INFINITE SERIES IN p-ADIC FIELDS

KEITH CONRAD

1. INTRODUCTION

One of the major topics in a course on real analysis is the representation of functions as

power series

Z anx",

n>0
where the coeflicients a,, are real numbers and the variable x belongs to R. In these notes
we will develop the theory of power series over complete nonarchimedean fields.

Let K be a field that is complete with respect to a nontrivial nonarchimedean absolute
value | - |, such as Q,, with its absolute value |- |,. We will look at power series over K
(that is, with coefficients in K') and a variable x coming from K. Such series share some
properties in common with real power series:

(1) There is a radius of convergence R (a nonnegative real number, or oo), for which
there is convergence at x € K when |z| < R and not when |z| > R.

(2) A power series is uniformly continuous on each closed disc (of positive radius) where
it converges.

(3) A power series can be differentiated termwise in its disc of convergence.

There are also some contrasts:

(1) The convergence of a power series at its radius of convergence R does not exhibit
mixed behavior: it is either convergent at all z with |x| = R or not convergent at
all z with |z| = R, unlike ) -, 2"/n on R, where R = 1 and there is convergence
at r=—1butnotatx=1.

(2) A power series can be expanded around a new point in its disc of convergence and
the new series has exactly the same disc of convergence as the original series. Over
R, a recentered power series often converges at some numbers outside the interval
of convergence of the original series.

2. GENERALITIES ON INFINITE SERIES

Before discussing power series, we set out a few general properties of infinite series over
K. Since our eventual goal is power series, we will write infinite series as ) - ay, with
the indexing starting at n = 0 instead of n = 1. a

The most basic property of an infinite series ), ., an, over K is that it converges if and
only if |a,| — 0: convergence implies the general term tends to 0 by the same reasoning
as with infinite series over R, and conversely the general term tending to 0 makes the
sequence of partial sums a Cauchy sequence in K by the strong triangle inequality, so the
series converges in K by completeness.

Theorem 2.1. Ifa, — 0 in K then |, ~an| < max,>q |an|.
1
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Proof. Let s, = ag + - -+ + a, be the nth partial sum and s = > <, an, = lim, o0 5p. If
s =0then |> ya,| =0 < max|ay|. If s # 0 then |s| = |sy| for N > 0 by the strong
triangle inequality: for large N we we have |s — sy| < |s|, so |s| = |sy|. Since sy has only
finitely many terms,

lsn| = lao + -+ -+ an| < max(lag|, ..., |an]) < I;(ngé(‘aﬂ. O

Theorem 2.2. If ano an and ano bn, converge then ano(an+bn) = Enzo an+2nzo by
and, for each c € K, ano Clp = cano an.

Proof. Let A = % sgan and B =} ~;b,. Then ZnNzo a, — A and Zf:[:[) b, — B as

N — o0, so by continuity of addition and multiplication with respect to | - | we have
N N N
S (an+bn) =) an+> by A+B
n=0 n=0 n=0

and

N N
E cay, = ¢ E a, — cA
n=0 n=0

as N — oo. O

Theorem 2.3 (Comparison Test). If {a,} is a sequence in K and there is a sequence {by}
in R such that |an| < by for n>> 0, then convergence of ), -, bn in R implies convergence

of ano an in K.

Proof. Exercise. This is true for all complete valued fields K using just the triangle inequal-
ity, not the strong triangle inequality. O

One of the subtle aspects of infinite series in the real numbers is that a convergent series
can have its terms rearranged to produce an infinite series with a different value.

Example 2.4. Set L =1-1/2+1/3—-1/4+1/5—--- =" _,(=1)""1/n be the alternating
harmonic series in R. Its value is between 1 and 1 — 1/2 = 1/2. (By calculus L = In(2) ~
.693, but we don’t need this.) Let’s rearrange the terms of the series so each positive term
is followed by two negative terms:

I=1l-c—-4_-—--— o —

To compute L', add each positive term to the negative term immediately after it, which

will not affect the value of L’ since the terms are kept in the same order:
1 1 1 1 1 1
)= __ 4+ - _ 4 - _— 4...
2 4 + 6 8 + 10 12 +

This is precisely half the alternating harmonic series, so L’ = L/2. By rearranging the
terms of a series we obtained a new series with half the value of the original series!

This example is due to Dirichlet (in an 1837 paper on number theory), and it illustrates
why care is needed when using series in R. Dirichlet proved (in that same paper) a sufficient
condition for a convergent infinite series ), - an to have all of its rearrangements converge
to the same value: the series is absolutely convergent, meaning Y >0 lan| converges. This
is the primary reason for the significance of absolute convergence in real analysis. Riemann
later proved that absolute convergence is not just sufficient for all rearrangements of a
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series in R to have the same value, but it is necessary as well: a series in R that is not
absolutely convergent (like the alternating harmonic series in Example 2.4) can have its
terms rearranged to converge to an arbitrary real number or to be oo or —oo.

While the concept of absolute convergence makes sense for an infinite series over a com-
plete nonarchimedean field K, there is no need for it because there are no difficulties with
rearrangments:

Theorem 2.5. If a, — 0 in K and {a,} is a rearrangement of {a,} then a), — 0 and

ano ap, = ano Qn -

Proof. Pick € > 0. To prove a}, — 0 we seek an N such that n > N = |a},| < e.

Since a, — 0 there is an N such that n > N = |a,| < e. Since {a,} = {a)}, the list
{a1,az,... a5} lies inside the list {a}, a5, ..., a’y} for some N. Therefore n > N = a;, ¢
{a1,az,... a5}, so |ay,| <e.

Set s =, ~oan. The series ) ., a;, converges in K since the general term tends to 0.
We want to show > o al, =s:

aj+---+a, —sasn— oo.

Pick € > 0. Since a,, — 0, the index set A = {n : |a,| > ¢} is finite. Let m be the largest
integer in A, so {n: |a,| > e} C {1,2,...,m}. Then

S—Zan—s—Zan—FZan Zan

neA neA
= Zan—i— (Zan—Zan>.
n>m n=0 neA

In the first series each term has absolute value at most ¢, so the series has absolute value
at most € (Theorem 2.1). In the parentheses we have two finite sums, and the last sum
removes from the first sum all terms that have absolute value greater than . Therefore the
number in parentheses is a sum of finitely many terms that are each at most ¢ in absolute
value, so by the strong triangle inequality

S—Zan <e

neA

(2.1)

Next let A’ = {n : |a,,| > €}, another finite set of indices. Set m’ = max{n : |a},| > €}, so
reasoning as above,

N
Za%—Za% <e

n=0 necA’

(2.2) N>m' =

The finite lists of numbers {a,, : n € A} and {a], : n € A’} are identical, since they’re both
just the terms from the same list (in original and rearranged form) having absolute value
exceeding €. Thus

(2.3) Z a, = Z an,

neA’ neA
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N
sza;l = szan+Zan Za
n=0 neA neA
= S—Zan—&-Za;—Za;
neA neA’ =

)

s—gan

neA

ZZ@

neA’

<max< )

The first term in the maximum is at most € by (2.1) and the second term is at most € by
(2.2). O

Another important operation on series besides rearranging terms is swapping the order
of a double series:

(2.4) SN amn =SS .

m>0n>0 n>0m>0

To be clear, the meaning of a double series > <>, <0 @mn 18 Y502 >0 @mn)- Putting
the doubly-indexed terms a;,, in an infinite matrix

apo aopr ap2
ajp air a2

(25) asp 21 azy ... ’

the left side of (2.4) is the sum of the row series and the right side is the sum of the column
series.

Double series arise when justifying operations on power series like multiplication and
termwise differentiation (we will see this later). Therefore it is important to know conditions
under which the two sides of (2.4) are equal.

When a double series on one side of (2.4) converges, it is not generally true that the other
double series converges to the same value, or even converges at all. Here are examples in R
and in each Q.

Example 2.6. Let a,, ,, be given by the matrix below: a0 = 1/(m+1), apmm = —1/(m+1)
for m > 0, and all other a,,,, are 0.

10 0
1/2 —-1/2 0
1/3 0 -1/3
1/4 0 0

|
IS
Zooo
o

The row sums are Zn>0 apn, = 1 and Zn>0 amn = 0 for m > 1, so Zm>0 Zn>0 A = 1.
However, the first column sum - @m,o is the harmonic series, so Zn>0 Zm>0 Q. does
not converge in R even though the later column sums Zm>0 am.n €ach converge, consisting
of just a single nonzero term each.
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Example 2.7. In Q, consider }_, ~,p™ =1/(1 —p). Writing p™ as a sum of p™ 1’s:

D ST 3 ST 5) o

m>0 m>0 n=0 m>0n>0

where
1, if0<n<pm,
Qa =
"o, ifn>pm,

50 220 Lo Gn = 1/(1=0) i Qpr 10 5050 Xnng G = Srzo (S 1) the

nth inner sum (for each n) does not converge since it is a sum of infinitely many 1’s.

Example 2.8. Define a,,, to be 1, —1 or 0 by the rules a,, =1, an+1,, = —1, and a;py, =0
ifm#norn+1:
1 0 0
-1 1 0
(@mn) =1 0 -1 1

In R and in Qp, > ,,50 2_n>0 @mn is the sum of row sums, which is 1, while Y, (>~ <o @mn
is the sum of column sums, which is 0. The two double sums converge with different values.

In real analysis, we can guarantee the convergence of both sides of (2.4) and their equality
by conditions related to absolute convergence (see [6, pp. 143-144] for a precise statement).
In a complete nonarchimedean field K we don’t use absolute convergence, but instead
the following theorem with weaker hypotheses (see [2, Lemma 4.1.3, Prop. 4.1.4] and [5,
Theorem 3.8]).

Theorem 2.9. If ay,, — 0 in K as max(m,n) — oo then both sides of (2.4) converge and
are equal, and moreover both double series equal limpy_ o Z,]XZO ZnN:O Amn -

Let’s be clear about what the condition “a,,, — 0 as max(m,n) — co” means. Here are
three ways to think about it.

(1) As long as one of the indices in ay,, is big, Gy is small. (Don’t confuse this with
requiring both indices to be big for a,,, to be small. That would mean a,,, — 0 as
min(m, n) — oo, often written as limy, n—so0 Gmn = 0.)

(2) For each € > 0 there is an N such that if max(m,n) > N then |am,| < e.

(3) Putting the doubly-indexed terms a,,, in an infinite matrix (am,,) as in (2.5), the
terms with max(m,n) > N are those outside the upper left N x N square, so what
is happening when a;,,, — 0 as max(m,n) — oo is that all the terms of the matrix
lying outside a sufficiently large upper left square are as small as desired. This
implies the terms tend to 0 along each row and along each column, but it is stronger
than that.

The equality (2.4) does not hold for the double sums in Examples 2.7 and 2.8, and the
hypothesis of Theorem 2.9 is not satisfied in those examples: a,, pm—1 = 1 in Example 2.7
and @, = 1 in Example 2.8, 50 any, 4 0 as max(m,n) — co. Now we prove Theorem 2.9.

Proof. First we show >~y > @mn makes sense. The inner sum ), <4 @my, for each m,
makes sense since it is a row sum in the matrix and the terms along each row tend to O.
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Set by, = D ,,~0 @mn, 50 we want to show > o> <o Gmn = 2,50 bm makes sense. That
is, why does b, — 0? B - -

By Theorem 2.1, |by,| < max,>o|amn|- The hypothesis that limp.xmn)—oc @Gmn = 0
implies for € > 0 that there’s an N such that max(m,n) > N = |amn| < €, so in particular
m > N = |amy| < e for all n (if m > N then max(m,n) > m > N). Thus m > N =
|bm| < maxy,>o |amn| < €, so we have proved b, — 0 as m — oo. Thus we have convergence

Of Z’H’LZO bm - Zmzo ano Amn, and

= < <
(2.6) DD amn| = |3 bm| < max|by| < maxmax |

m>0n>0 m>0

Swapping the roles of m and n shows the double series Y (> < @mn also converges.

Now that we know both double series in (2.4) make sense, we show they are equal by
comparing each one to the finite sum Z%:o ZQLO Amp as N grows (this is the sum of terms
in the upper left (N + 1) x (N + 1) square of the matrix). Let’s consider for each N > 0
the difference

PPN 5} SN o oy 3) RED Sl b orth I 5) prs

m>0n>0 m=0n=0 m=0 \n>0 m>N+1 \n>0 m=0n=0

Combining the first and third sums,

3D ST 35 SRS 3 PRI S RED 3l ot

m>0n>0 m=0n=0 m=0 \n>0 m>N+1n>0
N
(2.7) = E g A + E g G-
m=0n>N+1 m>N+1n>0

Pick e > 0. There is an N > 0 such that max(m,n) > N + 1 = |amn| < . Then
n> N+ 1= |amn| < e for each m and m > N + 1 = |ay,| < € for each n, so in (2.7)
both double series have absolute value at most £ (argue as in (2.6)). Hence for each ¢ > 0
there is an N > 0 such that

S S - 33 | <

m>0n>0 m=0n=0

which proves limy_sq0 Z%:o EnN:O Umn = D om>0 2on>0 @mn- By swapping the roles of m
. N N - - . N N
and n, IMN_00 ) 50 D omeo Gmn = ano ZmZO Amn too, and since D" (> " Gmn =
N N
Zn:O Zm:O Amn WE get

N N
g g Amn = lim g g amnzg g Ay - O
N—o0
m>0n>0 m=0n=0 n>0m2>0

Corollary 2.10. If aymy — 0 in K as max(m,n) — oo then

2D G =D ) amm

m>0n>0 £>0 m+n=~L
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where the inner sum on the right runs over the finitely many pairs of nonnegative integers
(m,n) adding up to ¢.

L L
Proof. By Theorem 2.9, Z Z Amn = Lh_}rrolo Z Z Amn- We will show the limit as L — oo
m>0n>0 m=0n=0
equals Z(ZZO Zm+n:é Ampn. For m,n>0,if m+n=~£thenm <fandn </, sofor L >0

L L L
(2.8) ZZamn—Z Z Amn, = Z Armn.-

m=0n=0 £=0 m+n=~ 0<m,n<L
m+n>L

In the finite sum on the right, m +n > L= m > L/2 or n > L/2.

Pick € > 0. By hypothesis there is an N such that if max(m,n) > N then |am,| < ¢, so
if m+mn > 2N then m or nis > N, 80 |amy| < e. Thus if L > 2N then (2.8) has absolute
value at most €. That proves (2.8) tends to 0 as L — oo, which is what we wanted. U

If we want to write the product of two convergent series ), ~,am and ) -,b, as a
single convergent series of two-term products a,,b,, it is natural to list the terms according
to increasing value of m + n, getting

(2.9) apby + (a0b1 + a1b0> + (aobg +a1by + agbo) + o= Z Z A, by,

£>0 m+n=~¢
In R this series need not converge: if a, = b, = (=1)"/v/n+1,then Y’ _ a, and > by,
converge by the alternating series test but (2.9) does not converge since | Y, .., ambn| > 1
for all £. To have (2.9) converge in R and equal (_,,~¢ @m)(D_,,>0 bn), absolute convergence
of both of the original series Y, _,am and 3, by, is sufficient [6, pp. 146-147]. (In fact

absolute convergence of just one of the original series is sufficient [6, p. 321].) Over a
nonarchimedean complete field, let’s show no problems occur.

Corollary 2.11. If > ~qam and 3, by converge in K then

Zam an :Z Z A, by,.-

m>0 n>0 £>0 m+n=~L

Proof. Set s =}, ~(bn. Then

Zam an = Zam S

m>0 n>0 m>0
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where ¢, = amby. Let’s check ¢, — 0 as max(m,n) — oo.

Since a,;, — 0 as m — oo and b, — 0 as n — oo, both sequences are bounded, say
|am| < A for all m and |b,| < B for all n. Then for ¢ > 0 there are M and N such that
m>M = |ap| <eand n > N = |b,| <e. In the first case, |cmn| = |am||bn| < |am|B <
eB, and in the second case |Cip| = |am||bn] < Alby| < Ae, so together

max(m,n) > max(M, N) = |cmn| = |am]|bn] < e max(A, B).

Thus ¢y, — 0 as max(m,n) — co. We can now apply Corollary 2.10:

San) (S0 - LYY ¥ n=% ¥ a0

m>0 n>0 m>0n>0 £>0 m—+n=~L £>0 m+n={(

3. CONVERGENCE, ALGEBRA, AND CONTINUITY WITH POWER SERIES

A power series over K is an infinite series of the form

f(x) = ;)anxn = HILH;O(GO +a1x + a2x2 4+t an$n)
nz

with coefficients a,, € K and variable z in K. We will be concerned initially with describing
the set of x where the power series converges and then performing operations on power
series (e.g., addition, multiplication, and differentiation). The series obviously converges if
x =0, with f(0) = ag.

The simplest example of a power series (aside from polynomials, which are power series
with all but finitely many coefficients equal to 0) is a geometric series ), -, z", whose
convergence is easy to describe: the series converges if and only if |z| < 1, in which case

1
Zm": T

n>0

This is just like the behavior of geometric series in R and does not depend on whether or
not the absolute value is archimedean or nonarchimedean.

Theorem 3.1. If > ~,anx™ and Y, - byx™ both converge for an x € K, then

Z anx’ + Z bz = Z(an + by,)z",

n>0 n>0 n>0
l
Z amx™ Z bz | = Z ( ambg_m) 2L
m>0 n>0 £>0 \m=0

Proof. The formula for the sum follows from Theorem 2.2 with a,, and b,, there replaced by
anz” and b,z". The formula for the product follows from Corollary 2.11 with a,, and b,
there replaced by am,z™ and byz™: if m+n = £ then a,z"bpz™ = ambpaz’ = ambr_mzt. O

The geometric series converges on the open unit disc. On what kind of set in K does a
general power series converge? In calculus you learn that a real power series has a radius of
convergence, usually found with the ratio test. But the ratio test is not always applicable (it
just seems so in calculus courses because no other technique is available). There is a formula



INFINITE SERIES IN p-ADIC FIELDS 9

for the radius of convergence R of every real power series ano anz™, due to Cauchy [1,
pp. 132, 143, 151] (1821) and rediscovered by Hadamard [3] (1888):

1
Btk Viel
where 1/00 = 0, 1/co = 0, and lim is defined next.

Definition 3.2. For a sequence {z,} C R, its limit supremum limy,—so0 T, is the largest
limit point of the sequence {z,} in R U {x+o0}.

Don’t confuse this with the supremum sup x,,, which is the least upper bound of the x,,’s.

Example 3.3. If z, =1+ 1/n for n > 1 then sup z,, = 2 and x,, — 1, so the sequence has
only one limit point: lim, s z, = limy, 00 T, = 1.
Example 3.4. If v, = (—1)"/n for n > 1 then sup z,, = 1/2 and z,, — 0, 50 lim,, ;o 7, = 0.
Example 3.5. If 2, = (—1)"n/(n+ 1) for n > 1, then the sequence has two limit points:
1 and —1. So lim, .« T, does not exist but lim,,_yoc z, = 1.

When L := lim,,_,o @, is finite, it is characterized by properties from above and below:

e foralle >0, z, < L+¢ for n > 0 and
e for alle > 0, L — ¢ < x, for infinitely many n (not for n > 0; see Example 3.5)

We will need two more important properties of lim,, o0 Zn:

e lim,, oo 7, = 0o if and only if a subsequence of {x,,} tends to oo (it’s not necessary
to have z, — 00).

e If 2, > 0 for all n, lim,, oo z,, = 0 if and only if z,, — 0 as n — oo (it’s not enough
for a subsequence to tend to 0 — try x,, = 1/n for even n and z,, = 1 for odd n).

Remark 3.6. We call lim,,_, x;, a limit supremum from its connection to suprema of the
sequences {x, Tgi1, Tkt2,- .-} where more and more initial terms are omitted:

SUp Tp, = SUP Ty, => SUP Ty, > - -
n>1 n>2 n>3

and the sequence s; = sup,,>;, ¥, in R has a limit (possibly being +o0) since all monotonic
sequences in R have a limit in R U {#occ}. The limit of the s;’s is precisely lim,, oo Zn:

lim z, = lim |supx, |.
n—00 k—oo \ n>k
This is why lim,_,~ x5 is also written lim sup,,_, ., n and is pronounced “lim sup x,” 1 For

a sequence {x,} in R, its limit in R U {£00} may not exist but lim,, . 2, always does.

The point of introducing lim here is the Cauchy-Hadamard radius of convergence formula.
It works not only over R, but also over K when it uses the absolute value on K.

Theorem 3.7. Let f(x) =3, 5qanz" where an, € K. Define R € [0,00] by the formula

%: lim \V/ |an|7

n—oo

n LaTeX, limsup = \limsup and lim = \varlimsup.
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where 1/0 = oo and 1/o0c = 0.2 The set of x € K where f(x) converges is
{reK:|z|<R} or {xeK:|z|<R}

Proof. First we will show the series converges if |x| < R and not if |z| > R. We will break
up the proof into three cases: (1) R =0, (2) R =00, and 0 < R < oc.

Case 1: R =0. We want to show f(z) does not converge for x # 0 in K. From R = 0
we have lim,, o {/|a,| = 0o, so some subsequence of {/|a,| tends to co. For nonzero x in
K we want to show f(x) does not converge:

1
|z] >0 = V/|an| > Tl infinitely often
T

1
= |a,| > — infinitely often
|27

= |an,x"| > 1 infinitely often,

SO ano anx™ doesn’t converge since the general term does not tend to 0.

Case 2: R = oo. We want to show f(x) converges for all z in K. From R = oo we
have limy, 0 /]an| = 0, so ¥/]a,| — 0. Convergence of f(x) for x = 0 is obvious. For
x € K —{0},

1 1
"\/|an|<mf0rn>>0:>|an‘<wf0rn>>0

1
= |apz"| < o for n > 0.

Therefore the convergence of > 1/2™ in R implies convergence of >  a,x™ in K by the
comparison test (Theorem 2.3).

Case 3: 0 < R < oo. Convergence of f(z) at x = 0 is obvious. For 0 < || < R we want
to show f(z) converges. Rewriting the inequalities as 0 < |z|/R < 1, there’s an ¢ in (0,1)
for which |z|/R<1—-e<1,s01/R < (1—¢)/|z|. Thus

n@() Vlan| < 1|$’€ = V|an| < 1|a:|5 for n > 0 = |apz"| < (1 —¢)" for n>> 0.
Convergence of ) . ,(1—¢)™ in R implies convergence of ), -, anz™ in K by the comparison
test (Theorem 2.3). -

For |z| > R we show f(z) does not converge. Since 1/|z| < 1/R = limy,_00 /|an|, we
have 1/|z| < {/|a,| infinitely often, so 1 < |a,z"| infinitely often, and thus f(x) does not
converge since its general term does not tend to 0.

If € K and |z| = R, when does f(z) converge? (If R ¢ |K*| then there is no such z,
e.g.,if K =Qp and R ¢ pZ; we’'ll see an example of this later with the p-adic exponential
series for p # 2.) Since || is nonarchimedean, convergence of ) -, a,2™ in K is equivalent
to |an2™| = |an|R™ tending to 0, which depends on x only through |z|, so either f(x)
converges for all x € K with |z| = R or f(x) does not converge for all such z. O

If R € |[K*|, to determine whether or not the “circumference” |z| = R is in the disc of
convergence of f(x) it suffices to check convergence at just one element of K with absolute
value R.

2The numbers {/]an| don’t include a term for n = 0.
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Example 3.8. Let f(z) = >, ~,2". All coeflicients are 1, so R = 1. At x = 1 the series
does not converge, so the geometric series has disc of convergence {z € K : |z| < 1}, which
we already knew.

In our next three examples, let K be a complete extension field of Q,, so |- | =], on
the subfield Q,, and thus in particular on rational numbers in K. We call such K a p-adic
field.

Example 3.9. Let f(x) =} ;5 pk:vpk = x + paP —i-anz:p2 + -+, so this series has nonzero
coefficients only when the exponent is a power of p. Then

1 S 1
B lim /|ay,| :klg{)lo 2/ 1pFlp = lim R

n—o0 k—o0

In R, k/p¥ = 0as k — 00, so R = 1. At x = 1 the series converges, so the disc of
convergence is {z € K : |z| < 1}.

Example 3.10. In R, log(1 + z) = Y, +;(=1)""'2™/n converges for —1 < x < 1. How
does this series behave in a p-adic field K7 We have

()

n

n

= lim = lim porde(®)/n,
n—oo 1o ‘n‘p n—o00

— = lim
n—oo

Since 1 < p°d» (™ < n, we have 1 < p*™¥ (/" < /n and Yn — 1asn — oo, s0 R=1. (In
particular, ¥/|n], — 1 as n — 00.) At z =1 the terms (—1)""12"/n = £1/n have absolute
value 1/|n|,, which does not tend to 0 (it is 1 when n is not divisible by p), so the series
doesn’t converge at 1 and therefore the disc of convergence of Y, -, (—1)""'2"/n in K is
the open unit disc {z € K : |z| < 1}. -

Example 3.11. In R, e = ) _,2"/n! has an infinite radius of convergence, where the

n! in the denominator helps. But p-adically n! is very small when n gets large, so having n!

in the denominator of the power series hurts the convergence. Might this series for x € K

(ignoring its interpretation in R as (2.718...)") have p-adic radius of convergence 07
Letting R be the radius of convergence,

1 —
T n N — T n 1N — T ordy,(n!)/n
(3.1) 7 lim {/|1/n!| nh_{rgo v/11/nll, nh_r}gop P ,

n—oo

so we need to know the p-divisibility of n!. A formula for ord,(n!) was given by Legendre
two hundred years ago, and it can be described in two ways:

(3.2) ordy(nt) = 3" HJ _ =5

L p—1

where s,(n) is the sum of the base p digits of n: if n = ag +aip+---+ a,p” then sy(n) =
ap + ay + --- + a,. The series in (3.2) is finite since the terms are zero once p* > n.
For example, if n = p? + 1 then the series is [(p? + 1)/p] + [(p* + 1)/p*] = p+ 1 and
(PP +1) =sp(p*+1))/(p—1) = (P? +1-2)/(p—1) = p+1: both say ord,((p*+1)!) = p+1.

The formulas in (3.2) are clear if n = 0, since they are 0. To derive this formula for n > 1
count the highest power of pinn!=1-2-3-.---n by counting how many integers up to
n are divisible by p, by p?, by p?, and so on. Integers divisible by p just once are counted
only once, those divisible by p just twice are counted twice (they are first counted when
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we count numbers divisible by p, and then they are counted again when we count numbers
divisible by p?), and so on. The number of integers up to n divisible by p* is |n/p*], so

ord,(n!) = ; LZCJ .

Now we use the base p expansion n = ag + a1p + --- + a,p" to write the sum in another
way: n/p* < 1if k > r, so the sum in Legendre’s formula runs from k = 1 to k = r. Since
n a aj— _
=2 P g b agap

p p p

we have |n/p*| = aj + agi1p + - + ap"~F. Therefore

T+

ordy(n!) = ay + agp + azp® + -+ + a;p’”
az+asp+ - +ap 2+
a3+...+anr_3+

and summing terms vertically,

ordp(n!):al+a2(1+p)+a3(1+p+p2)+...+ar(1+p+,,,+pr71)

Y Rk SN Sl SN it RSO k.
p—1 p—1 p—1 p—1
_(aptagp® +-- 4 ap") — (a1 +ag+---+ay)
- o1
_(ataptawp’+---+ap) — (a0 +a1+az+---+a)
= =T
_n- Sp(n)
T op—1
From the second formula for ord,(n!) in (3.2), for n > 1 we have the upper bound?
n

ord,(n!) < T

We will use the second formula in (3.2) to get a lower bound. The base p expansion is
n=ag+ap+---+a-p", with a, # 0. Since a; < p — 1,

_ . _ D(p—1
ordp(n!):n (ap + a1 +ag + +ar)2n (r+1)(p ): n Crt 1),
p—1 p—1 p—1
To get a lower bound on this purely in terms of n, what is an upper bound on r in terms of
n? Since a, # 0 we have p” < n < p"*! sor < log,,n < r+ 1, whhere log, is the classical

base p logarithm. Thus

n
Ordp(n!) Z ﬁ — (logpn + 1),
SO n

pfl — (logpn + ].) S Ordp(n!) < ]f]_
Dividing by n,

1 _logpn+1<ordp(n!)< 1 '
p—1 n - n p—1

3The first formula in (3.2) also gives this upper bound since ord,(n!) < > i>1 /p"; sum the series.
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Therefore ord,(n!)/n —1/(p — 1) as n — oo, so

)

. ordp(n!)/n _ 1/(p—1)
L

which means the radius of convergence of ) -, 2"/n! in K is

1 1 1/(P—1)
p/e=1 — (p> '

The real number (1/p)'/=1) is quite special in p-adic analysis, showing up a lot. Let’s
observe that it lies strictly between 1/p and 1 for p # 2, while it is 1/2 = 1/p for p = 2.

We need to see if the disc of convergence includes = € K with |z| = (1/p)/®=1 (if there
are such z in K, e.g., there are for K = Qo when (1/p)/®=1 =1/2). For such z,

(1/p)n/(p—1) 1 sp(n)/(p—1)
- (1/p)(n=sp(n)/(p—1) - <> ’

m’l’l/

nl p

where sp(n) is the sum of the base p digits of n. When n is a power of p this absolute value
is (1/p)t/®=1) which does not tend to 0. So the disc of convergence of 3, -, z"/n! in K is
{re K :|z| < (1/p)/-1},

For example, when K = Q, the inequality |z|, < (1/p)/®~1) is the same as ||, < 1/p
for p # 2 and |z]; < 1/4 for p = 2. Thus ), .,2"/n! in Q) has disc of convergence pZ,
when p # 2 and 4Zo when p = 2.

It might seem strange to be fussy about the radius (1/p)'/P=1) when it can be replaced
with 1/p or 1/4 on the p-adic numbers. The point is that Q, can be enlarged to bigger
complete fields (an analogue of going from R to C, say) and in such fields there can be
elements with absolute value between 1/p and (1/p)Y/®=1) when p # 2.

Theorem 3.12. If f(z) = ), 5oana™ converges on a disc {x € K : |z[ < r} where
r € |[K*| then on this disc the power series is uniformly continuous and bounded.

In this theorem we are not insisting that {x : |z| < r} is the maximal disc of convergence
for the series, just that the series converges on such a disc. It will be clear in the proof why
it matters that r is the absolute value of something in K.

Proof. By hypothesis there is some ¢t € K with |t| = r and the series converges at ¢, so
lant™| = |an|r™ — 0asn — oco. Thus |z| <r = |f(z)| < max,>o |an||z]|” < max,>o |an|r™,
so f is bounded on {z € K : |z| <r}.

For |z| <7 and |y| <7 in K,

fl@)=fly) =D an(z" —y")

n>1

- Z an(z —y)(@" '+ 2" Py + oy Py
n>1

= (Z‘ - y) Z an(ipnil + I‘niQy + .4+ J;y"*2 4 ynfl)‘

n>1

(The summation starts at n = 1 since the constant terms cancel in the difference.) From
the strong triangle inequality,

‘xn—l + xn—Zy et :Eyn—2 + yn—1| S O<T{1<a;il |x|z"y|n—1—i S ,,n'n—l7
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SO

1
Z an(z" P+ 2" 2y 4 2y 2 Y| < maxa,|r" T = = max|ay|r™
1 n>1 r n>1

This maximum exists since |a,|r™ — 0. Thus
£(2) ~ F@)] < I — ylmax|anlr ™! = Al — y]
where A, = max;>1 |a,|r" L.

To show f is uniformly continuous on {x € K : |z| < r}, we consider two cases.
(1) If ap, = 0 for all n > 1, so f(x) is the constant function ag, it is obviously uniformly

continuous.
(2) If some a,, for n > 1 is not 0, then A, > 0, so for ¢ > 0 setting 6 = ¢/A, shows
[z -yl <6 =[f(z) - fY| < Arlz —y| < Ard = e 0

Corollary 3.13. If f(z) = }_,5ganz™ converges on a disc {x € K : |z[ < r} where
r € |[K*| then there is a number A, such that |f(z) — ag| < Ay|x| when |z| < 7.

Proof. Set y = 0 in Theorem 3.12. O

Corollary 3.14. A power series Y, -, anx™ with coefficients in K is continuous on its disc
of convergence in K.

This is not a restatement of the continuity from Theorem 3.12 since the disc of conver-
gence might be of the form {x € K : |z| < R} rather than of the form {z € K : |z| < R}.

Proof. If the radius of convergence is 0 then the series only converges at x = 0 and the
desired result is obvious (and boring). If the radius of convergence is positive and zg is a
number in K * at which the power series converges, then the series converges on the closed
disc {x € K : |z| < r} where r = |zo| > 0. By Theorem 3.12 the series is uniformly
continuous on this disc, which is an open subset of K, and thus in particular the series is
continuous at xg and at 0. As xg was arbitrary in the disc of convergence, we are done. [

Corollary 3.15. A power series with a positive radius of convergence has only one choice
of coefficients: if Y, ~qanx™ =3, <o bpa™ for all x in a disc of positive radius then a, = by
for all n. B B

Proof. Using the power series ) cp,a™ := ) ~o(an —by)2", we will show that if ) c,z™ =0
for all small x in K then ¢, = 0 for all n.
Setting x = 0 in the power series, we get ¢g = 0. Suppose ¢, = 0 for n < N, so

Y sy cnx™ =0 for all small z in K. We want to show ¢y = 0. For small nonzero z in K,
divide by x:

Z et =0— cNa:N + cNJrlacN+1 + CN+2:cN+2 +---=0

n>N

= ¢y + eNp1T + CN+2:U2 + .- =0 since z # 0.

Thus >, <o cnna™ = 0 for small nonzero x in K. This power series also converges at
x = 0 with value cy. A power series is continuous on its disc of convergence, so cy =
lim,_sg ano CN4nZ" = lim;_00 = 0. O

In real analysis, the usual proof that a power series f(z) = ) a,z™ has unique coefficients
uses Taylor’s formula a, = £ (0)/n!. We’ll give such a proof later in Corollary 5.6.
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4. THE p-ADIC EXPONENTIAL SERIES

In this section, K is a p-adic field: a complete extension field of Q,.
We saw in Example 3.11 that the classical exponential series ), ., 2" /n! converges in K

only at those z with |z| < (1/p)Y/®=1),

Definition 4.1. For z € K with |z| < (1/p)"/®~1) the p-adic exponential at x is

n

x
T __ —
e’ =exp(z) = E e

n>0
We determined the disc of convergence of €* in K as part of Example 3.11: it is the disc
(4.1) Dy = Dy(K) = {w € K : [] < (1/p)"/" D},

Example 4.2. On Q,, the p-adic exponential series is defined on

pZy, ifp#2,
D —
»(Qp) {4z2, ifp=2.

Since 1 is not in D, the series e* does not converge at x = 1: we denote the series as e”
by analogy with the real exponential series, but there is no p-adic number e. The number
eP for p # 2 (resp., e* for p = 2) exists in Qp, but it has no pth root (resp., no fourth root
when p = 2) in Q,,. Even if we pass to a larger field than Q, in which such a root can be
found, that number (after deciding which pth root or 4th root should be preferred!) has no
known significance in p-adic analysis. The bottom line is that specific transcendental real
numbers can’t be productively interpreted as p-adic numbers.

Example 4.3. In Qy let’s compute e* mod 27. By definition e* = 3" 4" /n!, and the nth

term tends to 0 as n grows. How large must n be so that |47 /nl|y < 1/27, or equivalently
ordse (4™ /n!) > 77 Since

ords <i::> = 2n —orda(n!) = 2n — (n — s2(n)) = n + s2(n),

and sa(n) > 1 for n > 1, we have ordy(4"/n!) > 7 if n > 6. The table below displays
ords (4™ /n!) for smaller n.

n
s2(n)
n+se(n)|0 2 3 5 5 7
From the table ordy(4™/n!) > 7 for n > 5, so 4" /n! € 27Zy for n > 5. Thus
) 42 3 44 -
e :1+4+§+§+E+elemen‘c of 2'Zs.

The sum of the first five terms is 103/3 = 77 mod 27, so e* = 77 = 1011001 mod 2.

jen] Rew)
—|
N
N
—
N Ot

Theorem 4.4. For z and y in D,, e“e¥ = "1V,

Since D), is a disc centered at 0 in a nonarchimedean field it is an additive group, so
z +y € D, when x and y are in D),
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Proof. We use Corollary 2.11:

eTeY — Z ﬁZf
o m! = n!
11
- ;erZn:ZWn'xmyn
1 1l
=2 2 Y

220 " m4n=(

1 « 0
:Zﬁzm!(ffm)!x Y

>0 m=0

=3 Sty

>0
= "1V, O

Since e®e™® = ¢ = 1, the p-adic exponential series on K does not take the value 0, just

like the classical exponential series.
A striking contrast with real analysis is that the p-adic exponential series has a finite
radius of convergence, as we saw. A more striking contrast is that it preserves distances!

Theorem 4.5. Ift € D, then |e' — 1| = [t|. For z and y in Dy, |e* —e¥| = |z — y|.

Proof. Ift = 0 then e! —1 = 0, so we can assume 0 < [t| < (1/p)"/ =Y. To show |e! —1| = [t
extract the first two terms in the power series for e’:

t " t "

e zl—l—t—l—zﬁze —1:t+Z—.

! n!
n>2 n>2

We will show |t"/nl| < |t| for n > 2. Then for finite N > 2 we have | Zﬁle t"/n!| = |t|, and
letting N — oo we get |e! — 1| = [t|. For t # 0, the condition [t"/n!| < |t| is equivalent to
[t|"~1 < |n!| = |n!|,, which is the same as |t| < ]n!|11,/(”_1), so for [t| < (1/p)"/®=1) it suffices

to show (1/p)1/(P—1 < ‘n”;/(n—l):

1/(p-1) 1/(p-1) (n—sp(n))/(p—1)(n—1)
<1> < YD <1> < <1> ’
D p p

s P/ > pmspm)/(p-1)(n-1)

- n-—1

= sp(n) > 1,

9

and this last inequality is true for n > 2.
For [t| < (1/p)"/®=V |et| = |e! — 1+ 1| = 1 since |e! — 1| = |t| < 1, so for z,y € D,,

6 — ] = [e¥(e7™V — 1) = |e¥le” ¥ — 1| = 1|e™¥ — 1] = |z — ]
using t = v —y € D). [l
Corollary 4.6. If e* = ¢eY for x,y € D, then v = y.
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Proof. If €* = €Y then 0 = |e* —eY| = |z — y|, so x = y. O
Since the e preserves distances and sends 0 to 1, it sends D), to 1 + D,. In particular,
o for p#2, x € pZ, = €* € 1+ pZ,,
o v €479 — e € 1+ 4%7s.
The set 1 + D, (which for K = Q, is 1+ pZ, for p # 2 and 1 + 4Zy for p = 2) is a
multiplicative group, as is every set of the form {x € K : |z — 1| < r} where r € (0,1), so
e” is a homomorphism from the additive group D), to the multiplicative group 1 + D,,.

5. DIFFERENTIABILITY OF POWER SERIES

As in real analysis, the derivative of a function f: U — K for an open subset U of K is
defined as a limit of Newton quotients: for x € U,

flz+h) - f(x)

/! — l

where the limit is over h in K tending to 0. Familiar differentiation rules in R work in K.

Theorem 5.1. Let U be an open subset of K and f,g: U — K be differentiable functions.
Then f+ g and fg are differentiable at each x € U, with
(f+9) () = f'() + g (), (f9)(z)=f(z)d'(z)+ f'(2)9().
At each x € U where g(x) # 0, f/g is differentiable with
/ g(@)f'(x) — f(z)g' ()
x) = .
(/9)(2) o
If f: U — K and g: V — K are differentiable functions with g(V') C U, then fog: V — K
is differentiable with derivative at each x € V given by
(fo9)(z) = f'(9(x))d (x).
Proof. Exercise. U

Example 5.2. For c € K, if g(z) = f(z + ¢) then ¢'(z) = f'(x + ¢). If g(z) = f(cx) then
g'(z) = c¢f(cx). These are very simple uses of the chain rule that could be checked directly.

Theorem 5.3. If f(z) = }_,5¢anx™ has a positive radius of convergence in K, then for

each x in the disc of convergence we have f'(x) =3, < naz" 1.

Proof. Let R be the radius of convergence (possibly oo). The disc of convergence for the
series is filled up by discs of the form {z € K : |x| <r} for 0 < r < R, where r € |K*|, and
possibly also for r = R if R € |K*|, so it suffices to prove the derivative formula on discs
where f converges that have the form {z € K : |z| < r} with r € |[K*|.

Fix z € K with |z| <r. For 0 < |h| < r we have |x + h| < max(|z|, |h|) <7, so f(x + h)
is defined and

fla+h) = f@) =) anl@+h)" =) ap"

n>0 n>0
=3 aul(@+h)" — ")
n>1

=Y a, (zn: <;> hmx"—m> .

n>1 m=1
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Each h appears in A" with m > 1, so dividing through by h gives us

flz+ h})L — f(x) _ Za" (Zn: <:1> hmlxnm> = Z Z Crns

n>1 m=1 n>1m>1

where
n -1 - :
- (m) hm tapx™™ ™, ?f 1<m<n,
0, if m > n.

We want to change the order of the double series. To justify this by Theorem 2.9 we
check ¢y, — 0 in K as max(m,n) — oco. If m > n then ¢y, is 0. If m < n then since

G =1 <1,
1
el < \(”) \ Bl < ™ = a1 = Laglen,
m T

which tends to 0 as n — oo since the power series converges at radius r. Thus ¢,,, — 0 as
max(m,n) — oo, so we can swap the order of the double series:

fle+h)—flz) _
n —chmn

= Znanxnfl + Z (Z) anz” 2 | h+...,

n>1 n>2

and this is a power series in h. We assumed 0 < |h| < r, so this series converges for
|h| < r (it obviously converges at h = 0). Since a power series is continuous on its disc
of convergence (Corollary 3.14), as h — 0 the power series in h tends to its constant term
351 napz™ L. Thus f/(z) exists and equals the termwise derivative > o, na,z"~t. O

Remark 5.4. While differentiability implies continuity, just like in real analysis, our proof
of the differentiability of power series relied on already knowing power series are continuous
functions, at least at the origin.

Example 5.5. Asin R, (%) = e” for x in the disc of convergence of the exponential series
in K.

Write the higher derivatives of a function as f”, f", and £, as in real analysis.

Corollary 5.6. If f(x) = ano anx™ has a positive radius of convergence in K then f is

infinitely differentiable on its disc of convergence in K and a, = f™(0)/n! for all n > 0.
In particular, f has only one choice of power series coefficients.
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The uniqueness of power series coefficients was proved earlier without derivatives in
Corollary 3.15.

Proof. Let D be the disc of convergence of f(x). By Theorem 5.3, f'(z) = Y, ~; na,z" !
for all z € D. This is again a power series, so by Theorem 5.3 it is differentiable on D with
derivative f”(z) =", n(n — 1)a,z"~2. By induction, the kth derivative is

fP @)= "nmn-1)-(n—(k—1)ana""
n>k
for all z € D. In particular, the constant term is f*)(0) = k(k—1)--- (k—(k—1))ay = klay,
so ap = f®)(0)/k!. This shows the coefficients of the power series are determined by f as
a function around 0. O

Remark 5.7. Since {/|n|, — 1 (see Example 3.10), the derivative of a p-adic power series
has the same radius of convergence as the original series, just like in real analysis. However,
while in real analysis the derivative of a power series can converge on a smaller set than the
original series — > ., 2™/n? has interval of convergence —1 < x < 1 while its derivative

Y o> 2" ! /n has interval of convergence —1 < z < 1 — in p-adic analysis the derivative of
a power series might converge on a larger set than the original series: on Qp, Y, 27" has
disc of convergence pZ, while its derivative Zkzo pk‘xpkfl has disc of convergence Z,,.
Corollary 5.8. If two power series on a disc of positive radius in K centered at the origin
have the same derivative on the disc then they differ by a constant on that disc.
Proof. Let f(x) =), ~¢an2" and g(x) = >, <, bpa™ converge on a common disc D around
0 with positive radius. If f'(z) = ¢’(z) on D then f™(z) = ¢ (x) on D for all n > 1.
Therefore when n > 1, a, = f(0)/n! = ¢ (0)/n! = b,, so
F(@) = a0+ 3 ana™ = ag + (g(x) — bo) = g(x) + (a0 — bo),
n>1

so f and g differ by a constant on D. O

As a special case of Corollary 5.8, if a power series on a disc centered at 0 in K has
derivative 0 then the power series is a constant function (all higher-degree coefficients are
0). In calculus, the property “derivative = 0 = constant” for functions on an interval is
proved using the Mean Value Theorem, without assuming the functions are representable

as power series. There is no Mean Value Theorem in p-adic analysis, and in fact p-adic
functions can have derivative 0 on Z, without being constant functions.

Example 5.9. Let f: Z, — Q, by

lz) = {0, if x € pZy,

1, ifzeZy.

This function is not constant but it is locally constant since pZ, and Z; are both open in
Q,: for each x € Z,, the disc x4+ pZ, ={y € Z,, : |y — x|, < 1} is in pZ,, if x is in pZ, and
it is in Z,; if 2 is in Z;. Since f is locally constant on Z,, f'(x) = 0.

You might think the right correction to the failure of “derivative = 0 = constant” in

p-adic analysis should be “derivative = 0 = locally constant”, but even that has counterex-
amples, like the following.
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Example 5.10. Let f: Z, — Q, by

jz:anpn ::jzzanp2n

n>0 n>0

where a,, € {0,1,...,p—1}. This function, which spreads apart p-adic digits, is not constant
or even locally constant: if |z — y|, = 1/p™ then |f(z) — f(y)|, = 1/p*™, so

(@) = F@)lp =z —ylp

for all z and y in Z, (it is obvious if © = y and we just calculated it for  # y). Thus
|f(x+h) = f(x)|p, = k]2, so |(f(x+h) — f(x))/hlp = |hlp. Letting h — 0 implies f’(z) =0
for all x € Z, even though f is not locally constant anywhere on Z,,.
6. A DELICATE p-ADIC PROOF WITH 7
When a geometric series converges, the formula for its value is “universal” in all fields:

1
\x|<1:>Z:cn: .
n>0 -

For example, 2/3 has absolute value less than 1 in R and in Qg, so

2\" 1 .
Z<3> :1_2/3:31nRandQ2.

n>0

The termwise differentiation of series in Theorem 5.3 looks the same in real and p-adic
analysis. For example, if ]ac\ < 1 then

Z:Bn: - 1—3: :an l—ac)2

n>0 n>1 n>1

Thus

n2" 2/3 )
— = —"——===061in R and Qa.
7; 3n (1—-2/3)2
Such “universal” series formulas can give the impression that when an infinite series of
rational numbers converges to a rational number in R and in some Q,, the rational number
in both cases has to be the same. In that light, consider the following p-adic proof of the
irrationality of .

Theorem 6.1. The real number © s irrational.

Proof. Assume 7 is rational, so we can write 7 in reduced form as a/b where a and b are
relatively prime positive integers. Since we know 7 > 3, 7 is not of the form 1/b or 2/b, so
a > 3. Thus a has an odd prime factor or a is divisible by 4, so either m € pZ, for some
odd prime p or 7 € 4Z5.
The way we will get information about the real number 7 is from the relation sin(7) = 0:
2k+1
T
(6.1 I Y
|
= (2k+1)!
Assuming 7 is rational, the series on the left side is an infinite series of rational numbers,
and its value is 0.
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Consider now the sine series of a p-adic variable: 3", ~,(—1)*z%**1/(2k + 1)! for z € Q,,.
The proof that the exponential series converges on pZ, for p # 2 and on 4Zy for p = 2
applies also to the p-adic sine series (whose terms are just the odd-degree terms in the series
e”, up to sign). If 7 is rational then it belongs to pZ, for an odd prime p or to 4Zs, so there
is a prime p for which the series on the left side of (6.1) converges in Q, and then we can
interpret (6.1) as an equation in Q, for that p.

Since sinx has linear term x, just like e* — 1, the proof of the first part of Theorem 4.5
carries over to the sine series: |sinz|, = |z|, for x € pZ, for odd p or x € 4Zy for p = 2.
Therefore the equation sin(r) = 0 in Q,, implies 0 = |sin(n)|, = |7|p, so 7 = 0. This is a
contradiction, so 7 is irrational. ]

That was slick! Unfortunately it is also wrong. The error is interpreting (6.1) as an
equation in some Q, just because it is valid in R and the left side makes sense in Q,. If
rn, € Qand ) ., 7, converges in both R and some Q, with a rational value in R, this
does not imply the value in Q, is the same number.

Example 6.2. Pick a prime p and consider the rational sequence a,, = 1/(1+p") for n > 1.
We have a, — 0 in R and a, — 1in Q,. Set r1 =a; =1/(1+ p) and r, = a, — ap—1 for
n>2,s0r1+ro+---+r, =a,. Thus Zn21rn =0in R and anﬂ"n: 1 in Q,.

Example 9.5 is more concrete example of this phenomenon: the same infinite series of
rational numbers can converge to 8/7 in R and to —8/7 in Qs.

In 1873, Hermite proved e is transcendental by an argument using integrals. In 1905
Hensel [4, pp. 555-557| devised the following incorrect p-adic proof of that fact.

Theorem 6.3. The number e is transcendental.

Proof. The argument will be by contradiction, and requires some familiarity with field
theory and the Eisenstein irreducibility criterion.

Assume e is algebraic over Q, say of degree n. Then for each prime p, e has degree at
most n over Q,. We are going to show (incorrectly) that e has degree p over Q, when
p > 2. Therefore p = [Q,(e) : Qp] < n, so we get a contradiction by choosing p > n, which
we can do since there are infinitely many primes.

Forp>2e =% op"/nl=1+p>, o p" 1/nland p"~!/nlis 1 at n = 1 and it is
in pZ, for n > 2 (the reader should check that), so e” = 1 + pu where u € 1+ pZ, C Z,.
That shows e is a root of X? — (14 pu) € Q,[X], so e — 1 is a root of

p—1
(6.2) (X+1P - (1+pu)=XP+ > (Z)X’“ — pu,
k=1

which is an Eisenstein polynomial with respect to p (its constant term is divisible by p
exactly once). The proof of the Eisenstein irreducibility criterion at p in Q[X] works in
the same way in Qp[X] (only for the prime p, not for other primes). Therefore (6.2) is
irreducible over Q,, so [Qp(e) : Qp] = [Qp(e — 1) : Qp] = p. Now we get a contradiction by
using p > n. ]

The error in the above proof is confusing the meaning of e” in R and in Q,,. They both
are written as ) -, p"/n!, so they appear to be the same number, but that is a mistake:

the real and p-adic limits of the finite sums nyzo p"/n! as N — oo have no reason to be
equal to each other in any real sense (pun intended).
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7. GENERAL POWER SERIES AND ANALYTIC FUNCTIONS

So far all of our power series have been centered at the origin. We can also consider power
series centered at other numbers: for a € K, a power series centered at o is an infinite series

(7.1) f@) =3 ana )"

n>0

Theorem 7.1. Every power series f(x) in (7.1) has the following properties.

(1) It has a disc of convergence {x € K : |t —a] < R} or {z € K : |z — a| < R},
where R is described by the Cauchy—Hadamard formula in Theorem 3.7 using the
coefficients a,, from (7.1).

(2) When R > 0, the series is continuous on its disc of convergence and uniformly
continuous on {x € K : |x — a| < r} inside the disc of convergence when r € |K*|.

(3) When R > 0, the series can be differentiated termwise and is infinitely differentiable,
with coefficients given by Taylor’s formula at a: a, = f™ (a)/nl.

(4) Two power series centered at « that converge on a common disc centered at « and
have the same derivative on that disc differ on that disc by a constant.

Proof. Since f(x+ «) is a power series centered at 0, proofs reduce to the case « = 0, which
we have already worked out: (1) is Theorem 3.7, (2) is Theorem 3.12 and Corollary 3.14,
(3) is Theorem 5.3 and Corollary 5.6, and (4) is Corollary 5.8. O

The third property above says a power series centered at o has only one choice of coeffi-
cients, based on Taylor’s formula using repeated derivatives. We next show the uniqueness
of the coefficients can be proved by a method that makes no use of differentiation.

Theorem 7.2. If D is a disc in K with positive radius and f: D — K is a function on D
expressible as a power series centered at o € D, then it is so expressible in only one way:

if D psoan(® — )t =37 Sqbp(x — )" for all x € D then a, = by for all n.

Proof. Setting x = « in both series we get ag = bg. Assume for some N > 1 that a, = b,
for 0 <n < N —1. We want to show ay = by. For all z € D,

Z an(z —a)" = Z bp(x — )" = Z an(x —a)" = Z bp(z —a)”

n>0 n>0 n>N n>N
= ) (an —bp)(z — )" =0
n>N
(7.2) = (- )N (an—bo)(@— )" N =0.
n>N

The series Y, < x(an —by)(z — )N = (ay —by) + (an41 — by+1)(z — @) + -+ converges
because it’s obvious for z = a while for x # o in D and n > N,

|(an = bn)(x — )"

P — 0= |(an — bn)(z — )" | = 0.

[(an —bp)(x — )" — 0=

When = # « in D, canceling the factor (z — )" in (7.2) tells us that

Z (an —bp)(z — )" N =0 for = # a.

n>N
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This is a convergent power series on D that vanishes on D — {a}. A power series is
continuous on its disc of convergence, so the power series must vanish at « too, where its
value is ay — by. Therefore ay = by. ]

Allowing power series centered at numbers besides 0 opens up an important way to study
the local behavior of a power series: recentering.

Example 7.3. In R, > 2" =1/(1 —2) for |[z| < 1. For |a| < 1, if |z — a| < |1 — a| then

1 1 1 1 z—a\" 1 n
1—:(::l—al—(x—a,)/(l—a):1_az<1_a> :Zm(ﬂc—a) )

n>0 n>0

which has interval of convergence {z € R : |x — a| < |1 — a|} and radius of convergence
|1 — a|]. For example, the power series for 1/(1 — x) centered at a = —1/2 has interval of
convergence (—2,1), not (—1,1) like the power series for 1/(1 — x) centered at a = 0.

Example 7.4. In K, > ~,2" =1/(1 —z) for [z < 1. For |a|] < 1, if [x —a| < |1 —af then

1 1 .
1—$:Z(1—a)”+1(w_a)

n>0

by the same reasoning as in Example 7.3. The disc of convergence of this power series is
{re K :|r—a|] <|1—al}. Since |a| <1, |1 —a|=1and |z —a| <1 if and only if |z| < 1,
by the strong triangle inequality, so the power series for 1/(1 — ) centered at = a has the
same disc of converges as the power series for 1/(1 — z) centered at 0: the open unit disc.

Theorem 7.5. If f(z) = }_,~qan(r—a)" in K has disc of convergence D and 8 € D then
we can write f as a power series centered at B: f(x) =Y, ~obm(x — B)™ where b, € K
and x € D, and this power series centered at 3 also has disc of convergence D.

Proof. For each x € D,
f(z) =) an(z —a)"
n>0

:Zan(l‘—ﬂ—i—ﬂ—(l)n

n>0

=D _n i <Z) (z—-p3)"(B—a)y ™

n>0 m=0

=22 cm

n>0m2>0

where

(::L)an(x - B)m(ﬁ - a)nfm’ if m < n,
Cmn = .
0, if m > n.
For m < n, |epmn| < |an|max(jz—0], |B—a|)" < |an| max(|z—al, |B—a|)™. Since f converges
at x and at (3, both |a,||z — a|™ and |ay||8 — a|™ tend to 0 as n — co. Also ¢y, = 0 when
m > n, so ¢py — 0 as max(m,n) — oo. That is sufficient to justify switching the order of
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summation in the double series above:

m>0n>0
= "Nan(s— o)™ | (@ - p)"
m>0 n>§;® <m>
=Y bz —B)",
m>0
where
(7.3) b =Y (;) an(B — )™ = @y + (M + Dami1 (B —a) + -,

n>m

which depends on the centers a and § but not on .

Our computations show that if a power series centered at « has disc of convergence D
in K, then the power series can be recentered at each 8 in D and this recentered series
converges on all of D. If D’ is the maximal disc of convergence of the recentered series at
B, then we showed D C D’. Everything we did is symmetric in the roles of o and 3: the
recentered series for f at 3 converging on D’ can be re-recentered to «, and that must be
Y >0 an(r — @)™ by uniqueness of coefficients. Thus D’ C D too, so D' = D. O

The idea of recentering a power series is a basic procedure in real and complex analysis,
because the recentered series will often converge at new points not covered by the original
series, thereby extending the domain of the function. Theorem 7.5 says this idea does not
work in complete nonarchimedean fields: a power series defined on a disc in K can’t have its
domain extended by recentering the series “near the edge of the disc”. There is no actual
edge of a disc in K, since every point in a nonarchimedean disc can be regarded as the
center, and Theorem 7.5 is consistent with that fact in its own weird way.

Theorem 7.6. Let f(x) be a power series converging on a disc D in K centered at 0. If
f(a) =0 for some o € D then we can factor out x — a: f(x) = (x — a)g(x) where g(x) is
a power series centered at 0 converging on D.

Proof. Recenter the power series for f(x) at a by Theorem 7.5: f(x) = Y, ~¢an(z — )"
on D with ag = f(a) = 0. Therefore f(z) = (z — a)g(x) where g(z) =3, <1 an(x — )" L.
The power series g(z) converges for each x € D: this is obvious at # = «, and for = # « in
D we have |a,(z — a)"| = 0 when n — o0, 50 |an(z — )" | = |an(z — @)"|/|z — a| — 0
when n — oo.

Although g was constructed as a power series centered at «, since 0 € D we can express
g as a power series centered instead at 0 and the new series converges on D. ]

This theorem resembles a property of polynomials: a polynomial vanishing at a can be
written as x — « times another polynomial. The proof of that is purely algebraic, but the
proof of Theorem 7.6 needs care to check the series involved converge and uses recentering,
which depends on being able to interchange the order of a double series.

Thanks to Theorem 7.5, the property of a function being representable as a power series
on a disc in K is independent of the choice of the point in the disc around which the series
is expanded.
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Definition 7.7. A function f: D — K defined on a disc D in K with positive radius is
called analytic if it is a power series centered at a number in D and converging on D. A
p-adic analytic function is an analytic function on a disc in some p-adic field.

Example 7.8. On Q,, the p-adic exponential function is analytic on pZ, for p # 2 and on
47 for p = 2.

The disc in the definition of an analytic function may have the form {x € K : |[x—a| < R}
or {z € K : |x — a| < R}, where R > 0. Both such discs are open and closed subsets of K.

Theorem 7.9. For a disc D in K let f: D — K be analytic. If f(a)) =0 for some a € D
then f(z) = (x — a)g(z) where g: D — K is analytic.

Proof. As in the proof of Theorem 7.6 we can write f as a power series centered at a to
show f(z) = (z — a)g(x) on D where g is a power series centered at o that converges on D.
The power series g is analytic by definition (independent of the choice of center in D). [

Theorem 7.10. When K is a p-adic field, two analytic functions on a common disc in K
that have the same derivative differ by a constant on that disc.

Proof. Let f,g: D — K both be analytic. By Theorem 7.5 we can express them as power
series centered at the same point o in D. Then f' = ¢’ on D implies f™ = ¢ on D
for all n > 1, so the coefficients of their power series at «a are equal in all positive degrees:
f™(a)/n! = g™ (a)/n! for all n > 1. The only difference between the two power series is
in their constant terms (n = 0), so f and ¢ differ on D by a constant. O

Theorem 7.11. If f: D — K s analytic and not identically zero, its zeros in D are
isolated: if f(a) =0 for an o € D then for anr >0, f(z) #0if0< |z —a| <.

Proof. We carry out a more careful version of the proof of Theorem 7.6. Writing f(z) =
Y onsoan(z — )" for x € D, ag = f(a) = 0 and some a,, is not 0, since otherwise f would
be identically zero on D. Let ay # 0 with N > 1 minimal, so f(z) = Y.,y an(z — )" =
(z — a)Ng(x) where g(x) = >, <y an(x — @) V. The series g(x) converges for all z € D
by the same reason used in the proof of Theorem 7.6 (there we essentially treated N as 1).

Since g(a) = any and a power series is continuous on the disc where it converges,
lim, o g(z) = any # 0. Therefore there is a small r > 0 such that |z — a| < r = g(x) # 0.
Then 0 < |z —a| <7 = f(z) = (x — a)Vg(z) £ 0. O

Corollary 7.12. For a sequence ¢, € Q) such that the series f(z) =3, < cnx™ converges
on Z,, if the coefficients are not all zero then f has only finitely many zeros in Zy.

Proof. We will prove the contrapositive: if f has infinitely many zeros x1,z2,x3,... in Z,
where the z;, are distinct then every ¢, is 0. Since Z, is compact, the sequence {z}} has a
convergent subsequence, say xy, — = € Z,. Then f(z) = lim;_oo f(zk,) = lim; 500 = 0,
and the zero x is not isolated since it is a limit of the zeros x;,. Theorem 7.11 implies
f(z) =0 for all z € Z,, so all of the power coefficients of f are 0 by uniqueness of those
coefficients (Corollary 3.15 or 5.6). O

Theorems 7.9, 7.10, 7.11, and Corollary 7.12 are all true for real power series converging
on a closed and bounded interval [a,b]. In some cases the proofs are the same, e.g., using
compactness of [a,b] in place of compactness of Z, in Corollary 7.12.

The following corollary shows that the phenomenon of nonconstant power series being
periodic functions, which is well-known in real analysis (e.g., trigonometric functions), can’t
exist in p-adic analysis.
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Corollary 7.13. Let K be a p-adic field and f: D — K be analytic. If f is periodic,
meaning there is a t # 0 in K such that f(z) = f(x +t) for all x € D, then f is constant
on D.

Part of the hypothesis is that t € D = x +t € D.

Proof. From f(x) = f(x+t) for all x € D we get f(x) = f(z+nt) for every positive integer
n. In particular, for each = we have f(x) = f(x + p"t), where r > 1.

Fix an zg € D, so f(zg) = f(xo+p"t) for all » > 1. The function F(z) = f(x) — f(xo) is
a power series on D such that F'(xg) = 0 and F(xo + p"t) = 0 for all » > 1. Since p"t — 0
as r — oo and t # 0, the point zq is not an isolated zero of F'. Therefore F is identically
zero on D by Theorem 7.11, so f is a constant function. O

Remark 7.14. While nonconstant additively periodic functions do not exist over the p-
adics, there are nonconstant multiplicatively periodic functions: f(qx) = f(z) for some ¢ # 0
and x € K* with & & ¢%. The point is that a p-adic field K does not have discrete additive
subgroups other than {0}, but the multiplicative group K* has many discrete subgroups,
namely ¢Z when |q| # 1.

8. THE p-ADIC LOGARITHM

In this section K is a p-adic field.

We saw in Example 3.10 that the power series Y, ,(—1)""12"/n has disc of convergence
{z € K : |z| < 1}. In real analysis this is the power series for log(1 + ), so we adopt this
notation in K as well.

Definition 8.1. For x € K with |z| < 1, the p-adic logarithm at 1 + x is
x" x x3
log(1 = N L DS I
ou(1 +2) = S == G

Equivalently, for y € K with |y — 1| < 1,

_1\n _1)\2 _1\3
logy:Z(_l)nfl (y nl) _ (y—l)— (y 21) + (y 31) .
n>1

This “log” function does not have a base in K. It is defined by its series.
Example 8.2. The logarithm on Q, has domain 1+ pZ, (including when p = 2).

Example 8.3. In Q5 we will compute the first five digits of log 11, so we are seeking log 11
modulo 5°. As a series,

p 10"

log 11 = log(1 +10) = Y (1) .

n>1
We know the general term in the series tends to 0, so [(—1)"7110"/n|5 < 1/55 for all large
n, but when does this bound occur and remain true thereafter? The bound is equivalent to
ord;(10™/n) > 5, which says n — ords(n) > 5. A table suggests this works for n > 6.
n 1 345 6 7 8 9 10
ords(n) |0 0010
n—ords(n) | 1 3 4 46

N O N

000 1
78 9 9
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To prove n — ords(n) > 5 for n > 6 we will work out a lower bound on n — ords(n) from
an upper bound on ords(n):

gords(n) <n = ords(n) < logs(n),

son—ords(n) > n—logs(n). By calculus, the function g(z) = z—logs x on(0, co) is increasing

for x > 1/Inb ~ .378, so from ¢(6) ~ 4.8 and ¢(7) ~ 5.7, we have n — ords(n) > g(n) > 5

for n > 7. Since also 6 — ord;(6) = 6 > 5 we have proved ords;(10™/n) > 5 for n > 6. Thus
102 10®°  10* 10°

_ _qq . o7 o710 107 5
log 11 = log(1 + 10) = 10 5 + 3 YRl 5 mod 5°.

The sum of the first 5 terms in the series is 53380/3 = 255/3 = 85 mod 5°, so
log 11 = 85 = 02300 mod 5°.
Theorem 8.4. If |z — 1| < 1 in K then log'(x) = 1/x.

Proof. We can write logz as a power series in « — 1, and such series when |z — 1| < 1 can
be differentiated termwise, so
/

= = O

The real logarithm sends products to sums: it is a group homomorphism (0,00) — R.
The p-adic logarithm’s domain {z € K : |z — 1| < 1} is also a multiplicative group: by
the strong triangle inequality, [t — 1| < 1 = |z| = |(z — 1)+ 1| =1, s0 |z — 1] < 1
and |y — 1| < 1imply |zy — 1| = [(z — 1)y + (y — 1)| < max(|lz — 1|y, [y —1[) < 1 and
|[1/x — 1| = |(1 — z)/z| = |1 — 2| < 1. The values of the p-adic logarithm are in K, an
additive group. Is the p-adic logarithm a group homomorphism?

Theorem 8.5. If |z —1| <1 and |y—1| < 1 in a p-adic field K then log(zy) = logz+logy.

Proof. Fix a choice of y. We consider the two expressions log(xy) and logz + logy as
functions of z on the disc {x € K : |z — 1] < 1}. To prove they are equal, look at the
x-derivative of both sides. By Theorem 8.4, (logz + logy)’ = log’(x) = 1/x. By the chain
rule, (log(zy)) = (1/(zy))y = 1/=.

Since the two derivative formulas match, we expect the functions log(zy) and log x +log y
differ by a constant: log(zy) = log x +logy + Cy for some C, € K. Setting x = 1, we would
then see that logy = logy + Cy, so C;, = 0 and thus log(zy) = log x + logy. Since y was
fixed but arbitrary, and x was arbitrary, we have proved the desired identity.

However, this reasoning has a gap. The argument was based on knowing that two p-adic
functions on a disc with the same derivative on that disc differ by a constant, and we have
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shown this holds for two functions on a disc represented by power series that meet the
hypotheses of Theorem 7.1(4) or Theorem 7.10. Both log z +log y and log(zy), as functions
of z, have power series expansions:

(z —1)"

logx + logy = logy%—Z(—l)”_1 -

n>1

and

n n
log(ay) = 7 (-1 VDT S gy 2 U
n#l n#l

The first series is centered at 1 and the second is centered at 1/y. Both series converge on the
disc D = {z € K : |z—1| < 1}, and D contains 1/y since [1/y—1| = [1—y|/|ly| = |1 —y| < 1.
Thus log = + log y and log(zy) are power series in x centered at different points of D (unless
y = 1: a trivial case), so we could use Theorem 7.10. Or by recentering, we can write the
two functions of x as power series on D centered at the same point and then use Theorem

7.1(4) (equality of derivatives does not depend on the center). O

Corollary 8.6. If |z — 1| < 1 in K then log(1/x) = —logz and log(z™) = nlogz for all
ne 7.

Proof. Taking the logarithm on both sides of z(1/z) = 1 we get log z+log(1/z) = log(1) = 0,
so log(1/x) = —logz. We get log(z™) = nlogx for n € Z* from Theorem 8.5 by induction.
The equation is trivial for n = 0, and the case n < 0 follows from the case n > 0 since
log(2") = log((a™)~) = — log(a"). O

The p-adic exponential is defined near 0 and the p-adic logarithm is defined near 1. We
saw in Theorem 4.5 that the p-adic exponential is an isometry on the disc where it converges.
The p-adic logarithm is an isometry too, but only on numbers close enough to 1.

Theorem 8.7. If |t — 1| < (1/p)"/®=V then |logt| = |t — 1|. If |z — 1| < (1/p)"/®=V) and
ly— 1] < (1/p)"/ ) then [logz —logy| = |z — yl.

Proof. If t = 1 then logt =t — 1 =0. For 0 < [t — 1| < (1/p)"/ P~ extract the first term
from the power series for logt:

logt = (t—1)+ > (-1)"!
n>2
We will show |(—1)"~'(t—1)"/n| < [t—1| for n > 2. Then [t—1+3>"_,(=1)" " (t—1)"/n| =
|t — 1] for N > 2, and letting N — oo we get |logt| = |t — 1].
The condition |(—1)""1(t —1)"/n| < [t — 1| is equivalent to |t — 1|*~! < |n| = |n|,, which
for n > 2 says

(8.1) It — 1] < [n]2/("=1.

t—-1"

Why is this inequality true? Since |t — 1] < (1/p)Y®~, we can verify (8.1) by showing

e
() =

It is left to the reader to check this inequality holds for all n > 2 (and equality occurs if
and only if n = p). This completes the proof of the first part.
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To show |logx — logy| = |z — y|, rewrite |logx — logy| as |log(xz/y)| by Corollary 8.6.
To apply the first part to |log(x/y)|, we check

_ 1/(p—1)
x—l'z'g” y|=|l’—y\§ma><(lx—1!,y—l\)<(1> .
Yy |y P

Therefore | log(z/y)| = |2/y — 1] = |z — y|/Iy] = | — yl. O
Recall the disc D, in (4.1).

Corollary 8.8. The logarithm is injective on {x € K : |z — 1| < (1/p)Y/®P~V} =1 + D,,.
Proof. If logx = logy for x and y in 1+ D), then |z —y| = |logz —logy| =0,s0 z =y. O
Example 8.9. For prime p # 2,

{reQpilz—1,<1/pYP V) ={reQy:|z—1], <1/p} =1+ pZ,
which is the full domain on which the p-adic logarithm is defined in Q. Thus the logarithm
on 1+ pZ, is injective and an isometry here: |logz —logy|, = |z — y|,. Its image is in pZ,
since |log x|, = |z — 1|, < 1/p.
For p = 2,

{I'EQQ:’1’—1‘2<(1/2)}:{$€Q2:‘1’—1‘2S1/4}:1+4Z2,

so the 2-adic logarithm is injective and an isometry on 1 + 4Z5,, with image in 4Z,. The
set 1 + 4Zo is not the whole domain for the 2-adic log, whose power series converges on
14 2Zs. It turns out that on 1 + 2Zs the logarithm is not an isometry or injective. The
reason is explained most easily with —1. Since —1 € 1 + 2Zy and (—1)? = 1, taking the
logarithm of both sides shows 2log(—1) = log(1) = 0 by Theorem 8.5, so log(—1) = 0.
Hence log(—1) = log(1) even though —1 # 1. More generally, log(—a) = loga for all

a € 1+ 2Zs. So if a = 3 mod 4 then |logals = |log(—a)la = | —a — 1|2 = |a + 1|3 since
—a =1 mod 4.
Example 8.10. The 2-adic equation log(—1) = 0, which says log(1 — 2) = 0, is equivalent
to
_1\n—1 (72)71 _ 2 _

REIRICC R L

n>1 n>1
so in Qg

2’)’1
(8.2) > — =0
n>1

Using the partial sums s(n) = 2 4 22/2 4 23/3 4+ ... + 2" /n, (8.2) says orda(s(n)) — oo
as n — oo. In the table below, the 2-adic valuations of orda(s(n)) grow irregularly.
n ‘123456789101112131415161718
orda(s(n)) ‘ 12 2 5 8 5 5 13 9 10 10 12 12 12 12 22 17 18
Since ordz(s(n)) doesn’t directly mention 2-adic logarithms, it’s natural to ask whether
we can prove orda(s(n)) — oo as n — oo without using 2-adic logarithms. This can be done.
See the accepted answer at https://math.stackexchange.com/questions/2816184. The
idea is to show when 7 is even that S%_, 25/k is n times a 2-adic integer, so S 7., 2 /k
when m > 1 is 2 times a 2-adic integer. Thus Zzzl 28/l — 0 in Zg as m — oo, so the
series Y ;<4 2F /I has a subsequence among its partial sums that tends to 0. Since the whole
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series converges in Qq, it equals every limit taken along a subsequence of its partial sums,
and thus the whole series is 0.

Based on a lot of numerical data, that ords(s(n)) — oo as n — oo appears to be express-
ible as the following lower bound.

Conjecture 8.11. When 2" < n < 2"! ordy(s(n)) > n — r, with equality if and only if
n=2rtl—1.

Here is a corresponding upper bound based on numerical data.

Conjecture 8.12. When 2" < n < 2"t orda(s(n)) < n + 2r — 2 except at n = 8, and
there is equality if n = 2" except if n is 4 or 8.

In Conjecture 8.12 we write “if” rather than “if and only if” since sometimes ords(s(n)) =
n + 2r — 2 when n is not a power of 2: it holds at n = 40 and n = 296.

Rewriting 2" < n < 2"t! as r < logyn < r + 1 (where log, is the high school base-2
logarithm), the bounds in Conjectures 8.11 and 8.12 say

n — [logyn| <orda(s(n)) < n+2[logyn| —2

for all n > 1 except when n = 8 in the upper bound.

Returning to general primes, the p-adic exponential and logarithm are continuous homo-
morphisms exp: pZ, — 1+ pZ, and log: 1+ pZ, — pZ, for p # 2 and exp: 4Zy — 1 +4Zy
and log: 14+4Zy — 475 for p = 2. We will show next that these are inverse functions. More
generally, on a p-adic field these functions are inverses on the discs where we proved they
are isometries.

Theorem 8.13. The functions exp: D, — 1+ D, and log: 1 + D, — D, are inverses,
where Dy, = {x € K : |z| < (1/p)1/(p—1)}‘

Before getting into the proof of Theorem 8.13, some comments are in order to get the
right perspective about the result and its proof.

You might think the proof should be easy using derivatives. After all, setting f(z) =
log(e*), we have by the chain rule that f'(z) = (log’(e®))(e*) = (1/e*)(e*) = 1, so f has
constant derivative 1. That means f(x) = x 4 ¢ for some constant c¢. Then we can find ¢
by setting x = 0: f(0) = log(e”) = log(1) = 0, so c is 0 and f(z) = z, i.e., log(e®) = =,
right? This is how a proof in real analysis could go. But such reasoning in p-adic analysis
has a gap: why must a function with derivative 1 be linear? Recall by Example 5.9 that not
all functions Z, — Q, with derivative 0 have to be constant! We know that on a disc in
a p-adic field, an analytic function on the disc with derivative 1 must have the form x + c,
since the derivative determines the function up to an additive constant. But that begs the
question: why is log(e®) analytic? That logx and e are each analytic is not good enough:
the composition of analytic functions does not have to be analytic!

Example 8.14. Consider the 2-adic exponential and logarithm. Both log: 1+ 2Zs — Q2
and exp: 4Z3 — Qg are analytic (each is a power series on a disc). Since 142Zy = £(1+4Z>)
and log(—1) = 0, we have log(1 + 2Z2) = log(1 + 4Z9) C 4Zy. Also exp(4Zy) C 1+ 4Z5, so
if for x € 1 + 2Zy we set h(z) = €'°8% then h(1 + 2Z3) C 1 + 4Z3. Therefore we can’t have
h(z) = x for x € 1+ 2Z9 with x & 14 4Z5. (We know it’s false at = —1!) In fact it turns
out that for x € 1 + 2Z,,

log = x, if £ =1 mod 4,
(& =
—z if £ =3 mod 4.
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This composite of analytic functions is not an analytic function since it is not given by a
single power series on 1 + 2Zso.

There is a theorem giving general conditions under which a formal composition of power
series h(X) = f(g(X)) satisfies the numerical identity h(x) = f(g(x)) for z in the domain
of convergence of g(X). (See [2, pp. 99-101] for p-adic power series and [6, pp. 180-181] for
real power series; the real case uses hypotheses of absolute convergence.) The only instance
of composition of power series that we will use is for the p-adic exponential and logarithm,
so we will bypass proving a general theorem justifying formal-to-numerical composition
and give instead a proof tailor-made to the p-adic exponential and logarithm series. The
following proof of Theorem 8.13 can be safely skipped and returned to later.

Proof. Since expx is an isometry on D, and logx is an isometry on 1 + D), we know
exp(Dp) C 14 D, and log(1 + D)) C D,. Therefore it makes sense to ask if log(e”) = x for
all x € D), and if elogy = g for all y in 1 + D,,.

If we prove log(e®) = = for all # € D, or €'Y = y for all y € 1 + D, then the other
follows. For example, if log(e”) = « for all z € D,, then for y € 1+ D, set x =logy € D,
and thus log(e'°8¥) = logy. Both €'°8¥ and y are in 1+ D, and log is injective on this disc
since it is an isometry there, so from log(e!°¥) = logy on 1+ D, we get €°8¥ = y on 1+ D),

We will now prove log(e”) = « for z € D). From now on, x always runs over D,,.

The formula log(e®) = Y, <, (—1)""(e® — 1)"/n, is not directly a power series in x, but
rather in e — 1. For N > 1, define the truncated log polynomial

N n—1 N-1
-1 1 -1
Ly(T) = EV" g e GV

TN,
n 2 N

n=1
Forye 14+ Dy, Ly(y —1) = logy as N — oo. When z € D, and we set y = e”, we get
Ly(e* —1) — log(e®). We will now prove that Ly(e® —1) — x as N — oo, so log(e®) = .
Since Ly (e* —1) is a polynomial in e* — 1, it is a finite sum of powers of analytic functions
on D, and therefore it is analytic on D, (Theorem 3.1). Let the expansion of Ly(e® —1)
as a power series in x have coefficients ¢, v for m > 0: for x € D,,

(1)
(8.3) Ly(e"—1)=>_ ("= 1)" = > emnz™
n=1 m>0

We want to understand what is happening to the coefficients ¢, y as N grows.

Because e® — 1 = z + 22/2! + --- has constant term 0 and first term z, (e — 1)" is a
power series in x with first term z™. Therefore the expression of
(" —1)° P N
LyEe*—-1)=("-1) ———+ .-+ (-1
wer 1) = (1) = g Y
as a polynomial in e* — 1 shows cg y =0 and ¢; vy = 1, so
(8.4) Ly(e®—1)=uz+ Z Cm NZ™.
m>2

We will use derivatives to show ¢, v = 0 for 2 < m < N. (Since Ly(e® — 1) — log(e*)
as N — oo, and anticipating that log(e®) = z, we should expect in (8.4) that many of the
¢m,N's for m > 2 should vanish as N grows.)
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Differentiate Ly (e” — 1) as a function of x. Since Ly(T") is a polynomial, the rules of
differential calculus (basically the chain rule) tell us that for z € D,
(Ly(e® — 1)) = Liy(e® —1)(e* — 1) = Ly(e” — 1)e”
Since Ly(T) has derivative SV (—1)7 1771,

N
LlN(ex - 1)695 _ Z(_l)n—l(ex - 1)n—1e:c
n=1
N
— Z(l _ e:p)nflez
n=1
— 1_(1_€x)Neac
1—(1—e7)
=1—(1—-em)N.
The power series for 1 — e” starts with —z, so 1 — (1 —e*)Y =1+ (=1)V 12V 4 ... which

has no terms in degrees 1 through N — 1. By (8.3), (Ly(e® — 1)) = >, <y mepm na™ L.
Therefore by uniqueness of coefficients in power series expansions (Corollary 3.15 or 5.6), the
coefficients of ) -, mcmw:}cm*l are0for 1 <m—-1<N—-1,s0¢y,y=0for2<m<N.
Feeding this into (8.4),

(8.5) Ly(e®*—=1)=z+ Z Cm,NT™
m>N+1

Now we compute 1 — (1 — e®)V as a power series more explicitly:

()
:

N
Z > 1)k*lehr by Theorem 4.4
k=1

1—(1—em)N

m>0

We can interchange the order of summation since the sum of finitely many convergent series
can always be added termwise (you could apply Theorem 3.1 if you wish). Then

N
e - (o) S S
m>0 \k=1 m>0

where b, v is an integer. Since (Ly(e®* — 1)) = 1 — (1 — )", and power series in z
have uniquely determined coefficients, equating coefficients of 2™~ on both sides gives us
mem N = byp—1.n/(m — 1)! for m > 1. Therefore when m > 1, ¢y = byp—1,n/m! is an
integer divided by m!. Place this formula for ¢, x into (8.5):

L(e—l—x—l—zml]\[m
m>N—+1
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Subtract x and estimate:

$m

m)!

|ILy(e® —1) — z| < max

< max
m>N+1

m>N+1

m! ’

bn—1,N
m ) xm

where in the last estimate we used the fact that b,,_1 x is an integer. Because z € D,
2™ /m! — 0 as m — oo from convergence of the p-adic exponential series at x. Therefore
our upper bound on |Ly(e* —1) — x| tends to 0 as N — oo, so Ly(e* —1) — x as N — oc.
We already saw at the start that Ly(e* — 1) — log(e®) as N — oo, so log(e®) = x by
uniqueness of limits. O]

Example 8.15. For p odd, e* is an isomorphism from pZ, onto 1+ pZ, with inverse logy.
These isomorphisms are isometries, so e* maps kap onto 1 + kap if k> 1. For p=2, e
is an isomorphism from 4Zs onto 1 + 4Z,, and the image of 2¥Zy under e® is 1 + 2+Z, if
k> 2.

In R the exponential function with its infinite radius of convergence defines a global group
isomorphism from all of R to the positive reals (0, 00). In the p-adic world, the exponential
function sets up a local group isomorphism between a neighborhood of 0 (additive) and a
neighborhood of 1 (multiplicative).

Example 8.16. We saw in Example 8.3 that in Qs, log11 = 85 mod 5°. Since the 5-adic
exponential is an isometry 5Z5 — 1 + 5Zs5, we must have €3 = 11 mod 5°. Let’s check. As
a series, €% = >_n>0 85" /nl. The reader should check that 85" /n! = 0 mod 55 for n > 6, so

852 853 85%  85°
85 _ 5
=1 Bt T T Il

e + 85+ 2 + 5 + 2 + o mod 5

=1+ 85 + 2050 + 2875 + 2500 + 1875 mod 5°
=11 mod 5°.

9. POWER SERIES AND ROOT EXTRACTIONS

In this section we look at the p-adic version of power series for power functions.
One of Newton’s great discoveries was the extension of the binomial theorem from integral

to real exponents:
t t
1 g n_14¢ 24 ...
(1+2) Z<n>$ + x+<2>x +

n>0

for t € R, which is absolutely convergent for |z| < 1 in R.* In particular, taking ¢t = 1/m
forme ZT,

(9.1) (1+2)Y/m = 7;) (1{;’”‘) 2"

is ¥/1+ z, the positive real mth root of 1 + z, when —1 < z < 1.

We will look at Newton’s binomial series for p-adic  and p-adic integer exponents ¢, and
in particular show when ¢ = 1/m that the mth root series (9.1) describes p-adic mth roots,
but it might not converge to the mth root you’d expect.

Theorem 9.1. Fort € Z,, the series >_,~o (1)a" converges for |z|, < 1.

4For z = +1 the series converges for some ¢, and of course it converges for all x when ¢ € Z™ since then
the series is a polynomial.
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t
n
(e.g., tx is the kth truncation of the p-adic expansion of t), so (fL) = limy (t,f) for each

Proof. The binomial coefficients ( ) are all in Z,,: we can write t = limy_,, ), where ¢}, € VA

n since (fL) is a polynomial in z (of degree n) and polynomials are p-adically continuous.
Each (t?f) is a positive integer by combinatorics if £y > n and is 0 if 0 < f < n, so (fl) is a
p-adic limit of integers and thus is a p-adic integer.

Since |(fl) |p <1 for all n, the power series ), -, (fl)x” converges when |z[, < 1.° O

Definition 9.2. For ¢ € Z,, and |z|, < 1, define (1+ )" := 3, . (})z".

n

When ¢ is a positive integer, the series EnZO (fl) z" is a polynomial and equals the ¢-th
power of 1+ 2z by the binomial theorem. We want to justify the notation (1+z)! as a power
for other exponents ¢, particularly when ¢ is a rational number in Z,,.

Theorem 9.3. Fort and t' in Z,, and |z|, <1, (1 +2)'(1 + )" = (1 + z)"+*.
Proof. By Theorem 3.1,

nenear -2 (Yo (-3 (5(0(,1)

n>0 n>0 n>0 \k=0

The coefficient here of ™ equals (ttlt/) as a special case of the polynomial identity in X and
Y called Vandermonde convolution:

62 () -2 (65

Thus (14 2)1(1 4+ 2)" = (1 + z)*. O

Corollary 9.4. If m is a positive integer not divisible by p and v € pZ, then the series
(1+z)/m .= > >0 (1/m)x" equals the unique mth root of 1 + x in 1+ pZ,.

n
Proof. Since m is not divisible by p, Hensel’s lemma for the polynomial 7™ — (1 + x) with
approximate root 1 shows 1 + z has a unique mth root in 1 + pZ,. We want to show this
. : 1
mth root is the series 3 - ( flm)x”
Since 1/m € Z,, for n > 1 we have ](lém)x"h, <lzlp < 1,80 37,50 (1/nm)x" = 1 mod p.
By Theorem 9.3, the mth power of the series (14 z)Y/™ is

m times

(1+33)1/m+"'+1/m:(1+x)1:1+x,

SO ano (lélm)ﬂl is the unique mth root of 1 + x that lies in 1 + pZ,,. U
Example 9.5. Let’s look at square roots. If p # 2 and = € 1 4 pZ,, the infinite series

> ()

n>0

SFor t € Z, with t ¢ N, (:L) € Z, infinitely often: if t =, axp”® then (ptk) = a, mod p for all k£, and
1 < ar < p— 1 infinitely often. So the disc of convergence of the series (1 + z)" is the open unit disc.
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is the unique square root of 1+ in 1+pZ,. In Q3 and Qs for instance, ano (11/12) (15/49)™
is a square root of 14 15/49 = 64/49 = (8/7)2, so the series is +8/7. Since —8/7 = 1 mod 3

and —8/7 =1 mod 5,
S (12 (1)
\n)\49) T

nz

in Qs and Q5. All terms in this series are rational, and the same series converges in R to
the positive square root of (8/7)2, which is 8/7. This is a concrete example of an infinite
series of rational numbers having different rational values in R and Q3.

Example 9.6. In Qig, >, (143)(19/8)” is a cube root of 1+ 19/8 = 27/8 = (3/2)3
and is not 3/2 since 3/2 # 1 mod 19. The cube roots of unity in Qg are the Teichmiiller
representatives 1,w(7), and w(11). Since (3/2)7 = 1 mod 19, the series has value (3/2)w(7)
in Q9. The series does not converge in R.

Remark 9.7. In Qo, ano (1/2):U” does not converge on all of 2Zs since 1/2 & Zo: (1/2)

n n
is not a 2-adic integer for n > 1, and in fact \(IT/LQ) lo = [1/2|5/|n!]2 = 22752(") The series
converges on 8Zs, where it equals the square root of 1 + x that is = 1 mod 4. For example,
Y >0 (17/12) 8" is a square root of 1 +8 = 9 = 32, and its value is —3 since —3 = 1 mod 4.

More generally, if t € Qp — Zy, so |t|, > 1, then |(})|, = [ty /Int], and 37, 5 (H)am
converges if and only if ||, < (1/[t[,)(1/p)"/®=1).

To relate (14 z)! to integral powers of 1 + = when ¢ € Z,, we’ll show it depends contin-
uously on t.

Theorem 9.8. If x € pZ, and t and t' are in Z, then |(1+z)t — (1 + )|, < |t —t'|p|z,.

Proof. The constant terms of the series (1 + z)* and (1 + z) are both 1, so

(1+2) — (1+2)" =2 <(Z> B (;)) g
()~ ()

— |(1+2)' — (14 2)"], < max

]
n>1

p

p

Set § =t —t/, so by the Vandermonde identity (9.2)

()=S0 -EM0) ()
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Using the identity (i ) = %(i for m > 1,
t t/ ) 0—1
n k)n—k\n—k—1
:‘\(tH )\ R
max
n n)|, ~ osksn-1|n — ki,

Bl
Il |
o =

1] ( 1 1 1 )
= |§[pmax | —, ——, ..., —
? 1lp " 2] nlp
t t/ n
=1(G)=C)) =, = v
n n » 1<k<n |k|p
< |9], max m since |z, <1
= TP yZk<n |k, P
k

By the proof of Theorem 8.7, |z/k|, < |z|, for k > 2 if |z, < (1/p)"/®~V. Similar
reasoning shows |z¥/k|, < |z|, for k > 1 if |z|, < (1/p)Y/®~Y so for = € pZ, we have
|2* /K|, < |z|, for k > 1, and thus

<|t—+t], max. < |t —]plzlp. O

(()-C))=
n n » 1<k< »
Corollary 9.9. Ift € Z, and {t;} C Z" satisfies t;, — t as k — oo, then for x € pZ,,

(1+2)% = (1 +2) as k — co. Thus (1+ ) is a p-adic limit of integral powers of 1 + .
Proof. By Theorem 9.8, [(1+z)! — (14+2)'*|, < [t—tg|p|z], < [t—tklp, and [t—tg|, — 0. O

k

10. STRASSMANN’S THEOREM

What we have done so far with p-adic power series has been motivated by the real
case. Weird things happen, like e having a finite p-adic radius of convergence, but p-
adic power series are broadly similar to real power series (radius of convergence, termwise
differentiability, etc.) In this section we will meet a phenomenon without an analogue in
real analysis: a way to bound the number of roots of a p-adic power series based on the
sizes of its coefficients.

Our focus will be on power series ) -, anz™ over K that converge on the closed unit
disc {x € K : |z| < 1}. This convergence is equivalent to a, — 0 (check convergence at
1). Taking K = Q,, for instance, Theorem 7.12 tells us that a series over Q,, converging
on Z, that is not identically zero has finitely many zeros in Z,. That finiteness comes from
compactness of Z, and is purely qualitative. We will make the finiteness quantitative by
deriving an upper bound on the number of those zeros using a theorem of Strassmann from
1928.

When a power series f(z) = ) -,an2"™ with a, € K has a, — 0 and the a,’s are not
all 0, the numbers |a,| have a positive maximum and there is a last time the maximum
occurs. The index farthest into the series with a coefficient of maximal absolute value will
be denoted N(f). That is,

N(f) =max{N > 0:|a,| < |an]| for all n > 0}.
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For the power series f whose coefficients are all 0, N(f) is not defined.

Theorem 10.1 (Strassmann [8]). Let a, — 0 in K and set f(z) = 3, 5qanz"™ forz € K
with |x| < 1. If the coefficients a, are not all zero then f(x) =0 for at most N(f) numbers
in the closed unit disc of K.

We can apply this to polynomials, which are power series with finitely many terms.

Example 10.2. By algebra, f(X) =1+ pX + X2 + pX? has at most 5 zeros in Q,. Since
N(f) = 2, Strassmann’s theorem tells us f(X) has at most 2 zeros in Z,,. The true number of
zerosinZ,is 0ifp =2 (a € Zy = f(a) =1,2mod 4) orp =3 (a € Zz = f(a) = 1,2 mod 3)
and 2 if p = 5 (use Hensel’s lemma with a = 2 and a = 3).

Example 10.3. Over Q,, f(X) =1+ X + pX? has N(f) =1 and thus at most 1 zero in
Z,. There is a zero in Z, from Hensel’s lemma with approximate root —1. The second root
of f(X) in Q, lies outside Z,,.

Example 10.4. Strassmann’s theorem provides a second proof that the p-adic exponential
function is injective on pZ, for p # 2. View e* on pZ, as e’* on Z,. The power series
el =% ~o(@"/n!)a™ has coefficients p"/n! that tend to 0. For each y € Z, set fy(x) =
P —ePY = (1 —ePY) + pr + ., oo (p"/n!)a" for x € Z,,. Since |eP — 1|, < max,>1 [p"/n!],
when |y|, < 1 and [p"/n!|, < 1/p for n > 2 by the proof of Theorem 4.5, N(f,) = 1. An
obvious solution to f,(z) = 0 is ¢ = y, so by Strassmann’s theorem the only solution of
eP* = ePY for x € Z, is x = y. A similar argument shows e on 4Z, is injective.

Strassmann’s theorem can be regarded as an analogue for nonarchimedean power series of
bounding the number of roots of a polynomial over a field by the degree of the polynomial.
In the polynomial theorem the key idea is to factor out x — « if « is a root, which lowers the
degree of the polynomial by one, and the proof of Strassmann’s theorem will have a step
just like this where the value of N(f) drops by one after removing a factor corresponding
to a root (if one exists). When dealing with power series rather than polynomials we have
to be a little more careful at the factoring step, but we have actually done most of that step
already in Theorem 7.6.

Proof. To prove Theorem 10.1 we will use induction on N(f).
When N(f) =0, |ap| < |ag| for all n > 1, so ag # 0 and max,>1 |a,| < |ag| because the
an’s tend to 0. For z € K with |z| <1,

;anx” < rrr:g(\anxﬂ < rrrg{(\an\ < |aol,
n>

so by the strong triangle inequality |f(x)| = a0 + >_,,~; anz™| = |ag| > 0. Thus f has no
zero in the closed unit disc of K. B

Suppose N > 1 and the theorem is proved for all power series g(z) over K converging on
the closed unit disc of K with N(g) < N. If N(f) = N and f has no zero in the closed unit
disc of K then we are done (0 < N). If f has a zero a € K with |a| < 1, then we will show

(10.1) f(2) = (@ - a)g(a)

for a power series g converging on the closed unit disc of K and N(g) = N(f)—-1=N—1,
so by induction g has at most N — 1 zeros in the closed unit disc of K. Then by (10.1), for
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x € K with |z| <1 we have f(z) = 0 if and only if x = a or g(z) = 0, so the number of
zeros of f in the closed unit disc of K is at most 1 + (N —1) = N.
One way to prove (10.1) is that it follows directly from Theorem 7.6. For a second way,

f(x) = f(z) = f(@)
= Zak(azk —ak)

k>1

= (z — a) Z ap(zFt+ 2P o+ 4 zaf 2 4 oY

k>1
k—1

=(z—a) Z Z apzak1Tn

k>1n=0
(10.2) = (z —a)ZZc/m,

k>1n>0

where ¢p, = apz™a® 17" forn < k—1and ¢, = 0 for n > k. If n < k — 1 then
lckn| = |arz™a® 17" < |ag| since |z|, |a| < 1, and if n > k then |cg,| = 0. Since ax — 0 in
K as k — oo, we get ¢, — 0 as max(n, k) — 0, so we can swap the order of the sums in
(10.2) by Theorem 2.9:

f@) =@ -a) 3> e

n>0k>1

:(x—a)ZZc;m since ¢, = 0 for kK <n
n>0 k>n

=(r—a) Z Z arz™ o717 by the definition of ¢,
n>0k>n+1

=(r—a) Z Z a2

n>0 \ k>n+1
= (z — a)g(2),
where g(z) =3, 5 bp2™ with
(10.3) b, = Z apa Tl = Z an+kak*1,
k>n+1 k>1

Then [by,| < maxg>pn+1|ag|, so from ap — 0 in K as k — oo we get b, — 0 in K as n — oo.
Thus ¢(z) is a power series converging on the closed unit disc of K and (10.1) holds.

It remains to prove N(g) = N — 1. Writing g(z) = >, bnz™ to retain the notation
above, proving N(g) = N — 1 means proving B

(10.4) |bn| < |by—1]| for all n, |b,| < |by_1] for n > N.

We will do this in two ways, both of which involve showing [by_1| = |an]| too.
Method 1 (Power series formula for b,) Using the definition of b, in (10.3) as a power
series in «, where |a| <1,

|bn] < max |ag| < |an]
k>n+1
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for all n. Since by_1 = ax+ayy1a+an o0’ +--- and |aN+jozj| < lan4j| < lan] for j > 1,
we have |by_1| = |ay|. Thus |b,| among all n is maximized at n = N — 1. For n > N,
|bn| < maxg>ni1|ag] < maxg>ni |ak| < lan| = |by-1], so |b,| among all n is maximized
for the last time at n = N — 1. Thus N(g) = N — 1.

Method 2 (Recentering). We can use the formula for recentered coefficients in (7.3)
twice to express the coefficients of g in terms of the coefficients of f in (10.1). Recentering
ffrom 0 to a, f(z) =) ,sganx™ =, ~ocn(x —a)” where ¢, = >\, (ﬁ)ak(a — )k,
Then cg = > ;o0 axa’ = f(a) = 0 (as expected) so

f@) = (@-a)Y cale — )" = (2 =) 3 eari(e — ),

n>1 n>0

Thus g(z) = >_,50 cnt1(z — )" = 3, 5o bpa™ where we recenter g from a to 0, so by (7.3)

> <7€> 2 <€ Jli 1> arat =D | (=)t

t>n k>0+1

=3 2 () (1 )utnrnat

{>n k>0+1

=3 du,

£>0 k>0

where dp, = (ﬁ) (Zfl)ak(—l)f_”ak_l_" if {>nand k> /¢+1, and dgy = 0 otherwise. We
want to change the order of this double series, which by Theorem 2.9 is justified if dgy, — 0
as max(k, {) — oo.

We have |dg| < |ag|, since this is clear from the formula defining dy, if ¢ > n and k > ¢,
and it’s also clear in the other cases since dg, = 0. From |ag| — 0 as k — oo we get |dg| — 0
as max(k, f) — oo (the only interesting case is when ¢ < k, as dg, = 0 otherwise), so we can
exchange the order of the double series:

b= S

k>0 £>0
k-1
i kzzn:ﬂ; <£> <€i 1>a’“(—1)4"ak1n
(10.5) - k;ﬂ (:Z;i (ﬁ) <“k‘_ 1> (_1)£n> .

The finite sum in parentheses is an integer, so of absolute value at most 1. Also |a| <1, so
|bn| < maxg>ny1 |ak| < |an]| for all n. We will next prove |by_1| = |an| and |b,| < |an]| for
n > N.
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The first term in (10.5) at k =n+11is Y, . (f;) (7[}1'11)(—1)£’"an+1a("+1)*1*” = Gpy1,
soatn=N —1,

k—1
L k
by_1=an + Z ( Z (N - 1> <€ N 1) (_1)€(N1)> apa®—1-(N-1),

E>N+1 \U=N-1

Since |ag| < |any| when k& > N + 1, by the strong triangle inequality |by_1| = |an|. If
n > N then [b,| < maxg>ny1|ak| < |an|. Thus |b,| is maximized for the last time at
n=N-1. U

The formulas for b, by the two methods, in (10.3) and (10.5), are actually the same
formula. To convert (10.5) into (10.3), rewrite (10.5) as a sum over k > 1:

=3 <k+2 G <—1>f-"> st

k>1 \ f=n
(Bt

Comparing this to (10.3), we want to show the inner sum in parentheses is 1:

=L +n E+n Z‘i (£+n)! (k+n)! (—1)f
n l+n+1 nl! (+n+1)(k—£—-1)!

kZI (—1)!
:Oé' €—1'€+n—|—1

(k+n) = (k—1)!  (=1)

~
Il |
() —

(k =Dl & Ak — (= 1)l L +n+1
B k:+n' = (n+1)(-1)
(k- 'ko {+n+1

 (k+n ’“z‘:l k—1\ (n+1)(=1)"

B n+1) &\ ¢ l+n+1 7
That this equals 1 was posed as a question on MathOverflow [9], where multiple proofs can
be found (set m, n, and k in [9] equal to k — 1, n + 1, and ¢ here).

Remark 10.5. The number of roots of a polynomial over a field need not equal its degree,
but equality does occur in degree 1: ax+b = 0 if and only if x = —b/a (if @ # 0). Similarly,
if N(f) =1 in Strassmann’s theorem then there really is a root of f(x) in the closed unit
disc of K. This can be proved using a version of Hensel’s lemma for power series.%

Strassmann’s theorem extends to closed discs in K of radius different from 1 by a simple
scaling argument, as follows.

6See Section 8 of https://kconrad.math.uconn.edu/blurbs/gradnumthy/hensel.pdf.
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Corollary 10.6. Let f(z) = >_,~qanz™ converge on the closed disc {x € K : |z| < r}

where v € |K*|. If the coefficients a, are not all zero then the number of solutions to
f(z) =0 with |x| < r is at most

Ny(f) = max{N > 0: |a,|r" < |ay|r" for all n > 0}.
The integer N,(f) exists since, by hypothesis, |a,|[r"™ — 0 as n — co.

Proof. Let ¢ € K with |c| = r and set g(z) = f(cz) =, >0 anc"2™. This is a power series
converging on the closed unit disc in K and N(g) = N,(f) since |a,c"| = |a,|r™. The zeros
of fin {z € K : |z| < r} are in bijection with the zeros of ¢ in {x € K : |z| < 1} by
x +— x/c, so we are done by Strassmann’s theorem.

For ¢ € K* such that |c| > 1, the discs {z € K : |z| < |¢|™} as m — oo through Z*
exhaust K. Therefore a power series f(x) with coefficients in K that has an infinite radius
of convergence on K has at most countably many zeros in K: each zero of f(z) in K lies
in one of the discs {z € K : |z| < |¢[™} for m € ZT and each of these discs contains finitely
many zeros of f(z).

Corollary 10.7. If two power series converge on a closed disc {z € K : |x| < r} where
r € |K*| and are equal infinitely often on this disc then they are equal everywhere on this
disc.

Proof. The difference of the two power series is a power series with infinitely many zeros
in the disc and thus the difference has all coefficients equal to 0 by Corollary 10.6, so the
difference is identically zero on the disc. O

While Strassmann’s theorem doesn’t look like anything in real analysis, it can be regarded
as a non-archimedean analogue of a result from complex analysis: Rouché’s theorem. In its
most basic form, Rouché’s theorem says that if 0 < R < R’ and f(z) and g(z) are complex
power series converging on the open disc {z € C : |z| < R'} and |f(z) — g(2)] < |f(2)]
for all z € C with |z| = R, then f and g have the same number of zeros in the open
disc {#z € C : |z| < R}. To make Strassmann’s theorem resemble this, we introduce some
notation.

Definition 10.8. For a power series f(x) = ), 5 an2™ with a, — 0, set [ f| = max,>¢ |an|.

Clearly |f| > 0 with equality if and only if f = 0, and easily |f + g| < max(|f], |g]), and
|9l < |fllg| by the coefficient formulas in Theorem 3.1. Surprisingly, the last inequality is
actually an equality! Although it is not needed, we will prove it anyway.

Theorem 10.9. For power series f and g over K with coefficients tending to 0, |fg| =
[£1lgl-

Proof. If f =0 or g = 0 then the equality is obvious, so we can assume f and g each have
some nonzero coefficients: |f| > 0 and |g| > 0.

Write f(z) =3, ama™ and g(x) =), o bna™. Set |f| = |an| with M maximal and
lg| = |bn| with N maximal: |a,,| < |aas| for m > M and |b,| < |by]| for n > N. Since
|fg] < |fllgl, to prove | fg| = |f||g| we seek a coefficient in fg with absolute value |f||g| and
we will find it in degree M + N.

The coefficient of zM+V in fg is Z%MN ambrr+N—m. The term in this sum at m = M

isayby. f0<m< M then M+ N —m > N, so

lambrr4N—m| = |am||brreN—m| < | flIorr+n—n| = lanr|[brrsN—n| < |anrr|[bn].
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For M <m <M+ N,

|lambars N—m| = |am|[bar+ n-m| < |am|lg] = lam||bn| < |ar|[bn].
Thus |ambrr+N—m| < larbn| for 0 < m < M + N with m # M, so by the strong triangle
inequality we get
M+N
> tmbariN—m| = lanbn| = |an|lbn| = |£]lg]- O

m=0

Theorem 10.10. Let f and g be nonzero power series over K with coefficients tending to
0. If |f — gl <|f| then N(g) = N(f).

Proof. Write f(x) =3,50ana™ and g(x) = >, <o bpa™. Set N = N(f), so |f| = |an].
The inequality |f — g| < |f] says |an — bn| < |an| for all n, so |by| = |(bp — an) + an| <
max(|b, — anl, |an|) < lan|. If n > N then |b,| < |an]| since |b, — a,| and |a,| are both less
than |ay|. If n = N then |by| = |(by — an) + an| = |an| since |by — an| < |ay|. Thus
|bn| < |bn| for all n and |b,| < |by| for n > N, so N(g) = N = N(f). O

Example 10.11. If f(z) = ano anx™ is a nonzero power series and has coefficients tending
to 0, and g(z) is the polynomial Zg:(é) anz™, then |f —g| < |f| and trivially N(g) = N(f).

For a nonzero polynomial, bounding the number of its roots by its degree turns out
to be sharp: if f(z) is a polynomial of degree d with coefficients in a field F', there is a
field E containing F' in which f(x) has d zeros, if the zeros are counted with multiplicity.
In a similar way the bound in Strassmann’s theorem is sharp: there is a complete field
L > K in which f(z) has N(f) zeros in the closed unit disc of L (if zeros are counted with
multiplicity). Therefore Theorem 10.10 is saying that if f and g are nonzero power series
converging on the closed unit disc of K and |f—g| < |f| then f and g have the same number
of zeros in the closed unit disc of some complete field L D K, which is similar to Rouché’s
theorem.
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