ON WEIL’S PROOF OF THE BOUND FOR KLOOSTERMAN SUMS

KEITH CONRAD

ABSTRACT. While most proofs of the Weil bound on one-variable Kloosterman sums over
finite fields are carried out in all characteristics, the original proof of this bound, by Weil,
assumes the characteristic is odd. We show how to make Weil's argument work in even
characteristic, for both ordinary Kloosterman sums and sums twisted by a multiplicative
character.

1. INTRODUCTION

For any finite field F, of characteristic p, and any a € F, the corresponding Kloosterman
sum

Ki(g.a) = Y 5 "),
z€Fy
where Tr = Trp /g, is the trace from Fy to F), satisfies the Weil bound
1) |K(q,0)] < 2//4.

While there are several different proofs of (1) in the literature, such as [1], [5], [11,
pp- 86-87] and [12], most citations refer to the proof in [12] (or [13, App. V]) by Weil
Characteristic of Weil’s proof is his use of Salié’s formula

27i
(2) Kl(g,a) = Y n(y? —4a)e » "),

yeF,

where 7 is the quadratic character on F;. There is a quadratic character on F; only for
odd ¢, which has led to the impression that Weil’s argument does not work in characteristic
2. Indeed, expository accounts of (1) which rely on Weil’s proof either ignore the case of
characteristic 2 or give a completely different argument in characteristic 2.

The proofs of (1) listed above, other than Weil’s, apply to odd and even ¢q. Our purpose
is to add Weil’s proof to that category. We will show Weil’s technique is capable of proving
the bound (1), as well as a bound on twisted Kloosterman sums, for any ¢, despite the lack
of quadratic characters on FJ;.

There are at least two reasons to suspect Weil’s idea should extend to characteristic
2. First of all, Salié’s formula expresses Kloosterman sums in odd characteristic as a sum

Zb(y)e%ﬁ(y) with the function b(y) taking values in 0 or {£1}. Kloosterman sums in
characteristic 2 also look like this by their definition. This reason is not as compelling as
the next reason we give, but it was the initial motivation.

The second reason to expect an extension of Weil’s proof to characteristic 2 comes from
the way Weil introduces the quadratic character n into his argument, for odd ¢. This
character appears only as an intermediate device in the composite map

(F[T)/(T? = ))* = Fy — {£1},
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where the first map is the norm and the second is 7. (This is clearer in [13] than in
[12].) Here c is a suitable nonzero element of F,. The overall effect is to give a quadratic
character on (Fy[T]/(T? — ¢))*, and this overall effect can still be achieved for even g since
(F,[T]/(T? — ¢))* has even size.

For applications where Kloosterman sums over finite fields arise just over the prime fields
F,, such as the Kloosterman-Selberg zeta function, Weil’s proof of (1) for odd prime ¢ is
adequate (insofar as sums over finite fields are concerned) since the case ¢ =2 (so a = 1)
can be checked directly. While the Weil bound for ¢ = 2, a = 1 does imply the Weil bound
for ¢ = 2", a = 1 by the Hasse-Davenport relations for Kloosterman sums [2], when ¢ is a
higher power of 2 there are more choices of a available than just a = 1. Kloosterman sums
for ¢ a higher power of 2 are particularly of interest in coding theory [8].

Rather than refer the reader to Weil’s proof in order to see the similarity between our
arguments in characteristic 2 and Weil’s in odd characteristic, we treat here both odd and
even g. Thus there will be a certain amount of overlap with Weil’s proof.

I thank Ron Evans for his remarks on an earlier version of this paper.

2. THE BASic CHARACTERS

Pick ¢ € FX. Unlike FX, the group (F,[T]/(T? — ¢))* is even whether ¢ is even or odd.
For g odd, let n be the quadratic character on F;. Define a quadratic character 1. on
(F[T]/(T? — c))* by

n(f(Ve)f(=vc)),  ifqisodd,
YelJ(T) = {(_1)ﬁ(f’(x/5)/f(x/5)), if g is even.

For odd ¢, f(v/c)f(—+/c) lies in Fy whether or not c is a square. For even ¢, we are using
peculiarities of characteristic 2: /c lies in F;* and f(T) + f'( /c) is well-defined modulo
T? — ¢. Concretely, for any ¢ and any linear polynomial by + b7 in F,[T] which is prime
to T? — ¢,

(b3 — cb?), if ¢ is odd,
Pe(bo +01T) = {(_1)’1}(b1/(b0+b1\/5))’ if ¢ is even.

For any ¢, define a character vg: (F,[T]/T%)* — C* by

2mi ’
Po(f(T)) = e » ZU(O/I0)

For by + by T prime to T?, 1pg(bg + b1T) = o i Tr(ba /bo)

Define the character ¥, on (Fy[T]/T%(T? — ¢))* by ¥, = 1p1.. We'll show in Theorem
2 that the L-function of ¥, has a Kloosterman sum as a coefficient. For odd ¢, a character
used by Weil in [13, p. 320, §11] (denoted there as A) is similar to ¥, except, as we will see
shortly, for the places where the characters ramify.

As with Dirichlet characters, we will say a character ¢ on (F,[T]/M(T))* is primitive if
it cannot be defined modulo any proper factor of M (7).

Lemma 1. The character ty is trivial on F; and is primitive.

2mi
Proof. We check the second part. Since 1o(1 + b7T) = e ) ig not equal to 1 for some b,
1y can not be defined modulo T'. O

Lemma 2. For c € F}, the character 1. is trivial on Fy and is primitive.

Proof. We check the second part. If ¢ is odd and T? — ¢ is irreducible, then F,[T]/(T? —c) =

F 2 is a field and ¢ =no Nqu /F, 1s nontrivial, so it is primitive. If ¢ is odd and T? —cis



ON WEIL’S PROOF OF THE BOUND FOR KLOOSTERMAN SUMS 3

reducible, then (F,[T]/(T?—c))* = F xF and 1), is the product of  on both factors. Thus
1)c is not trivial on either factor. Finally, if  is even, then Fy[T]/(T?—c) = F [T]/(T —/<)?,
and the argument is the same as in the previous lemma. O

Lemma 3. For c € FY, the character U, = 1hotp. on (Fg[T|/T*(T? —c))* is trivial on F
and is primitive.

Proof. Use Lemmas 1 and 2. O

The following theorem contains a version, adequate for our needs, of the functional equa-
tion and Riemann hypothesis for L-functions. It is stated in a very concrete form, while
the proof amounts to describing this L-function in a more conceptual way by unwinding
definitions.

In our application to Kloosterman sums, the polynomial M (7T) in the following theorem
will be T2(T? — ¢) for suitable nonzero c.

Theorem 1. For nonconstant monic M(T) € F4[T], let : (Fy[T]/M(T))* — C* be a
character which is trivial on ¥y and is primitive. Deﬁne the L-function of ¥ by

(U dj U H 1— Udegir’

(m,M)=1

where m runs over the monic irreducible polynomials that do not divide M (T).
Then L(U,) is a polynomial in U of degree d = deg M — 2, the functional equation

LU, ) = wg**U*L(1/qU, %)

holds, with w a constant of absolute value 1, and the reciprocal roots of L(U, 1)) have absolute
value \/q.

Proof. For any monic M (T') in Fy[T], let Aps be a full set of roots of the Carlitz polynomial
attached to M (T'). For the definition of Carlitz polynomials and a systematic treatment of
the field extensions their roots generate, see [2], [6] or [7]. Our use of Carlitz polynomials
supplants Weil’s use of class field theory in the proof of (1).

The L-function attached to any character w on Gal(Fy (T, Anr)/Fy(T)) is, by definition,

1
ﬁ(U,LU) - H 1 _w(FI_U)Udeg,Ua
{viw(Ily)=1}
where the product ranges over the places v of Fy(T') for which the inertia group I, lies in
the kernel of w, and Fr, is a Frobenius element at v.

There is a natural isomorphism between Gal(Fy(T,Ar)/Fq(T)) and (Fy[T]/M(T))*
analogous to the isomorphism between Gal(Q(p,)/Q) and (Z/mZ)*, which lets any char-
acter ¢ on (Fy[T]/M(T))* be interpreted as a Galois character. Under this isomorphism,
a character mod M is trivial on F; and primitive precisely when its corresponding Galois
character has conductor div(M)y. Any place v on Fy(T) which corresponds to a monic
irreducible 7 not dividing M has trivial inertia group and Fr, is identified with 7 mod M.
The inertia group and Frobenius elements at a place corresponding to some 7 dividing
M can be described in a manner similar to the inertia group and Frobenius elements in
Gal(Q(um)/Q) at a prime p dividing m, but we will not describe this data here. The inertia
and decomposition group at oo is F.

For a nontrivial character w on Gal(F,(T,Anr)/F4(T)), it is known that L(U,w) is a
polynomial of degree d = degf — 2, where f is the conductor of w; the functional equation
L(U,w) = wq?U%L(1/qU,w) holds, with w (the root number) a constant of absolute value
1; and the reciprocal roots of £L(U,w) have absolute value /g (Riemann hypothesis).
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The L-function of 1 in the theorem is exactly the L-function of 1 as a Galois character,
with 1/(1—U) being the factor at the place co. The properties of L(U, 1) which are stated in
the theorem are exactly the properties of £L(U, ) indicated in the previous paragraph. [

3. COMPUTING L-FUNCTIONS

By Lemma 3 and Theorem 1, the L-function L(U,¥,.) is a polynomial in U of degree
4 — 2 = 2. We now compute the polynomial.

Theorem 2. For q odd and c € F;,
L(U,9.) =1+ n(—c)Kl(q,1/4c)U + qU*.
For q even and c € F,
L(U,¥,.) =1+4Kl(q,1/c)U + qU?.

Proof. The coefficient of U in L(U, ¥.) is 1 + > ¥ (T + z), where the sum is taken over z
in F, such that z # 0 and 2% # c.
For q odd, this sum is, following Weil,

1+ Y O (T+2) = 1+ Y 1 2 e /),
:cEFq :cEFq
z#0,++/c z#0,++/c
= 14n(-0 Y n@®—1/er @
z#0,+1//c
= n(-0) Y n(@® —1/c)e 7 @
z€Fy

By (2), this equals n(—c) Kl(g, 1/4c).
For g even, this sum is

14+ Z (T+z) = 1+ Z 1)Tr (/@ +ve)t1/z)
z#0,\/c z#£0,\/c

= Z (_1)“(m/(1+$\/5)+x)
z#1/Ve

— Z(_l)“(y/ﬁ(lﬂl)ﬂ;/ﬁ)
y#1

= Z(_l)“(yQ/x/E(ler))
y#1

= Z(_l)“(z/ﬁﬂ/xfcx)
70

= Kl(g,1/c).

The coefficient of U? (which is irrelevant for proving (1)) can be computed similarly,
albeit more tediously. Alternatively, the functional equation L(U, ¥.) = wqU2L(1/qU,¥.)
forces the root number w to equal 1 since the coefficient of U is a Kloosterman sum, up
to sign, and Kloosterman sums are real and nonzero. Therefore the coefficient of U? is

wq = q. ]
Theorem 3. Fora € F, |Kl(q,a)| < 2,/7.

Proof. Apply, with suitable ¢, Theorem 2 and the Riemann hypothesis for L(U, ¥.). O
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2mi

2mi
The inequality in Theorem 3 is strict, since Kl(g,a) = —1inZle» |/(1—e» ) =2 F,.
We conclude with a treatment of twisted Kloosterman sums

20 Tyt
Kl(g,a,x) = Y x(w)er ")
z€FY
where x is a nontrivial multiplicative character on F,. These sums need not be real, since

Kl(g,a,x) = X(—a)Kl(g,a,x). The bound |Kl(q,a,x)| < 2,/q was first proved in the
literature for odd ¢ by Chowla [3], following Weil’s method. Other methods establish this
bound for general ¢ [5, p. 228], [9, p. 211], and we now show Weil’s method can be applied
to any g as well.

Theorem 4. For a € F; and x nontrivial, | Kl(g,a, x)| < 2,/4.

Proof. When ¢ is odd and x = 7 is the quadratic character on F, the desired bound follows
from the exact formula [10, Eqn. (54), (57)], [14],

07 if 77(0’) = _17

Kl(g,a,n) = {2(:05(277r Tr(6))G(n), ifn(e) =1,

27i
where b? = 4a when n(a) = 1, and G(n) = Zn(m)eTﬁ(z) is the Gauss sum of 7.
From now on we assume x is nonquadratic, which is automatic for g even. Let ®., be
the character on (F,[T]/T%(T? — ¢))* given by

Dy (f) = x(f (V) f (=) x(f(0))%.
The product ®.,¥,, as a character mod T?(T? — c), is trivial on F; and is primitive.
(Primitivity, left to the reader to check, requires x be nonquadratic.) Writing the L-
function of @, ¥, as 1 + A;U + AU?, we have |4;| < 2,/g by the Riemann hypothesis.
By a calculation similar to that in the proof of Theorem 2,

2 ZUT(g) .
(3) A = (xm)(—c) Ezqu (xm)(z* —1/c)e » , if g is odd,
x(¢) Kl(g,1/c, x?), if ¢ is even.
For even ¢, squaring is an automorphism of F, so x(c) Kl(g,1/¢?, x) is an alternate formula
for Ay.

The analogue of (2) for twisted Kloosterman sums, due to Davenport [4, Theorem 5] and
rediscovered by Chowla [3], says for odd ¢ that

G(n)x(4 2mi
(4) Kl(g,a,x) = Elnjx(d) 3 (xm) (2 — da)e » W),
G(xn)
yeF,
provided x is nonquadratic. (This expresses Kl(q, a,x), up to a factor G(n)x(4)/G(xn) of

27d
absolute value 1, as a sum of e p W) weighted by coefficients that are 1 times values of

X- The analogous formula for Kl(g, a, x) when g is even is simply its definition.) Therefore
|A1] = | Kl(g,1/4c, x)| for ¢ odd and |A;| = | Kl(g,1/c%, x)| for g even.
Choosing c suitably, we obtain the desired bound on |Kl(q, a, x)|. O

The Weil bound for twisted Kloosterman sums need not be a strict inequality. For
example, if x is a character of order 4 on Fg;, a computer calculation shows K1(81, —1,x) =
18 = 2,/q and KI(81,as,x) = —18i, where ag is a certain element of order 8 in Fg; which
depends on x. (The 7 in —183 is the same square root of —1 as in the e2mi/P ysed to define
twisted Kloosterman sums.) Assuming these computer calculations are just approximate,
they are exact since K1(81,—1,x) and iKI(81,ag,x) are in Z by Galois theory. I thank
Timothy Choi for supplying these numerical examples.
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For completeness, we write down the L-function of ®., ¥ . for nonquadratic x. When ¢
is odd,

L(U,@0w) = 1+ XDEIENI 5106, 1/16,)0 + X(~40)m(- )G (0

and when q is even,
L(U,®cx¥e) = 1+x(c)Kl(g,1/c* x)U +qU*
= 14+ x(9)Kl(g,1/e,x*)U + qU>.

In these L-functions, the coefficient of U was computed in the proof of Theorem 4. When
the coefficient of U is nonzero, the coefficient of U? can be computed from the functional
equation, just as in the case of untwisted Kloosterman sums. That the formula for the
coefficient of U? is valid even if the coefficient of U vanishes is left to the reader to check.

The L-functions used here to bound Kl(g,a,x) are not particularly elegant, especially
for odd g, since we do not get +Kl(q,a,x) as the coefficient of U in the L-function. This
lack of elegance is somewhat forced by Weil’'s method, since (for odd g) it relies on the
ad hoc formulas (2) and (4). We did not set out to make Weil’'s method enlightening in
characteristic 2 (it is already not enlightening in odd characteristic), but only to show that
in characteristic 2 Weil’s method does in fact work.

REFERENCES

[1] L. Carlitz and S. Uchiyama, Bounds for exponential sums, Duke Math. J. 24 (1957), 37-41.
[2] L. Carlitz, Kloosterman sums and finite field extensions, Acta Arith. 16 (1969/1970), 179-193.
[3] S. Chowla, On Kloostermann’s [sic] sum, Norske Vid. Selsk. Forh. (Trondheim) 40 (1967), 70-72.
[4] H. Davenport, On certain exponential sums, J. Reine Angew. Math. 169 (1933), 158-176; Collected
Works IV, 1462-1480.
[5] P. Deligne, Applications de la formule des traces aux sommes trigonométriques, in “Cohomologie étale
(SGA 4 %),” pp. 168-232. Lecture Notes in Mathematics, Vol. 569, Springer—Verlag, Berlin, 1977.
[6] D. Goss, The arithmetic of function fields 2: the ‘cyclotomic’ theory, J. Algebra 81 (1983), 107-149.
[7] D. Hayes, Explicit class field theory for rational function fields, Trans. Amer. Math. Soc. 189 (1974),
77-91.
[8] N. Hurt, Exponential Sums and Coding Theory: A Review, Acta Appl. Math. 46 (1997), 49-91.
[9] W-C. W. Li, Character Sums and Abelian Ramanujan Graphs, J. Number Theory 41 (1992), 199-217.
[10] H. Salié, Uber die Kloostermanschen Summen S(u,v;q), Math. Z. 34 (1932), 91-109.
[11] W. Schmidt, “Equations over Finite Fields: An Elementary Approach,” Lecture Notes in Mathematics,
Vol. 536, Springer—Verlag, Berlin, 1976.
[12] A. Weil, On some exponential sums, Proc. Natl. Acad. Sci. USA 34 (1948), 204—-207; Oeuvres I, 386-389.
[13] A. Weil, “Basic Number Theory,” 3rd ed., Springer—Verlag, New York, 1974.
[14] K. S. Williams, Note on Salié’s Sum, Proc. Amer. Math. Soc. 30 (1971), 393-394.

DEPARTMENT OF MATHEMATICS, UC SAN DIEGO, LA JoLLA, CA 92037-0112
E-mail address: kconrad@math.ucsd.edu



