A ¢-ANALOGUE OF MAHLER EXPANSIONS I

KEITH CONRAD

ABSTRACT. We examine a g-analogue of Mahler expansions for continuous functions in

p-adic analysis, replacing binomial coefficient polynomials (2) with a g-analogue (2)4 for

a p-adic variable ¢ with |¢ — 1|, < 1. Mahler expansions are recovered at ¢ = 1 and we
consider the p-adic g-Gamma function I', 4 of Koblitz relative to its g¢-Mahler expansion.

1. INTRODUCTION

Let Z, be the p-adic integers, Q, the p-adic rationals, and K a field extension of Q,
which is complete with respect to a nonarchimedean absolute value | - |,, normalized by
Pl = 1/p.

About forty years ago, Mahler introduced in [18] an expansion for continuous functions
from Z, to K using special polynomials. Specifically, he observed that the nth binomial

coefficient polynomial
z\ z(z—-1)---(r—n+1)
n n!

sends Zj to Zy, (it sends Z to Z C Zj, then use continuity), so |(?)|, < 1 for all z € Z,.
Therefore for any sequence ¢, € K with lim,_,, ¢, = 0, the series

f@) =Y en(?)

n>0

defines a continuous function Z, — K. Mahler proved every continuous function from Z,
to K arises uniquely in this way, with

" (n
=3 (k> 0B, sup 17y = malenly

The ¢, are called the Mahler coefficients of f and the series Y ¢, (ffl) is called the Mahler
ezxpansion of f.

In this paper a g-analogue of the Mahler expansion is studied, where ¢ is a p-adic variable.

To set up the framework for our ideas, first we recall the philosophy of g-analogues over
R and C. For a complex number g other than 1, define the g-analogue of a positive integer
n to be

q -1 n—1
(n)q 1 +q+--+gq

As ¢ = 1, (n)g = n, and this is the hallmark of a g-analogue: the limit as ¢ — 1 recovers
the classical object. There are g-analogues of most functions in classical analysis [9]. For
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example, the geometric series

(1_Z)_a_za(a+1) ..... (a+n_1)zn

n!
n>0
for |z] <1 and a € C has the g-analogue
¢“—1 (=D -1 , 1— ¢z
1 R -+ “°
NS T () I EO 1—gnz’

where the infinite product converges for |¢g| < 1. The analytic treatment of g-series in
C usually assumes |¢| < 1 or 0 < ¢ < 1. However, many results make sense in a formal
way, allowing ¢ to be viewed as an indeterminate. The study of g-analogues has connections
with a number of areas of mathematics, such as partitions, modular functions, and quantum
groups.

The Mahler expansion in p-adic analysis uses binomial coefficient polynomials (2), T € Lp.
For ¢ € K with |¢ — 1|, < 1 (the p-adic substitute for the condition |¢g| < 1 in C), we will
use g-analogues (Z)q. These are exponential functions of x € Z, if ¢ is not a root of unity,

and are locally polynomials in z if ¢ is a root of unity. In particular, (2)1 = (). The
g-analogue of Mahler’s theorem is

THEOREM. For a complete extension field K/Qp and ¢ € K with |¢ — 1], < 1, every
continuous function f: Z, — K has a unique expansion

10 =Y o).

n>0

where ¢, g € K and ¢y g — 0 as n — co. Furthermore,

. n n—k_(n—k)(n—k—
ena = () (O H D), sup 11, = el
k=0 Telp =

About twenty years ago, van Hamme [23] proved the p-adic analogue of a result of F. H.
Jackson on real g-series, thereby giving explicit polynomial approximations for continuous
functions on certain compact-open subsets V, of Z,. The subset and the approximating
polynomials depend on a parameter ¢q € Z;f which can not be a root of unity. A. Verdoodt
has continued this work. The point of view of van Hamme and Verdoodt is largely compat-
ible with the one presented in Section 3 after a change of variables, although our approach,
unlike theirs, permits a passage to the limit as ¢ — 1 to recover Mahler’s theorem at g = 1.

The structure of the paper is as follows. In Section 2 we review some properties of ¢-
analogues, where ¢ will be treated mostly as an indeterminate. In Section 3 we let ¢ be
a p-adic variable and discuss the g-analogue of Mahler’s theorem. Four proofs are given,
having individual advantages. Because this paper may be of interest to people who work in
p-adic analysis but not in g-series, and vice versa, we give extra details in Sections 2 and 3
for results that are well-known to those familiar with one of these areas but not the other.
In Section 4 we discuss properties of g-Mahler expansions. One aspect which is not apparent
in the classical case ¢ = 1 is the role of the p-adic logarithm in classifying differentiability in
terms of g-Mahler expansions. In Section 5 we discuss the g-Mahler expansion of the p-adic
g-Gamma function of Koblitz.
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Here is a brief list of notation.

N is the set of natural numbers {0,1,2,... }.

Z,, is the ring of p-adic integers.

Q, is the field of p-adic numbers.

¢ denotes a root of unity.

®,, is the nth cyclotomic polynomial.

For a function f on Z,, (EYf)(z) = f(z + y) is the shift by y. In particular, (Ef)(z) =
flz+1).

Let (K,|-|) be a complete extension field of Q, with |p| = 1/p. The continuous func-
tions from Z, to K will be denoted C(Z,, K) and topologized by the sup-norm |f|syp :=
SUPgez, |f(z)|- (We only consider p-adic absolute values, so we write | - | rather than |- [,.)

A function Z,, — K is called analytic if it is given by a single power series that converges
on Z,. It is called locally analytic if it is locally expressible by a power series around each
point of Z,,.

I’d like to thank MSRI for its hospitality, where part of this was written, and D. Goss,
S. Milne, and G.-C. Rota for their advice and assistance.

2. A REVIEW OF ¢-FORMALISM

Here we recall the features of g-analogues that are needed for our purposes, generally
insofar as g can be treated as an indeterminate. Some remarks will be made about special-
izing ¢, especially at roots of unity. The focus will be on properties of g-binomial coefficients
and g¢-difference operators.

For an integer n and an indeterminate ¢, the g-analogue of n is

For example, (0)g =0,(1)y =1,(2)q =14+¢q,(-1)g = —1/q.
Whenn > 1, (n)y=1+¢g+---+¢" ! is a polynomial in Z[q].
For any integers m and n,

(2.1) (=n)g === (n)g, (M)1)g = 2= (n)g, (mn)g = (m)q(n)gm.

Specializing ¢ = 1, (n), becomes n.
The g-factorials are

For example, (1),! =1,(2),! =1+¢,(3)4! =1+ 2g + 2¢*> + ¢3, and

(2.2) (m)1/q! = qn(n%w(n)q!-
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The ¢-binomial coefficient for nonnegative integers m and n with m > n is

(), = o

(m)g(m —1)g----- (m—n+1),
(n)q!
(" =1(¢™ ' =1)----- (¢m ™t -1
(qn_l)(qn—l _]_) (q_l)

We use the second or third expression to extend the definition of (Z‘)q to any integer m.

These functions go back to Gauss [10, p. 16], so they are also called Gaussian coefficients.
The first few g-binomial coefficients are

(), (), - (3) - s

m
n

For m > n, (’;;)q = (m"_’n)q, and (as a rational function in g) (

)q = 0 precisely when
0 < m < n. The g-binomial coefficient may vanish in other cases numerically, e.g., (g)q =

(141 +q+q%),s0 (5); =0.
The following result is essentially due to Gauss [10, p. 17].

THEOREM 2.1. For fized integers m > n > 0, (:?)q € Z[q] with degree n(m — n).

Proof. The degree follows from the definition, once we know (’;Z)q is a polynomial in q.
We give Gauss’ proof that (Z’)q € Z[q] and then an alternate proof that seems to be new.
The Pascal’s triangle recursion for binomial coefficients generalizes (for all m in Z) to

e (D) =) () () 0,

(when m > n, replace n by m — n to obtain either recursion from the other), and iterating
the second recursion gives

m+n+1 m+n m+n - k+n
("), (), G, - (),
q q 4 k=0 q
So () € Z[g] by induction on n (and actually all the coefficients are nonnegative).

As an alternate proof, the irreducible factors of the rational function (ZL)q are cyclotomic
polynomials. The multiplicity of the jth cyclotomic polynomial ®;(g) as a factor of (n),!
is [n/j], so its multiplicity as a factor of (Z’)q is [m/j] — [n/4] — [(m —n)/j], which is 0 or
1. This shows for m > n not only that (Tg)q is a polynomial in ¢, but that its irreducible

factors are all simple factors and ®;(q) is a factor precisely when the units’ digit of m in
base j is less than the units’ digit of n in base j. I thank Ira Gessel for a simplification to
the original form of this alternate proof. O

Further identities for all m € Z (and k > j > 0) are
(2.4)

(), = e o)y ()= aen (), (,6),7 G).G50),
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9. —m —(—1 n 7n(n71)/2,mn m—+n— 1 — (-1 n fn(n+1)/2 m-+n— 1 '
(2.5) (=1)"q (-1)"q
1 q 1/q

n n n

For example, (;ll)q = (—=1)"g~+t1)/2_ By (2.5), for m > 0 (;:”)q is a polynomial in 1/q
with degree n(n — 1)/2 + mn whose coefficients are nonzero integers with sign (—1)".
The next result is a g-analogue of the binomial theorem, the g-binomial theorem. It goes

back to Cauchy [4, p. 46, Eq. 18].
THEOREM 2.2. For m > 1,

m—1 m
Q+T)A+qT) - A+ ¢™'T) = [[Q+¢T) :Z( ) k(k=1)/2k
1=0 k=0 q

Equivalently, for commuting variables X and Y,

m—1 m
(X +¥)(X 4g¥) - (X 4™ Y) = [[(X+q¥) =Y ( ) B
1=0 k=0 q

Proof. Following Cauchy [4, p. 51], let h(T) = [[, Y1+ ¢'T) = S oarT®. Then
(14+T)h(¢T) = h(T)(1 + ¢™T). Equating coefficients of equal powers of T,

qm _ qk—l quk_H -1 1
=Ty %l T Ty 1 %D
SO ap = (?)qqk(k_l)ﬂ. d
In particular,
m
_ m _ _

@) =N -9 (K= =3 (1) (e

k=0 q

Actually, the idea of replacing T' by ¢T to express g-products as g-series goes back to
Euler [7, Ch. XVI, §§306, 307].

The ¢**=1)/2 term that arises in the g-binomial theorem can be removed from explicit
appearance. Define the nth g-power of a polynomial f(7) to be fO9) =1 and f(m9 =

f(m)f(gT)----- f(g® 'T) for n > 1. Then the ¢g-binomial theorem becomes
m
1+ T)ma) — MY plkse),
=3 (6),

We can consider g-deformed powers of a polynomial in several variables by singling out one
variable, e.g., in two variables

F(X, Y)W .= f(X,Y)f(X,qY) - f(X,q"'Y).

This will appear later in the case of (X +Y)™%, whose value at X = z, Y = y will be
written with abuse of notation as (z + y)(™%. For example,

m _ 1)(k;q)
(nig) — m () _ nm-1)/2,n (M) _(@" =1
(z +0) z" (0+y) q y" (k>q FDFD

The ¢-Vandermonde formula for (m1:m2)q is proven as for ordinary binomial coefficients.
THEOREM 2.3. For mi,ms >0, (m“’:m)q = E?ZO (m_l) (mz) gi(mz2—(k=3)),

J
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Note the asymmetric roles of j and k — 7 in the exponent of g on the right side.

Proof. Compare the coefficient of T on both sides of

mi+mao—1 ) mao—1 ) mi1—1 )
II a+dm=]] a+d1) [] 0 +dq™D).

O

By a specialization argument, Theorem 2.3 is true for all integers m1,mo, possibly neg-
ative.
The following simple fact will be used when we let g vary p-adically.

THEOREM 24. For m,n >0, (7). — (7),, € (a1 — a2)Zla1, ¢2].

Proof. For all 1 > 0, q{ — qé € (g1 — )Z[q1, q2]- O

We now discuss the value of (Z’)q for m > n when q is specialized to various numbers.

When ¢ = 1, (ZL)1 = (Z’) counts the number of n element subsets of an m element
set. When ¢ is a prime power, (7;)(1 counts the number of n-dimensional subspaces of an
m-dimensional vector space over the field of size ¢q. This suggests the possibility of proving
identities for g-binomial coefficients by letting ¢ run through (infinitely many) prime powers
and interpreting the identity as a combinatorial statement in linear algebra over finite fields.
See [11] for this approach.

We now consider the case when ¢ is specialized to a root of unity. For ¢ a root of unity
of order b and n < b, the value of (77';) ¢ can be computed directly from the definition, since

(n)¢! # 0. The next theorem reduces the evaluation of all () ¢ to the case when n < b.

THEOREM 2.5. Let { be a root of unity of order b.
i) For integers k and I, with | > 0, (%’;)4 = (Ilc)

i1) For integers k and | with 1 >0 and 0 < r,s < b, (?’,;I:)C ( ) ( ) ( )(:’)C

In particular, if n < b and m1 = mg mod b, then (":ZI)C = (WTLL )C'
Proof. 1)

bllqbkj bl—1 i -1 llqb _1
( ) H bl]_l H bl]_l Hb(lz)
],,i_Omodb
At g = (, the right side becomes Hi;é(k —-9)/(l—1) = (’f)
ii) First we show (bk;l'“) ¢ = (bkﬁ)‘fl) ¢ When a is not divisible by b. Setting m = bk + a,

(m)q (m—l

(m—n)qg \ n

n = bl, and ¢ = ( in the equation (Tnn)q =
theorem is true for s = 0. For s > 1,
bk +r\  (bk41)g(bk+7 —1)g- - (bk+r—s+1), (bk+71—5s
(bl+s) B (bl + s)g(bl +5—1)g-+--- (bl +1), ( bl >q'

None of the terms (bl + j), appearing in the denominator vanishes at ¢ = ¢, so we can
evaluate and find

(Zﬂi ; >§ B (T)CEZ);(?E 1)C(7" -_(i)j = (bk +b; _ S> ¢ (Z) ¢ (bk +b; _ S> ¢

)q, we get what we want. So the

O



COROLLARY 2.1. Let ¢ be a root of unity of order b and n € N. For m running through a
fized residue class mod b, (7:) ¢ is a polynomial in m.

Proof. By Theorem 2.5 (ii), (7). is a polynomial in [m/b] = (m —r)/b and r is fixed. [

¢
19 18+1 9\ /1
()= (1) = G) Q) -
1 1 -1
(1), (42), = () ), =+ (), - (25, - (V) G), -
10 442 "\ 6/, 442 /. 1 2/, ’
The periodicity of ZL in m mod b, stated at the end of Theorem 2.5, can also be verified

¢
(m+b) ( ) with the g-Vandermonde formula.

EXAMPLES.

by computing
Theorem 2.5 (and an extension to g-multinomial coefficients) can be proven by group
actions [21].

For a root of unity ¢ of order b, that (2) = 0for 1 <n <b-1 can be seen without

Theorem 2.5, since the numerator of (Z)Q vanishes at ¢ = ( while the denominator does
not, or (using Theorem 2.2) since H?;é(l + ¢IT) =1 — (-T)". Stated in terms of the bth

cyclotomic polynomial ®;(q), this vanishing becomes

2.7) (b>q — 0 mod By(q)

n

when 1 < n < b—1, which is also clear from the second proof of Theorem 2.1. Specializing
N

(2.7) at ¢ = 1, we recover the familiar integer congruence (pn ) = 0mod p when b =p" is

a power of a prime p. Since

" -1

=T P

— N : My —
when b = p" (2.7) can be written as (¥, )q = 0 mod (p)quq.
The g-analogue of the exponential series was introduced by Jackson [13]:

> o,
E (X) := —.
a n>0 (")q!

(In the literature, the notation E,(X) may denote a slightly different series.) Jackson’s
g-version of €*T¥ = e®e¥ comes from (2.2) and the g-binomial theorem:

n—1 (ns3q)
(28)  Eg(X)Ey, (V)= (X +Y)(X +4Y) (X +¢"'Y) _ 3 %

n>0 (”)q' n>0 q!
In particular,
X’n
(2.9) B (X)™! = Eyy(—X) = Z(_l)nqn(n—l)/Z .
n>0 (n)q!

We now discuss g¢-difference operators. Powers A" of the difference operator A, where
(Ah)(z) = h(z + 1) — h(z) (here and in the rest of this section, z is an integer variable),
play a role in Mahler expansions which will taken over in the g-analogue by a sequence of
operators Ay first introduced by Jackson [14, p. 256], [15, p. 143].
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The powers of A behave nicely on binomial coefficients, namely

Am (%) _ (,% ), ifm<mn;
n 0, if m > n.
The g-analogue of powers of A arise naturally by considering differences of g-binomial

coefficients.
First, note that in analogy with A(?) = (%)),

T
n n—1

A r :qm—l—l—n r
n/, n—1 q'

Then, guided by the equation A?(%) = A(wj;l) —A(F) = (,%,), we compute

T
n n

A$+1 :qw+27n $+1
n /, n—1 q’

so we’re naturally led to calculate not A(wzl)q - A(ﬁ)q but

Aac+1 —qAx _ goten z+1\ [ = ) z
n J, n/, n-1/, n—-1/, n—2 q'

Let (Eh)(z) = h(z + 1) be the shift operator, so we’ve computed

m-n() =er (7)) E-nE-a(]) =i (7,)

Of course n > 1 and n > 2 for these respective equations.
Experience with ¢-deformed products as in the g-binomial theorem now makes the fol-
lowing definition natural: A? := (E — I)("9 = A9 In full, this says

n.,_ 1, no
° '_{(E_I)(E—q) ----- =g, n2l,

80

(2.10) AP (:)q =

In particular, A7 (Z)q‘ 0= dmn- The appearance of a function of = on the right side of

gm(ztm—n) (nfm)q, if m < mn;
0, if m > n.

(2.10), outside the g-binomial coefficient, can be removed by using an alternate g-difference
operator:

(g’ N)x) == ¢ ™A f)(=),

Then
ggz (:L‘) _ q—m(n—m) (nfm)q’ lf m S T,
n/g 0, if m > n.
By (2.6),
(2.11) @3N =3 (}) COHHEI o)
k=0 q
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The shift £ commutes with multiplication by ¢, so Ay and Ag' commute, but AZ}AZI #*
A;“L”'. To give a formula for A;H'"' in terms of A7 and Ag',
n
I r_ ’ l mn _ 1 _ l
AzH—n _ (E _ qn—|—n 1) _____ (E —q" )An _ Z (k> qk(k 1)/2(_qn )kEn kA;L
k=0 q

by the ¢g-binomial theorem, so

CIOEDY (Z) (=1 ED 2R AT D@+ n— k) = g7 (Ag) (),

k=0

where g(z) = q_”lm(Ag’ f)(x). This can be written more conveniently in terms of the Dy":
+ ! o ! !
(2.12) D = 'Y

For n € Z, let Uy(r) = ¢"* (this depends on ¢), so A} = U, D7 and EfU, = ¢ U, E*.
When g = 1 the need for U, is not apparent. The notation U,, comes from a similar function
U, used by Verdoodt [25]. Her paper will be discussed in Section 4.

The effort to directly relate AgAg' with A;H'”’ led to a concise multiplicative relation
(2.12) among the D,’s rather than among the A,’s. We now use (2.12) to give a formula
for AgAgl as a linear combination of various AZ”, so the ¢-difference operators are a basis
of the algebra they generate (they have no linear relations by (2.10)).

THEOREM 2.6. For m,n > 0,

mAn m n m—j—1 n+j
Aqu - < > q _1 q _Q) """ (q —q J )Aq+J

J

NGENINGE

(m (¢" — 1)(m 350 ATt
J/q

_ MY (™) (4f — 1)EDAI
P (z) (z) (¢ = "4
i+j=m-+n q q

Proof. By the g-binomial theorem,

<.
Il
=]

m
mAn _ m m—k _(m—k)(m—k—1)/2 ppk AN
Aqu_Z<k) (—1)mgm—m—k=D/2 g AT,
k=0 q

To get a formula for E'kAg, we use the following identity: for all £ > 0,

> (}) @D —a = 3 () e

This is dual to (2.6), or arises naturally from consideration of g-Mahler expansions in Section
3 (i.e., from the g¢-difference calculus), so we won’t stop to motivate it here. Setting a = E,

k
(2.13) EF =" <k) AL
i—0 \"/ q
9



Thus
EFA? = EMuU,97
— qknunEkgg

k
= ¢""Up (’:) UDED by (2.13)
1=0 q

L ' .
= Z() "0, DI by (2.12)
q

SO

-k (m—k)(m—-k— n(k—i) [T k n+i
APAT = (= 1)m—hg(m=k)(m—k=1)/2 n(k )(k> () NG
q q

]

(_1)m—i—lcq(m—i—lc)(m—i—k—l)/ank (m - Z) (m) A;H—i
k q q

]

s.
HM??‘
. [en]

3
J

Mz I

0 k=

<.
Il
=)

3

(" — 1)<m—i;q>Ag+i by (2.6)

Il

S
Il
o

.

(),
(

m n i 1\(59) Amtn—i
.)q(i)q(q D)WY AT :

I

I
=)

~

7

EXAMPLE. AZA” = (¢" —1)(¢" — q)A7 4 (¢" — 1)(¢ + 1) A7 + AP+,

The case m = 1 of Theorem 2.6 is essentially the recursive definition AZ}H = (E—q")Ag.
Once the formula in Theorem 2.6 is found, it can also be proven by induction on m,
without using noncommuting operators E*¥ and U,,, as the polynomial identity

(X — 1)(m;q) (X — 1)(n;q) _ Z (m) (¢" — 1)(m—i;q) (X — 1)(n+z‘;q)
1
i=0 a
= > () @ - - e - g,
q

1=0

Dividing by (X — 1)("% we get an identity which is a special case of the generalized ¢-
binomial theorem [11, p. 252].
The g-analogue of the formula

ar(fo) = 3 (1) 8k nartat)
h=0 10



is
n
n —
(2.14) sy =Y (1) ahnagteto).
k=0 q
In the inductive verification of this, use (for r < n)
(E-¢")(FG)=(E~q)F-EG+qF-(E-q¢"")G

with F' = A’;f, G= Ag_kEkg, and r = k.

3. p-ADIC FEATURES OF ¢g-FORMALISM

In Section 2, the emphasis was on ¢ as an indeterminate. Here it will be on ¢ as a p-adic
variable, i.e., as an element of a complete valued field K containing Q,. (We do not assume
g € Qp.) As we will have no use for the archimedean absolute value function, the absolute
value on K will be denoted simply as | - |, and ord is the corresponding additive valuation:
|z| = (1/p)°rd(2). The valuation ring {z € K : |z| < 1} will be denoted O, with maximal
ideal mg. We normalize the absolute value so |p| = 1/p.

For the benefit of readers outside of number theory, we recall some facts about power
functions and roots of unity in p-adic fields.

LEMMA 3.1. (i) The roots of unity in K which reduce to 1 in the residue field Ok /mg are
ezactly the pth power roots of unity in K.
(ii) If ¢ is a root of unity of order p > 1, then

¢ =11 = @/p)P" e > (1/p) D).

The roots of unity in K are a discrete set.
(iii) For q € K, the sequence {1,q,q%,¢3,...} can be extended to a continuous function
q® for x € Zy, if and only if |g — 1| < 1, in which case

T
=) (- ), 1¢"-1<|g—1 <1
n

n>0

(iv) If | — 1| < 1, then ¢* = 1 for  # 0 if and only if q is a root of unity of order p™v
and T € pNZp.

Proof. (i) The residue field Ok /mg has characteristic p. Since X® — 1 has distinct roots
in characteristic p when a is prime to p, a root of unity ¢ in K of order ap® with a > 1
and (a,p) = 1 has C”b % 1 mod mg, so ( # 1 mod mg. Since the only pth power root
of unity in characteristic p is 1, if CPN = 1 in K, then in the residue field of K we have
Ci"N =1 mod mg, so { =1 mod mg.

(ii) We have

SO




and for 4 prime to p, the ratio (1 — ¢*)/(1 —¢) = 14+ + -+ 4+ ¢*! is congruent in the
residue field of K to 4 # 0 mod mg, so this ratio has absolute value 1, hence 1 — ¢ has the
indicated size.

For two distinct roots of unity ¢ and ¢’ in K, either ¢ Z ¢’ mod mg, so [ — ¢'| =1, or
¢/¢' = 1 mod mg, and then [¢ — ¢'| = |¢/¢" — 1] > (1/p)/®=1) so the roots of unity in K
are a (bounded) discrete set.

(iii) For “if”, we have for any m € N that

qm=<1+q—1>m=fj<q—1)"(f)-

n=0

Since (¢ — 1)™ — 0, the continuous function

f==§:@——D"(Z>

n>0

on Z, is the p-adic interpolation of {¢™};,>0. For “only if”, @ > ¢®=1as N — oo, so
lgl = 1 and as in (i) we conclude |g — 1| < 1.

(iv) Let £ = p™u with u a unit in Z,. Then ¢?"* = 1 if and only if ¢*" = 1, by taking the
(1/u)th power. O

Applying (iii) to g-analogues, (m), = (¢™ —1)/(q — 1) for m € Z extends to a continuous
function (z), for € Z,, if and only if |¢ — 1| < 1, in which case the extension to Z, is

T _1 .
7 g, ifg=1,

and by (iii), (z); = £ mod mg. In particular, if z € Z, then (z), € O.

For ¢ # 1, ()4 is a nonvanishing function unless, by (iv), ¢ is a nontrivial root of unity
of order p", in which case (z), = (j); where z = j mod p" and 0 < j < pV — 1.

We now define the g-analogue of binomial coefficient functions.

For |[¢ — 1| < 1, (g)q has a continuous extension from m € Z to z € Z,, given by

(m) (@)g(@ —1)g+ (& —n+1)

n (n)q!
(" =1)(¢" ' =1) o ("™ 1)
(" = 1)(g"t —1)---- (¢—1)

provided (n),! # 0, i.e., ¢ is not a nontrivial pth power root of unity of order < n.
If |g—1| < 1 and q is a root of unity of order p”, Corollary 2.1 implies (fl)q is a polynomial

function of z on cosets of pVZ,. For z = pVy +r and n = pNl + s where 0 < r,s < p,
Theorem 2.5(ii) extends by continuity to

6 ()= (0,

For example, if p = 2, then

(x) ey, ifxs()mod2;< x) o, if 2 = 0 mod 2;
20) | (®D7?), ifz=1mod2, \20+1/) , | (®P?), ifzr=1mod2

12



So (fL)q is an exponential function of z (a polynomial in ¢%) if ¢ is not a root of unity
and is locally a polynomial in z if ¢ is a root of unity.

By Theorem 2.1, |(z)q| <1 for all z € Z,, with equality if z = n.

The difference operators A7 and Dy make sense on functions of a p-adic integer variable
z, and equations (2.10) and (2.11) remain true when z is any p-adic integer.

By continuity, Theorems 2.3 and 2.4 become

" P

THEOREM 3.1. If |¢ — 1| < 1, then for all x,y € Z,, (x'};y)q =50 (?)q(kgj)qu(y (k=3)).

THEOREM 3.2. Ifz € Zy and |1 — 1| < 1, |g2 — 1| < 1, then |(“")q1 — (z)q2| <l|q1 — qal.

n

So (i)q = limgy_,, (i) 7 In particular, formulas involving g-binomial coefficients when ¢

is a root of unity can be computed first at non roots of unity and then pass to a limit.
For example, let 1 < k < p" with k = p’k’ and £’ prime to p. For |¢ — 1| < 1 with ¢ not

a root of unity,
(PT> (P")q (PT - 1) (Prfj) 1 (pr - 1)
k q (k)g \k—1 q ' (k')qu k-1 q'

In O /mg, (52)), = () = (-1)F" and (K) s =K' 20, s0

()
k/q
By continuity in ¢, (3.2) is also true when ¢ is a root of unity. Alternatively, (3.1) could be

used instead for a direct calculation when g is not a root of unity.
We now discuss the g-analogue of Mahler expansions.

(3:2) = (") 1.

THEOREM 3.3 (¢-MAHLER THEOREM). For g € K with |qg— 1| < 1, every continuous func-
tion f: Z, — K has a unique representation in the form

1@ = Y ena (1)

n>0 q

where ¢, 4 € K and lim,_,, ¢, g = 0. A formula for c, 4 is
tng = (Ag1)(0)

= > (}) Ve - b
k=0 q

_ Z (Z) q(_l)n—kq(n—k)(n—k—l)/Zf(k)'

k=0

We will give four proofs of Theorem 3.3 below.

In Theorem 3.3, we call ¢, 4 the nth g-Mahler coefficient of f and )" ¢y 4 (z)q the g-Mahler
expansion of f. The terms “Mahler coefficient” and “Mahler expansion” will refer to the
case ¢ = 1. The formula for ¢, , in Theorem 3.3 will be called the g-Mahler Inversion
Formula.

The formula for c,, follows from computing (A7 f)(0) using (2.10). Replacing f by
(EYf)(x) = f(z+y), we have lim,, oo (A7 f)(y) = 0 for all y € Z,. Like the case ¢ = 1, this
limit turns out to be uniform in y, and in fact there is some uniformity in ¢ as well (which

13



is not apparent by looking only at the case ¢ = 1). Such uniformities will arise from two of
the proofs of Theorem 3.3.

EXAMPLE. For |[a — 1| < 1 and |¢—1| < 1,

39 =Yg )(7) =Fe-ne(7)

n>0 n>0

ExAMPLE. Using the g-binomial theorem, the sequence (1 + t)(m;q) extends continuously
from m € N to z € Z,, if and only if |¢| < 1, when

(1+ t)(w;q) — Z qn(n—l)/Qtn (:13) .
n>0 "/ q

This could also be proven in a style similar to that of Lemma 3.1 (iii).

For any z,y € Zyp, (1 + )@ = (1 4 )@ (1 + ¢"t)¥59). Setting y = —z yields
(1 +1)®D)~L = (1 4 ¢%¢)(~59).
For example, computing (1 4 ¢™t)(=™%) in two ways for m > 1, we have
1 n(n—1)/2( mapn( T m+n—1 n
i ey = 2o ¢ (g™t) = (=",
Ao +a)— (rgm) 2 n), n ),

n>0

which is due to Cauchy [4, Eq. 19, p. 46] as an identity over the complex numbers.

WARNING. For |a — 1| < 1, writing @ = 1+ ¢, it seems reasonable to define a(*%) =
(1 +t)®9 in the sense of the above example. However, although |a(™% — 1| < 1 and
(1 +T)mmia) = ((1 4 T)(™9))("a™) (which implies (2.1) by looking at the coefficient of T'),
it is false that a(™™9) = (a(m))("4™) even when m = n = 2. A correct way to state the
g-version of (1 4+ T)™" = ((1 4+ T)™)™ so that it is valid to specialize the variable is

(14 T)mm0 = (1 + T)4™)(1 4 qT)Ma™) . ... (14 g™ i) md™),

Our first proof of Theorem 3.3 will deduce the result from the known case ¢ = 1. Recall
that a countable set of vectors {e,},>0 in a K-Banach space (V,||-||) (we assume the norm
on V is nonarchimedean: |[v+w|| < max(||v||,||w||)) is called an orthonormal basis if every
v € V has a unique representation in the form v = > cpe, where ¢, — 0 and ||v|| = max ¢y |-
Mabhler’s theorem says the functions (fb) are an orthonormal basis of C(Z,, K), topologized
by the sup-norm.

The following standard lemma shows that a small perturbation of an orthonormal basis
is still an orthonormal basis. The ideas in the proof are taken from [3, Prop. 2 §1.1.4, Prop.
4 §2.7.2].

LEMMA 3.2. Let K be a complete nonarchimedean nontrivially valued field and V be a K-
Banach space with an orthonormal basis {en}n>0. If €, € V' with sup,¢[len — ey|| < 1,
then {el,} is an orthonormal basis of V.

Proof. Step 1) || 320 cnely |l = maxocn<n cnl-
14



Let € = sup,>q ||en — e|| < 1. Writing

N N N

r ’
E Cn€, = E cn(e, —en) + E Cnén,
n=0 n=0 n=0

the first sum has size at most e max |cp|.

Step 2) The K-linear span (= finite linear combinations) of the ¢}, is dense in V.

Let W be this span. For v € V, let v = ) . cnen. Choose N so |c,| < gffv|| for
n > N + 1. Then

N N
/ !
v — E Cn€p = E cnlen —e;,) + E Cnén
n=0 n=0

n>N+1

has norm < ¢[|v||. Assume W is not dense, so there is v € V such that a = inf,cw |[v—w]|| >
0. Since a/e > a, there is w € W such that 0 < ||v — w|| < a/e. From above, there is
w' € W such that
v —w—w'|| <ello —wl <a,

a contradiction.

Step 3) {el,} is an orthonormal basis.

By Step 1, it suffices to show for each v € V that v = }_ ¢pel, for some sequence ¢, — 0
in K.

Choose wy € W such that ||v—w;|| < 1/2. Choose wy € W such that ||[v—w; —we|| < 1/4.
Continuing, choose wy, € W such that ||[v — w; — -+ — wy,|| < 1/2™. Then ||wy,|| — 0 and
V=) Wp. Writing wy, =Y, bynel,, we have by, , = 0 for n large and |by, 5| < ||wm|| by

Step 1. Thus
V= Z (Z bm,ne%) = Z (Z bm,n> e;l,

where the interchange of the double sum is justified by [12, Lemma 4.1.3]. O
Here is a first proof of Theorem 3.3.

Proof. By Mahler’s theorem, {(ﬁ) }n>0 is an orthonormal basis of C(Z,, K). For all n > 0,
Theorem 3.2 implies

(), ()

Therefore we are done by Lemma 3.2. O

<l¢g-1l <1

sup

This proof of Theorem 3.3 is succinct, but depends on already having the result in the
case ¢ = 1. The same argument would deduce the result for all ¢ with |¢ — 1| < 1 if we had
it for any one such gq.

By a similar idea, since {(2)(¥)} is an orthonormal basis of C(Z,, x Zj, K), topologized
by the sup-norm, so is {(fn)q1 ) qz} for fixed ¢1,q2 € K with |1 — 1|, |g2 — 1| < 1. There is

n
a similar extension to C(Zj, K) for any 7 > 1.

Since (A7 f)(z) = AF(E®f)(0), by the g-Mahler theorem we have lim, (A7 f)(z) = 0
for each z € Z,. However, this limit is actually uniform in z. To see this we give a second
proof of the g-Mahler theorem, one which will not assume Mahler’s theorem already. It will
show directly that lim, o, A7 f =0 in C(Z,, K).

15



First we record a lemma. It gives some properties of the size of (z),. Extending (2.1)
from Z to Z,, if |¢ — 1| < 1 then (zy)q = (2)4(y)q= for z,y € Z,. In particular, for n € N
and u € Z,;,

(3.4) (pnu)q = (pn)q(“)qpn .

LEMMA 3.3. Let |¢ — 1| < 1.
(1) If z = p"u with u € Zy, [(z)q| = |(p")ql-

(i) |(")q] < T2 max((a” — 1,1/p) < max(lq — 1],1/p)"
(4i) If |g — 1| < (1/p)Y =Y, then |(z)q| = |z| for all x € Zy.

Proof. (i) Use (3.4), recalling (u),» =u # 0 mod m.
(i) By (2.1),
(3.5) (P")g = (P)g(P)gp - -+ - (P) -1,
so it suffices to show for |¢ — 1| < 1 that |(p),| < max(|qg —1|,1/p). In Ok /(q — 1,p),

(p)g = Pp(g) = (¢ — 1)” l=o.

(iii) By (i), we only need to show the result for z = p". Moreover, by (3.5) and |¢?' — 1| <
lg — 1| < (1/p)Y®=1) it suffices to show the result for z = p. Since

(p)q qp_l—i()q—l

and each term in the sum except the one for £ = 1 has size less than 1/p, we're done. [

As a consequence of (i) and (ii), we have

‘(-’E)q - (y)Q| = ‘(-’E — ) | < max(\q _ 1| 1/p)0rd z— y)

which can be rewritten as |¢* — ¢¢| < |¢ — 1| max(|g — 1|,1/p)®"4==¥) in which form it
appears in [22, Theorem 32.4].
From (ii), (3.2) can be weakened to

(+),

where we recall 1 < k <p", j = ord(k).

(3.6) < max(|g — 1],1/p)"",

We now give a second proof of Theorem 3.3. The idea is taken from the proof of Mahler’s
theorem in [22, Exer. 52.E].

Proof. Since |A,7;+1f lsup < |A7 flsup, it suffices to show lim, o Agr f =0. We have

r

-
(A{I’rf)(x) _ Z <I;€> (_1)pr_k:q(p’_k)(p’_k—l)/Qf(k__+_$)
q

k=0

r

p

P p"—k (p"—k)(p"—k— _
Z(k)q(_l) b R DL (f(k + 2) — ().

k=0
The k = 0 term vanishes, so by (3.6)

|A{1)Tf|sup < iI—fr—lj'a:eraX(|q - 1|7 1/p)ipj(f)a
16



where p;(f) = sup|y_y<1/pi |f(z) — f(y)|- The terms indexed by i and j are both uniformly
bounded above, and each tends to zero for large values of the index. O

Not only does this show lim, (A} f)(z) = 0 uniformly in z, but also (for fixed § €
(0,1)) uniformly in g for |¢ — 1| < d < 1.

For the third proof of the g-Mahler theorem, we extend a periodicity property of ordinary
binomial coefficients to g-binomial coefficients: for any N > 1 and all n < p¥,

a=bmodp" = (Z) = (Z) mod p.

For g-binomial coefficients, the same result is true provided N is taken large enough de-
pending on gq.

LEMMA 3.4. Let | — 1| < 1. For N large, depending on q, if © =y mod pNZ, and n < pV

6, (),

More precisely, this is true if 1/(p" ~1(p — 1)) < ord(q — 1).

1
<-.
P

Proof. By Theorem 2.5,

my = me mod pV = <T:Ll> - <m2> € ‘I)pN(Q)Z[Q]-
q q

n
Ty (Y
" q \"gq
For N large, |¢#" ' —1| < (1/p)Y/®1, so (p)qu—l has size |p| = 1/p by Lemma 3.3(iii).

Let’s be more precise about how large N has to be. For any N,

()= ] (@—9)-

N =1
PNl

So by continuity,

< [ (@)] = |(p) -

1

There are pV~!(p — 1) terms in the product. When 1/p¥~1(p — 1) < ord(q — 1), then
lg— 1] < |¢ — 1] = (1/p)/?" 7" ®=1) for all such ¢ by Lemma 3.1(ii), so all the terms have
the same size and therefore

If we work modulo (¢—1,p), then for z = y mod p" and n < p?, (Z)q =) =(Y)

n n

()

Now we give a third proof of Theorem 3.3. Like the second, it does not require prior
knowledge at ¢ = 1. It is based on the proof in [17, pp. 99-100].

U
so without needing N to be large, we have |($)q — (Z)q\ < max(|g — 1|,1/p).

Proof. Let

L: {(cpn)n>0:¢cn € K,cp = 0} = C(Zp, K)
17



by (en) = D >0 Cn (z)q. This is K-linear and continuous, where the domain and range are
both topologized by the appropriate sup-norm. We want to show L is onto. By scaling it
suffices to show the restriction L: B — C(Zp, Ok) is onto, where

B ={(cp) : |en] <1,¢p — 0}

By completeness of B and continuity of L, it is enough to show that for any f € C(Z,, Ok),
there is some s € B such that |f — L(s)| < |p|- (Then apply the result to g = (f — L(s))/p
to get s’ € B such that |f — L(s + ps')| < [p?|, etc.) That is, we want to show surjectivity
of the map

{(cn) : cn € Ok [p,cyp, = 0 for large n} — C(Z,, Ok /p)

given by
(3.7 (cn) — Z cn (x) mod p.
n>0 n q
Note that the quotient topology on Ok /p is the discrete topology. Thus
(3.8) C(Zy, Ok /p) = U Maps(Zp/pNZp,OK/p).
N>1

The union in (3.8) can be taken over just large integers. Lemma 3.4 suggests that at least
for large N (depending on ¢q), f € C(%Z,,Ok/p) factors through Z,/p™Z, when its nth
g-Mabhler coefficient vanishes for n > p?, thus suggesting the more precise surjectivity of

(3.9) {(cn)?5t : e € Ok [p} — Maps(Zy/p" Zp, Oxc /p)

given by (3.7) with the sum over 0 < n < p" — 1. (Note that by Lemma 3.4, (z)q mod p
is well-defined on Z,/p"Z, for N large and n < p" ) The surjectivity (even bijectivity) of
(3.9) follows from the argument that g-Mahler coefficients are unique. O

We could have worked in Ok /(¢ — 1,p) and not needed to use only large N at the end
of the proof.

Here’s a fourth proof of Theorem 3.3, which like the second will yield some uniformity
statements in q.

Proof. Define the numbers ¢,, = ¢, 4 as in the statement of Theorem 3.3, so

flm) =3 en (j’j)q

n>0

for all nonnegative integers m. We thus only need to show that |c,| — 0. To do this we
adapt Bojanic’s argument in [2].
Bojanic’s proof uses two different formulas for (A" f)(m). First,

@ p)om) =3 (1) 04+ .

k=0
Writing (A™f)(m) = (A"E™f)(0), we also have



For the g-analogue of these, (2.11) gives

n

(Agf) (m) _ Z (n> (_1)n7kq(n—k)(n—k—1)/2f(k + m)’
q

k=0 k
while (2.13) gives

m

M= m ] nfY(m) = (APE™ :m M\ n(m—j)  An+ti .
P ;(j)qu;»(Aqf)() (A7E™£)(0) g(j)qq DA F)(0)

Equating these formulas for (A7 f)(m) and isolating the j = m term,

n

m—1
n n— n— n—K— m m—1in
Cni+m = g (k_>q(—1) kq( k)(n—k 1)/2f(k + m) - E ( .)qq( 7) Cn+j-

k=0 j=0
With this formula we show |c,| — 0.
The j =0 term is ¢""cp, = ¢"™" > 1o (Z)q(—l)”_kq("_k)("_k_l)pf(k), SO

my gm=ing
(j )f s

} |

n m—1

n n— n— n—kK— mn
Cnim = (k) (=) g ROV (f (k4 m) — g™ f(R)) —
k=0 q j=1
Scaling, we may assume |f(z)| <1 for all z € Z,, so |c,| <1 for all n.
Let m = p", for r to be determined. Then
(%)

. Cn—|—j

174

enipr| < ax {\m )~ F(B)].
1<j<p" -1

For such j, ‘(P;)q‘ < @, (q)] by (2.7).
Choose ¢ > 0. For large r, depending on f,

o —y| < pi = |f(2) - fw)] <e.

Thus f(k+p") —¢” "f(k) = f(k+p") — f(k) + f(k)(1 — ¢”'™), where the first term has size
at most €, while the second is at most |¢ — 1| max(]¢g — 1|,1/p)", which is < ¢ for r large
(depending on g).

By Lemma 3.4, |®,-(q)| = 1/p for all large r, depending on g. So there is a large r such
that for all n > 0,

< i
lentpr| < 13?%%)’(—1(6’(1/p)|cnﬂ|)

< max(e, 1/p).
Thus |c,| < max(e,1/p) for n > p". Replacing n by n + p" gives, for all n > 0,

lensapr| < 15%813}5—1(8’ (1/p)lentpr+4)

< max(e, 1/p°).
So

leal < max(e, 1/p?)
for n > 2p". Repeating this s — 1 more times gives

len| < max(e, 1/p°)
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for n > sp”. Choosing s so large that 1/p® < e we have |¢,| < e if n > sp”. O

Since the functions E” f are equicontinuous, this proof shows lim,, . A7 f = 0 uniformly
ingfor|g—1]<éd < 1.

For the reader who knows about ¢-derivatives, a second way to obtain the two formulas
for (A f)(m) in the proof above is to make the proposed equality of these two expressions
a universal polynomial identity, and establish it by g-differentiating the equation

n
> fb X) Y enp
k>0 n>0
m times, dividing by F4(X), and then equating coefficients of X".
Although the g-Mahler expansion is treated above for a single function f € C(Z,, K), we
will look in Section 5 at an example of a family of functions f, € C(Zy, K) that depends
continuously on ¢ and consider the expansion of f, relative to the g-Mahler basis.

4. PROPERTIES OF g-MAHLER EXPANSIONS

We now go through properties of g-Mahler expansions that are analogous to properties
of Mahler expansions. Throughout this section, |q¢ — 1] < 1.

First, note that {¢ € K : |¢ — 1] < 1} is a multiplicative group, unlike the parameter
set that arises for g-series over C, the open unit disk. So we can also consider 1/g-Mahler
expansions.

THEOREM 4.1. Let |¢ — 1| < 1, f € C(Zy, K) with q-Mahler coefficients ¢y, 4. Then
(9) SUPgzez, |f(2)] = maxp>o [cn,ql-
(i) flz+1) = Enzo(qncn,q + Cn+1,q) (z)q-
(i) f(z +y) = Xnso(AGH) W) (),
(i) f(=2) = L0 eng(=1)mg "2
(v) (2)qf (#) = 2on>1(n)gleng +4" len-1,9) (ﬁ)q'

Proof. Part (i) follows from the g-Mahler Inversion Formula, or from the first proof of
Theorem 3.3.

Part (ii) is a special case of part (iii) or can be done on its own. For part (iii), note
f(z+y) = (EYf)(z) and the nth ¢g-Mahler coefficient of EYf is (A7 (EYf))(0) = (A} f)(y).

Part (iii) can also be proven by using the g-Vandermonde formula and an interchange of
a double sum, which is Mahler’s original method at g = 1.

For part (iv), use (2.5). Note that the expansion given in (iv) is related to a 1/¢g-Mahler
expansion, which can be explicitly computed using Theorem 3.1.

For part (v), use (n)q(i)q = (w)q(i:})q.

]

In light of (iii), (A} f)(y) should be called the nth g-Mahler coefficient of f at y.

As with Mahler expansions, a function Z, — K with a pointwise representation as
Y cng (fl)q must be continuous, since ¢, 4 — 0 by looking at z = —1.

Let’s see how the difference operators act on g-Mahler expansions. For g = 1,

2 (Zo(i) ) =T ()



but for general ¢ (2.10) implies

(4.1) AP 3 g (J) = cmiigd™ (J) ;

§>0 >0

which is not a ¢g-Mahler expansion, because of the term ¢™*. So using the operator
(@7 f)(x) = ™ (A7 f)(x), we can write this instead as

(5 ), ) ),

>0 >0

The formula in part (v) of Theorem 4.1 can be extended to (T“fl)q f(z), computing the nth
g-Mahler coefficient by (2.14) and (4.1) for n > m:

5i((2) )0 = 3 (0) (35(2) o (s4r)

- (”)q (A7 f) (m)

m

(D)

We now discuss the relation between differentiability and ¢-Mahler expansions. When
g = 1, Mahler shows in [18, Theorem 3], [19] that f € C(Z,, K) is differentiable at y if and
only if limy, 00 (A™f)(y)/m = 0 and then

(4.2) IHOEDY M(_l)m—l_

m
m>1

The extension of this result to general |¢ — 1| < 1 involves the p-adic logarithm, whose
properties we will summarize for the convenience of readers outside of number theory.
These readers should notice in particular part (iv) below, which says the p-adic logarithm
is locally an isometry.

LEMMA 4.1. (i) The series log,(1+2) = Y1 (=)7L /0 converges at z € K if and only
if |z| < 1. N

(i) If Jug — 1], |ue — 1] < 1, then logp(u1u2) = log, (u1) + log, (us2)-

(i44) For |qg — 1| < 1, limg_,o 27— = log, ¢.

() If lu—v| < (l/p)l/ p—1), then |log, u — log, v| = |u — v|.

v) log, u =0 19/ and only 1f u 1s a pth power root of unity in K.

log, u = 0 if and only if u is a pth ity in K
(vi) If|C — 1| <1 and (™ =1, then limy_, —22% = L,

qgm—1 m
Proof. 1) |z|" < |2™/n| < n|z|".

ii) See [12, Prop. 4.5.3].

i) For o £ 0, (¢° — 1)/ = X1 (g — 1)"/n) (71) and (g — 1)"/n = 0 by (i),

iv) By (ii) we may take v = 1. The first term of the series for log, u is u — 1. For u # 1,
all the remaining terms have size less than |u — 1| since for n > 2, the unique minimum of
|n|V/(n=1) = (1/p)ord(™)/(=1) occurs at n = p.
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v) For any integer r, log,u = 0 if and only if logp(upr) = 0. For r large, |[u”" — 1| <
(1/p)/®=1) and by (iv) the only z with |z — 1| < (1/p)"/®=1 and log,z=0is z=1.

vi) (log, q)/(¢™ — 1) = log,(¢/¢)/((¢/¢)™ — 1) and lim, ;1 (log, u)/(u™ —1) = 1/m since
limy,,1(log, u)/(u — 1) = 1 from the definition of log, .

O
LEMMA 4.2. Let g: Z, — K be continuous on Zy —{—1}, with g(z) = 3,50 en (S ) forx #
—1. Then g is continuous at —1 if and only if ¢, — 0, in which case g(—1) = Z”>0 Cn (_nl)q.
Proof. The “if” direction is clear. For “only if”, continuity of g at —1 is the same as
continuity of g on Z,, by our hypothesis. Letting  run through the nonnegative integers,

we see by the g-Mahler Inversion Formula that ¢, is the nth g-Mahler coefficient of g, so
we’re done by Theorem 3.3. O

Here is the test for differentiability with g-Mahler expansions. Compare with formulas
for the derivative in (4.2).

THEOREM 4.2. Let f € C(Zp, K).
(i) When q is not a (nontrivial) root of unity, f is differentiable at x € Z, if and only if
limy, 00 (A7 f)(2)/(m)q = 0, in which case

'(p) = log,, ¢ (A f)(z) _1ym—1,—m(m—1)/2
f()_q_lmzzzl (m)q (1) q .

(ii) When q is cfvroot of unity of order pN (N > 0), f is differentiable at z € Z, if and
only if lim;_, o, (A} lf)(a:)/le = 0, in which case

PNy (o
f'(x) — Z (Aq ]\«]];)( )(_1)l71'
I>1 p
Proof. (i) For h # 0, f(z +h) = f(2) + X,51(A7f) (@) (}n) , by Theorem 4.1. Therefore
flea+h)—flz) _ m L(h
=10 S apney (L)

m
m>1 q

- (87 (1)

m>1

Since (h),/h = (¢" —1)/(h(g — 1)) is continuous at all h € Z, — {0} and its limit as h — 0
logp

# 0 (even if ¢ = 1), the function (h),/h is continuous and nowhere vanishing. So
by Lemma 4.2 (with h — 1 as the variable), f'(z) exists if and only if (A7*f)(z)/(m)q — 0
and then f’(z) has the indicated form.

(ii) We consider only suitably small h, say h = p"z for z € Z,. For z # 0,

T NZ - xz NZ
fla+p™z) - fz) _ Z(A:znf)(m)icj > ’
q

PNz m>1 pNz\ m

(722) = {071
m /. |0, if p fm,
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and by (3.1),



SO

flz+pN2) — f(=) Ny K
_ AP s
N
oy @) (e
— pNl 1-1)°
Apply Lemma 4.2 (for ¢ = 1) with z — 1 as the variable. O

0gpq 1 _ logyg

g—1 (m)g = ¢m-1’
Lemma 4.1(vi) shows that for g a root of unity, (log, ¢)/(¢™ — 1) equals 1/m when ¢™ =1

while

. . . I
Let’s unify both parts of this theorem. For ¢ not a root of unity,

and equals 0 otherwise. Moreover, if g is a root of unity of order p”, then (p N_ll—1)q = (=1)"1
for I > 1. So for any |¢ — 1| < 1, a root of unity or not, f is differentiable at z if and only

if limy, 00 (A7) () ‘l;,)fp_ ’i = 0, in which case

o) = Y apne et ( )

m —
> q m—1

In particular,

log, q -1
! _ /4
f (0) - Z CTTL;qqm -1 (m_ 1)(1

m>1

When f(z) = Y ¢, (¥) is differentiable and f” is continuous, Mahler [18, Theorem 4] gives

n
the Mahler expansion for f’:

(43) Fa) =Y | S| (2).

n>0 \j>1 J

For the g-analogue, we use the following g-analogue of [22, Prop. 47.4]:

€z Y
()= (4)] <41 -
n n

LEMMA 4.3. Letn > 1, pF <n < pktl,

(i) When q is not a (nontrivial) root of unity,

(), (),

(i) When q is a root of unity of order p"¥ (N > 0) and z = y mod p",

(), (),

Proof. i) Let x = y + 2z, so by Theorem 3.1,

(fL)q - (i)q - ]2; % (j ~ 1)(1 (n Y j) qu(?H-jn)’
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oF <n<phtl =

1 o). — 1 max(lg — ord(z—y)
< —I(p’“)q\K )g = (¥)q] < ] (Ig — 1], 1/p)> .

< pFlz —y|.




hence

< max @ =
1<5<n | (7)q

|I() = (¥)ql-

mak |(p )

(Z”)q_ (z>?

7
z=y=rmodp, 0 <r <pV —1. Writez =pVa! +ry =pNy +r
! !
0<s<pV—1,s0pFN << pktt=N_ Then (i)q— (Z)q =) -G Z)q, so (knowing

the case ¢ = 1 already)
.’El yl _
() - ()] <o w1 = M1z

2\ _ () | <
g \ g

If | — 1| < (1/p)Y®1) then part (i) reduces to |(2)q - (Z)q| < pF|lz — y|, which (for

g € Z) is a special case of [8, Theorem 4.5].

Here is the g-analogue of the Mahler expansion of f when f’ is continuous, extending
(4.3).

N

O

THEOREM 4.3. Let f(z) = >, Cn,q(z)q be a continuous function from Z, to K with a
continuous derivative. The g-Mahler expansion of f' is

log,q [ —1 . z
f’(.’IJ) = Z ncn’q logp q + Z Cn—f—],q]—pl ( ) q m <n>
q q q

-1
n>0 §>1 J

log q N T
| (TR TSR T
q

n>0 j>1 n
m log . log,, ¢
Proof. Apply limp, (A7 f)(z ) p =0atz=0,1,2,... to see limy, Cntmyggnt =0
for all n € N.
For y # 0,
e ) ) _ 5 (18400 —ena) (2
Yy n>0 Yy "/ q
By (4.1),
An — Cp yn ]. . 1
QD) —ena _, (q ) + D entiad™ - (y> '
Y Y = y\i/,

How does each term behave as y — 0?7 The first term tends to ¢, 4 logp(q") = Ncp,q logy g
For the other terms,

stV - ezl 1 (=1
y\i/, y ¢-1\7-1/,




This calculation is valid only if ¢/ # 1, but the result is true if ¢/ = 1 by using (3.1). So we
expect

log, g 1 i(ie1)/2— T
@) @)= Y nenglonyat Y enag g (-1 g0 | ()
n>0 j>1 q
log,, ¢
71
coefficients of f’ in (4.4) do make sense, we don’t yet know

log,q [ —1 )

i E : : —jn _

RS nriag 1\j-1) 17 T 0,
Jj>1 g

However, though we know lim; . ¢nj 4 = ( for each n, so the putative g-Mahler

so convergence of the infinite series over n in (4.4) is not clear. To get around this, we use
the idea of Mahler from his proof of Theorem 4.3 at ¢ = 1, namely by the hypothesis of
continuity of f’ it suffices to verify (4.4) when z = m € N. In this case the sum over n
becomes finite:

fm+y) - f(m) _ Em: tng (qyn — 1) +)° cn+j,qqn(y_j)1 (y) (Z) '

Y ot Y = y \J

The outer sum is finite, so to verify termwise evaluation of lim,_,q all we need to do is check

() -1
1m c ig— . =cC ig—— | .

uniformly in j (but perhaps not in g or n).
Case 1: ¢ is a root of unity of order p', so lim; ;o0 Cptj,q/7 = 0, as j runs through multiples
of p".

If ¢ # 1, then (i’.)q =0 for |y| < 1/p™.

If ¢ = 1, say j = p~j’, then

I _ 1/y _ _ 1/z—-1
yl_%cnﬂ,qy j q—zl_%cnﬂ,qj 1 —1)

We consider the difference

1/z-1 1/ -1 Cntijq z—1 -1
Cn+j,q= — Cp4jq= = — - .
SRRV AV R VT RN Yt VAR

Choose a power of p, say p", such that |c,4j4/j| < 6 for j > p” (and pV|j). For j < p’,
(;,:11) — (') has size at most p"~!|z| by Lemma 4.3.

3=
. 1 (y) log, q ( -1 )
imceptio—| "] =cnrig———1 . ,
I n+J,qy il, "+ng -1\j-1/,
uniformly in j.

Therefore
Case 2: ¢ is not a root of unity.

SO logp q 7é O, hence hmj_)oo c;j"‘j,lq =0.
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Since

Cnt 1(y> et IOgPQ(—1> _ Cntjgq qy—]_(y—l) —log q( —1)
n+7, . n+5,4 7 4 | - = /= . .
My\i/, Mg —1\j -1/, ¢g-1\ vy \i-1/, “PN\i-1/,
— Ontia ~1
qﬂ—l( y Og”q) <j—1 L
cn+j,q1 y_l . -1
qj_1°gpq((j—1 , \U-1/,)

lim —c’?“’q (y B 1) — ( -1 > =0
y—0gl — 1 j—1 q j—1 p
ord(y)

uniformly in j. For § > 0, choose p" 50 |cp4jq/(¢ —1)| < 6 for j > p. For j < p", Lemma
1
Tﬂmw(lq—ll,l/p) )
q

which is < § for ord(y) large enough. O

we need to show that

So for f' continuous and ¢ not a root of unity,

1 . . s )
Pla) = 228 (g = e + Y S (-ayimigamran | ()
q

qg—1 7>0 > (J)q

while for ¢ a root of unity of order p',

rn =3 | ey (1)

el S
- plVlj

The Mahler expansion characterizes analyticity: > ¢, (z) is analytic if and only if ¢,, /n! —
0 [22, Theorem 54.4]. For example, the function ¢* is an analytic function of z if and only
if |g — 1| < (1/p)/®=1 in which case its mth Taylor coefficient at z = 0 is (log, @)™ /m!.
For other ¢, |¢?" — 1] < (1/p)Y/®=1) for r large, so (z), is locally analytic.

To describe analyticity in terms of g-Mahler expansions, we only consider |¢ — 1| <
(1 /p)l/ (P=1) | since this is the region of ¢ where the functions (i)q are all analytic. For such

¢, |(@)q| = |z|. In particular, |[n!| = |(n)4!].
LEMMA 4.4. Let a1,b1,...,am,by € K with |a;|,|bj| < 1. Then
larag - --- - an — bibg - - - b,| < max|a; — bj|.
Proof. In Og /(a1 —b1,...,an —by), a1...ap = by ... by,. O
THEOREM 4.4. For |¢—1| < (1/p)Y/®=1), Y ¢, (fL)q is analytic if and only if ¢, /(n),! — 0.

Proof. As with the first proof of Theorem 3.3, we’ll get the result for general g from the
case ¢ = 1 by Lemma 3.2.
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Let A(Z,,K) ={f(z) =) anz" : a, € K,a,, — 0} be the analytic functions from Z, to
K. It is a K-Banach space under the norm ||f|| = max|ay,|. (This norm does not generally

coincide with the sup-norm over Z,, e.g., ||z — z|| = 1, but |2? — z|sup = 1/p.)

Writing

T
n_\"p I — 1) = '
Zan37 Z nZ (T ) (z—n+1) Zn n(n)a

we see ap—bp, € Z[[byy1,bp12,-..]], so max |a,| = max |b,|. Therefore the norm in A(Z,, K)
of an analytic function written as 3 ¢, (%) is max|cp/n!|. In other words, the functions
n(f)=z(z—1)----- (z —n + 1) are an orthonormal basis of A(Z,, K).

The theorem amounts to showing the functions (n),! (fb)q = (z)q(z—1)g -+ (x—n+1), are

an orthonormal basis of A(Z,, K). To show this we compare these functions to n!(7) in order
to use Lemma 3.2. By Lemma 4.4, it suffices to find an ¢ < 1such that |[(z—j)—(z—j)|| < ¢
for all 7 € N. Well,

lo lo lo B
45) w2 -1) gy et S BBy
q q 1 r>2
We want a uniform upper bound < 1 on the Taylor coefficients. (The definition of the
norm on A(Zjy, K) is based on a Taylor expansion around 0, but recentering the series at j
does not affect the maximum size of the Taylor coefficients.)
The coefficient of z — j on the right side of (4. 5) is

]ngq _ Z q B 1 1)n71.
n>2

Note |(g — 1)* !/n| < |(g — 1) !/n!|. By Lemma 4.1(iv), the coefficients of the higher
powers of z — j in (4.5) have size

log, ¢ (log, )" *

qg-—1 7!

7!

_ ‘(q— n

So provided sup,sq|(g — 1)"~'/r!| < 1, we're done. Letting s,(r) be the sum of the base p
digits of r,

‘ (@-D*

. = |g— 1‘T*1p(rfsp(7"))/(pfl) <lg— 1|7"*1p(r*1)/(p*1) <|g— 1|p1/(p71)_

O

COROLLARY 4.1. For |g— 1| < (1/p)"/®=V) and |t| < 1, (1 +1)®9 is analytic on Zy, if and
only if [t| < (1/p)"/®=1).

We now connect the work here with that of van Hamme and Verdoodt. They consider
the following. Let a,q € Z,, perhaps ¢ # 1 mod p, and assume g is not a root of unity. Let
V, denote the closure of the set {ag"}n>0 in Z,. It is a compact subset of Z,, and open
since ¢ is not a root of unity. As ¢ — 1, V, “shrinks” to {a}. In [23], van Hamme proves
every continuous function f: V; — Q, has the form

(4.6) flz) = Z %(m — q)m9)
n>0 7
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for x € V,, where (D,f)(z) := (f(qz) — f(z))/(gz — z) is the g-derivative, Dy its nth
iterate. Note that the domain V; of the function depends on ¢ and a. Having (n),! in the
denominator of (4.6) keeps g away from roots of unity.

When ¢ € 1+ pZ, and is not a root of unity, (4.6) is essentially a g-Mahler expansion.
Indeed, in this case the elements of V;; have the form z = ag? for unique y € Z,, in which
case

(Df}f)(a) o — a0 — (Df}f)(a) ad? — )@
(D AY(a) . a1 D@ =) (g ="
= i@ T e S e g - D
= (D" f\(a) - a"(qg — 1) n(in—1)/2 (Y )
Dpte) e - (1)

This last expression has an alternate form by [23, Lemma 3]:
n
D@ - aa = 0" V2 = 0D (1) fagn
k=0 q
This goes back to Jackson [14, Eq. 12].
Letting g(y) = f(aq¥) be the pullback of f to a continuous function on Z,, van Hamme’s
expansion (4.6) becomes

g(y) = (zn:(—l)'“q’“(’”)/2 (Z) qg(n - k)) (i)q

n>0 \k=0

which is the g-Mahler expansion of g. But ¢g-Mahler expansions do allow ¢ to be a root of
unity, as well as to lie outside of Q,, though subject to the restriction |¢ — 1| < 1. In [6],
a g-analogue of Mahler expansions will be described for ¢ € K, |g| = 1, that will reduce to
van Hamme’s expansion when ¢ € Z; and ¢ is not a root of unity.

In [24, Theorem 3], van Hamme gives a remainder formula for the Mahler expansion.
For a complete extension field K/Q, and a continuous function f: Z, — K with Mahler
coeflicients ¢,

(4.7) flz)=co+c G) +tep <Z> + APFLE (n)

where ' is a modified convolution of continuous functions that we now recall. For two
continuous functions g and h from Z, to K, let g * h: Z,, — K be the p-adic interpolation
to Z, of the function N — K given by n — >}, g(k)h(n — k). (For a proof that this
sequence interpolates, see [22, Exer. 34.E, Exer. 52.J] or [24, Lemma 1].) The operation *
is an associative, commutative multiplication on C(Z,, K) and |g * hlsup < |g|sup|P|sup- By
definition, (g #' h)(z) := (g * h)(z — 1). Since A""'f — 0 in C(Z,,K), (4.7) is a Mahler
expansion with remainder.
Here is the g-Mahler expansion with remainder.

THEOREM 4.5. Choose ¢ € K with |g —1| < 1 and f € C(Z,,K). Letting coq,c1,4,-.- be
the q-Mahler coefficients of f,

T T .
f(z) =coq+ Cl,q(l) +toteng (n) + Af}“f * (n) )
q q q
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Our proof below will be a translation of Verdoodt’s ideas in [25], where she proves a
version of this expansion with remainder for functions on the sets V,. To simplify the
comparison with [25], we write the variable in Z, as y.

For y € Z,, set U, (y) = ¢, so Up(y) = (g)q. (The functions Uy, = Uy, 4 were already

used in Section 3.)
LEMMA 4.5. For anyn >0, f = f(0O)U, + (E — ¢")f ¥ Uy,.
Proof. We evaluate the right hand side at y = m € Z™:

m—1
(B —=q")f « Up)(m) = Z(f(z 1) — g"f(i))gnm1D
i=0
m—1 m—1
= Y fi+1)g"m ) — N p()gnim )
=0 =

= f(m) = F(0)¢"™.

]
LEMMA 4.6. For all n,
N\ .
Unt1* (n>q N <n—|— 1>q'
Proof. Using the first recursion in (2.3),
m _ (M- 1 + gt m—1
n+1/, noJ, n+1/,
m—1 m — 2 m — 2
- < ) -I—q"“( ) -|-q2("+1)< +1>
n/yq n/q n q
~1
_ e (m -1 Z) i(n+1)
i=0 " q
— U@+ (V) aty=m-1
"/ q
= Uni1(y) ¥ (y) at y=m
"/ q
]

Now we prove Theorem 4.5.

Proof. For y € Zy,

fly) = fOU+(E-T)f+Up
= fO)+Af+ U
= fO)+ ((Af)O)WU1 + (E — q)Af +"Uy) +' Uy by Lemma 4.5
= f0) + (AF)(O) Uy + Up) + AZF ' (Uy *' Uy)
= f(0) +

(AF)(0) G)q +A2f G)q by Lemma 4.6.
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Assuming
10 =10+ 80} + @00 () vagre ()

apply Lemma 4.5 at n + 1 with the function AZH'I f, and then use Lemma 4.6. O

It is left to the reader to extend the g-Mahler expansion and some properties of it in this
section to the case when K is a complete field of characteristic p or a complete commutative
Z,-algebra.

In addition to the g-numbers and g-binomial coefficients we have used, the study of
quantum groups has focused attention on the g-analogues

Q" =q" a1 a3 1 1 1
nlgi="— T =4 HT A am t am = ma (e
1
[n]g! := [n]gln —1g----- [1]q = n-1)/2 (n)g2!,
and
[m] [m]q[m - 1]q """ [m —n+ 1]q _ 1 (m)
nl, [n]g! ~gtm=mn\n )

The extra property these have is invariance when ¢ is replaced by 1/q.
All the properties of (') have analogues for [] | such as
q nlq

m
=y = ~lnles (g = [l lmnly = b, || € 2001/
q
[—m] _ (1) [m+n—1] ’ [m1+m2] _ Z {Tm] [m2] gmei—m
" lq " q k g ikt gl J lg
That [mq is related to (") ;2 Tmeans there is a different formula for 7] ¢ in the case when

¢ is an odd or even order root of unity.

For |g— 1| < 1, we get a continuous extension [Z]q = (1/q"(z_”))(2)q2, and |[£]q - <
|g — 1|, so the functions [2] . form an orthonormal basis of C(Z,, K).

It is left to the reader to formulate all the results of this paper so far in this context.
As an example of some differences, let £,(X) = > X"/[n],!. Then & ,,(X) = &(X) and

Eq(X)E¢(Y) equals
1 " n o X+Y/q" )X +Y/g"3) - X+¢v'Y
ZW(ZMX Y)=Z( HY/Q X Y] (X g Y

]
n>0 m= n>0 [n]q!

where powers of ¢ in consecutive terms of the product on the right hand side differ by two.
Set

n
(C+ VI (X V) )4 Y) ) (Kb ) = Y |
k=0
50 E¢(X)Eq(Y) = 30 (X+Y) 4 /[n] !l and (X +Y) ") = (X 4¢"Y)md(X +Y /g™) I,
Note (X — X)[™9 £ 0 if n is even. In particular, £(X)E,(—X) # 1, and there doesn’t seem
to be a simple formula for the coefficients of £,(X)~!. For example,

g+l -2 +2" ¢ +2¢° —29+1

@?+1 1+¢>)(1+¢+4)
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and the numerator of the coefficient of X is irreducible in Z[q].
We define polynomials i, (q) by E(X)™t = 3,50 n(q)X™/[n],!, using the notation p
by analogy with combinatorial inversion formulas. Then

10 =3 0ualt] = g =[] sm-starin

n>0 q k=0
5. THE p-ADIC g-GAMMA FUNCTION

To illustrate the possibility of using g-Mahler expansions with a family of functions
depending continuously on a parameter, we consider Morita’s p-adic Gamma function I,
and its g-analogue I'; ; as defined by Koblitz.

For a nonnegative integer n, Morita [20] defines

. (=1)ntip!
T,(n+1) = (-1)"*! H j=
AL 9=
(p.j)=1
for n > 1 and I',(1) = —1. Morita’s proof that I, is p-adically continuous is based on

congruence properties of the sequence {I'y(n + 1)}. For our treatment here, it is Barsky’s
proof [1] of the continuity which is of primary interest. Barsky’s method is based on the
identity

—1)"HT 1
(5.1) Z( ) f’(n+ ) xn — (14X +---+ XPHeX/p,
n:
n>0

which implies that the Mahler coefficients 7,(n) (say) of the sequence I'y(n + 1) satisfy

(1) 7p(n) -
(5.2) Do X = (L X e XTI,
n>0

Writing eX+tX7/P = S (byn/n!) X", estimates of Dwork [17, p. 320] imply by, — 0
p-adically as n — 0o, so T,(n) — 0 as n — oo. Therefore T, extends continuously from N
to Zy,.

We recall Dwork’s proof that b, — 0. Multiply exp(X + X”/p) by the additional terms
exp(XP /p’) for 7 > 2 and then remove them:

J .
(5.3) eXHXP/P — exp Z ﬁ H e XTI
j=20 P Jj22
We want to show exp(X + XP/p) is in the space of p-adic divided power series > ¢, X" /n!
where ¢, — 0. Such series form the Leopoldt space. It is a Banach algebra when we
norm such series by sup |c,|. Since exp(} >0 X P’ /p7) is the Artin-Hasse series, which has
Z,-coefficients, it is a Leopoldt series. (Any series with bounded coefficients is a Leopoldt
series.) By a direct calculation, exp(+X?' /p/) is a Leopoldt series and — 1 in the Leopoldt
norm as j — oo. So by completeness the right side of (5.3) is a Leopoldt series. Thus
bpn — 0.
For |¢ — 1] < 1, the g-analogue T’ 4 of ', is defined by Koblitz [16] by

J—1 .
Dpgn+1) = (-)"* [ T—== (0" J] G+q+-+d™
15<n 47 1<j<n
(p,j)=1 (p,j)=1
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for n > 1 and Tp4(1) = —1. For fixed ¢ with 0 < |¢ — 1] < 1, Koblitz shows that
the sequence I', 4(n + 1) p-adically interpolates to Z, by comparing I', , with I';, whose
continuity is already known. There are alternate proofs of the interpolation for I'p, (cf.
[5]), but we would like to have available a proof of the interpolation based on Barsky’s
method, proceeding as follows.

For any integer j, (j)q; = (J)g, mod g1 — g2, 50 [I'p g, (n+1) = Tpg,(n +1)| < g1 — gal-
Thus p-adic interpolation of I'y 4(n + 1) for general g will follow from that for a dense set
of g. So we may suppose ¢ is not a root of unity, making (n)!, nonzero for all n.

In this case, which we may assume we are in from now on,

(D" )y ()™)Y

RS | A 7 S Ty

Following Barsky, we consider

(_1)n+lrp,q(”+1) n o _ 1 n
> Xt =Y X

= (n)!q 250 ()P ([n/p])!go

1
_ X;um—i—r
 (p)y (m)!go

= 1+X+---+XxPh Z (X?/(p)g)™
m>0 (m)!qp
= 1+ X+---+XP HER(X?/(p),)

Let 7, 4(n) be the nth g-Mahler coefficient of the sequence I', ;(n + 1). We want to show
Tp,g(n) = 0 as n — oco. Continuing with the above calculations, we obtain

-1 n+1
> CU Toaln) ,T”’q(n) X" = (14X 4+ XPT)Ey(—=X) " Ew(XP/(p)g)
7>0 (n)lg
= 1+ X4+ XPHYE ,(X)Ep (X /(p)g)-
Comparing this with (5.2) shows the g-analogue of eXTX”/P is apparently

By jo(X)Ep(XP[(p)q) = (B1/q(X)Eyyq(=X)) - Eg(X)Ep (XP/(p)g)-

By the g-Mahler theorem, the existence of a p-adic interpolation for ' 4(n + 1) is thus
equivalent to the fact that, when we write

El/q( ) qP Xp/ pr)q) ’

n>0
the sequence b, 4, tends to 0 as n — oo. This suggests looking at a g-Leopoldt space,
namely the g-divided power series ) ¢, X"/(n)!; where ¢, — 0. By a direct calculation
for j > 2, Equ (ij /(p’ )g) is a unit in the g-Leopoldt space, so carrying out a g-version of
Barsky’s argument comes down to checking that a g-analogue of the Artin—Hasse series,

(5.4) By (X HE (X" /("))
j>1
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is in the g-Leopoldt space. (Since E/4(X)E;/4(—X) is a unit in the ¢g-Leopoldt space, we
can replace Ey,,(X) with E;(X) in (5.4) without affecting the property of being or not
being a g-Leopoldt series.)

Here we are left with a gap, as we do not see how to establish (5.4) is a g-Leopoldt series
without referring to the preexisting fact that I'y ,(n + 1) interpolates. Is there a method of
analyzing (5.4) without using anything about I, 4, and ideally also not relying on the case

g = 1 first? It may be possible to carry out this task more easily when |¢—1| < (1/p)Y/®~ 1,
but ultimately there should be an argument valid for |¢ — 1| < 1.
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