a,b), and F(a) = F(b) then F'(c) = 0 where c is
strictly between a and b.

Proof of Theorem 1.1. The following argument is based on a comment by Pieter-Jan De
Smet on the page https://gowers.wordpress.com/2014/02/11/taylors-theorem-with-
the-lagrange- form-of-the-remainder/.

There is a number C such that

_ v /M) ¢ n
(2.1) f(b)_kzo o (b—a)k+(n+1)!(b—a) =

"1 is nonzero). We want to show

since we can solve this equation for C' (the factor (b —a)
C = f*+D(¢) for some c strictly between a and b, and will do this by replacing a everywhere
in (2.1) with a variable = to which we’ll be able to use Rolle’s theorem.

Consider the function

) (y
B(z) = 1) - (Z Dyt (nfl)!aa—x)"“) ,
k=0

for which E(a) = 0 by the choice of C and E(b) = f(b) — f(b) = 0. Then E’(c) = 0 for
some ¢ between a and b by Rolle’s theorem. Let’s now compute E’(z) to see there is a lot
of cancellation in it!

Using the product rule and some algebra,

n (k) (g '
E'(a?)——<zf k'( Jo— a4 —C (b—x)"“)

2 (n+ 1)
- - (f(az) S L0t 0 x)““)/
- (f’(:c) + :1 W(b L i (J:k_)(f)); (b— 21— %(b B a:)”)
== (f’(x) + ;; f(k;l!)(x)(b — )k - : f(k;) ) - —(b— x)”)
- - (f’(w) I ey @ - G- :v>">
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Therefore having E'(c) = 0 means C = f("*1Y(c), so (2.1) becomes

n k) (g (n+1) (.
f(b)zzf k'( )(b—a)k+j;n+1()!)(b—a)"+1. O
k=0

Remark 2.1. A variation on this has the variable z in place of b rather than a: we use

_ " ¥ (a) c ;
Fla) = f(@) - (kz_‘s @t (e —a) +1) ,

with C' to be determined. Details are in [1].

Taylor’s inequality is an immediate consequence of this differential form of the remainder:
if |[f+)(z)] < M for all x from a to b, then |f"*D(c)| < M, so |f(b) — Tna(b)| =
[fE ()0 = a)* ™ (n+ 1! < M[b—al**!/(n + 1)

3. INTEGRAL (CAUCHY) FORM OF THE REMAINDER

Proof of Theorem 1.2. Start with the Fundamental Theorem of Calculus in the form

b
F(b) = f(a) + / o

Apply integration by parts with u = f/(¢) and dv = dt, so du = f"(t) dt and take v =¢ — b
(not v =t) to get
b

b
fb) = fla)+ FOE-b)| - / (t— b) 7" (t) dt

a

b
= @)~ fa)(a—b)— / (t— b () dt

b
— @)+ f@0-a+ [0

Apply integration by parts again with u = f”(¢) and dv = (b — t) dt, so du = f"'(t) dt and
take v = —(b —t)?/2. Then

b
f0) = fla)+ Fa)b—a)+ / (b— )" (t) dt

7 b b 2
M(b_t)Q +/a (b 2t> f”/(t)dt

= f@)+ /' @b-a) -

" b 2
b—t
= J@+ro-a+ 50—+ [ a
After another integration by parts with u = f"(t) and dv = (b — t)? dt we get

f”(a) f’”(a) b (b _ t)S
2
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After repeated integration by parts we eventually get

n (k) a b _f\n
0 =Y Lo a4 [T =

k=0

We will derive Taylor’s inequality from Theorem 1.2 in two ways.
Method 1: Assume \f("“)(t)] < M for all ¢ from a to b. For a < b,

1b—=t" (nt1) (4 j/b(b-—t)” (b —a)™*!
< dt < Mdt=M-——
70~ Tat) < [ 2T < [T o
where the last calculation comes from the Fundamental Theorem of Calculus. For b < a, we
get in a similar way |f(b) — T, (b)| < M(a — b)""!/(n + 1)!. Putting both cases together,

IF D (#)] < M for t from a to b= |f(b) — Th.a(b)| < alo—a™t
’ (n+1)!
Method 2: We make a change of variables in the integral to bypass the need for separate
cases as in the first method. The integral is taken from a to b (whether a < b or a > b),
and numbers from a to b can be written in parametric form as a + (b—a)u as u runs from 0

to 1. Therefore with the change of variables t = a + (b — a)u the integral remainder equals

/b(b_,t)nf(w”(t)dt = /1 (=0 W) f0s1 (g 4 (b = ayu)(b - a) du
o nl 0

n!

= O Ly ek -
0

n!

so if |t (¢)] < M for all ¢ from a to b then the absolute value of the integral remainder

is at most
bh— n+1 1 h— n+1 1
|a’/(l—u)"Mdu = M’a‘/(l—u)"du
TL' 0 n' 0

’b* a|n+1 1

n! n+1
_ ]b—a|”+1
N (n+1)!°

Remark 3.1. Taylor’s inequality is not due to Taylor. In fact, Taylor’s treatment of power
series in his book [2], written in 1715, was not concerned with justifications of convergence
or error estimates, and preceded by almost 80 years the work of Lagrange and by over 100
years the work of Cauchy.
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